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Appendi x E: Conputing Environnent 439 Thi s book and software collection is intended to help
scientists, engineers and statisticians in their work. W
Bi bl i ogr aphy 447 have col | ected various software tools for nonlinear paramneter
estimation, along with representati ve exanple probl ens, and
Aut hor | ndex 481 provi ded sufficient "glue" in the formof procedures,
docunentation, and auxiliary programcode to allow for
Subj ect | ndex 485 relatively easy use of the software system for nonlinear

paraneter estimation.

We use the expression "relatively easy use", because
nonl i near paraneter estimation has many traps for the unwary.
The problens are, in general, an order of nagnitude nore
difficult or effort-consumng to solve than |inear paraneter
estimation problenms. Because nonlinear paraneter estination
is related to the solution of nonlinear function mnimnzation
probl ems and to the solution of sets of nonlinear equations,
the software we present nmay al so be applied in those areas.

In our presentation, we have tried to provi de enough
background to the nmethods to allow for at least an intuitive
under st anding of their working. However, we have avoi ded
mat henatical detail and theoremproving. This is a book
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Preface i x

about mat hemati cal software and about probl em sol ving rat her

than nmathenatics. |In partial conpensation for this
deliberate restriction of the scope of our treatnment, we
include a quite extensive bibliography. [W had originally

intended to update this bibliography on a periodic basis
and distribute it on diskette for a small charge. The costs
of doing this have prevented us fromits execution. However, we
remain interested in bibliographic information on nonlinear
estimation and hope to eventually provide an Internet form at
nodest cost to users. In the interim we welconme contact at
the electronic mail addresses on the frontespiece.]

The met hods i ncl uded have been devel oped over the | ast
25 years by a nunmber of workers. The inplenentations
presented have been nodified over the past 15 years for use
on "small" conputers. In fact, the | BM PC and conpati bl e
machi nes are quite |arge by conparison with the earlier
conputing environments for which the progranms were tailored
Despite the availability of quite high-speed persona
conputers with [ arge random access nenories, there are nmany
reasons why conpact prograns continue to be useful, for
exanpl e

- less code to debug

- faster consolidation / conpilation

- possibly faster execution

- less disk overhead for storage of code
- nore nenory for user problem code

We have ainmed to nake this collection of software easy
to use and to adapt to a variety of situations. Therefore
functionality has been a major requirenent, as has
reliability. Speed has been secondary. |If conputing tine is
critical, users may wish to nodify the codes to tune their

X Preface

performance. However, it is quite possible that reliability
may be sacrificed in this process. As it is, one of our
maj or worries in presenting this code is that there remain
undi scover ed weaknesses which a variety of test problens and
mul tiple perusals of the code have failed to reveal. W
respectfully request users who discover such weaknesses to
comuni cate themto us so that we may conpile (and eventually
distribute) corrections or warnings.

To extend the already quite wi de-ranging set of exanples
whi ch are presented in the follow ng pages, we also are
preparing a collection of nonlinear paranmeter estimation and
function mininmzation problens, presented with program code
and (partial) solutions as in the present work. This
collection, entitled "Nonlinear paranmeter estimation: Mre
Exanpl es", is available fromthe second author at the address
above for $25 (prepaid). Also included are the abbreviated
function mninmzation codes

In preparing this work, we have a nunber of people to
whom we wi sh to express our gratitude

to Stephen Nash, for private conmunicati on of various

i mportant ideas, and especially a version of the
truncated Newton met hod

to Don Watts and Doug Bates, for sharing ideas which

hel ped us to focus on the software and its use

to Mary Nash and Neil Snmith, for reading our drafts and

living with our enthusiasm for sequences of nunbers
appearing on a screen

to Lucy Yang, for a portion of the text entry of the

early drafts of the book

The Corona PC-21 m croconputer and some of the conputer
supplies used in the research and preparation of this work
were paid for fromresearch grants fromthe Natural Sciences
and Engi neering Research Council of Canada
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Preface Xi

NOTATI ON

W will wite any function to be mininmized as f(B), where
the vector B represents the n parameters

(0-3-1) B = (B(1), B(2), ..., B(n)"

though in nost real-world situations there will be exogenous
data, which for convenience will be stored in a matrix Y. W
could wite our function (and constraints) using this nmatrix
i.e. f(B/Y). However, this tends to clutter the page and

|l ead to confusion wherever the ",Y" is inadvertently onitted,
so we wWill nostly use the sinpler form Furthernmore, we wll
assunme users have taken care to choose units for data so that
the function evaluation is reasonably scal ed, as we shall

di scuss in Chapter 3.

We shall strive to be consistent in our use of |abels
for variables and arrays within the book. Mreover, we shall
try to carry over the sane notations to conputer progranms SO
that the usage is readily accessible for nodification and
appl i cation.
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OVERVI EW AND PURPGSE

1-0. Begi nni ngs

This introduction is intended to set out the background and
hi story of nonlinear nodeling, to provide a statenent of the
goal s and purposes of this book, and to present a notationa
framework for describing nonlinear estimation problens and
sol uti on net hods

1-1. History and Modtivations

The devel opnment of science and technol ogy has chronicled

i mprovenents in our description of natural phenonena
particularly description in the formof nmathematical nodels --
equations and inequalities which allow us to predict the

evol ution and properties of the phenonena of interest. Such
mat hemati cal nodel s rel ate diverse observable or conceptua
vari abl es which together translate into a description of the
phenonenon itself. The mathematical forns of the
relationships are called functions, with a function being the
(many-to-one) mapping of the values of several variables onto
the single value which is that of the function. Mbreover, the
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2 1-1 History and Mtivations

functions thenmsel ves invol ve paraneters which give to the
model its scale, rates of change, units of measurenent, and
ot her aspects which distinguish an individual occurrence of a
phenomenon fromall simlar events or systens.

In talking about nonlinear nodels, we are referring to
the kind of equations and inequalities fromwhich a
mat hemati cal nodel is made. Specifically, we refer to the
manner in which the paraneters enter into the equations or
inequalities and/or the difficulties this form of appearance
i mposes on the scientist wishing to estinmate the paraneters
We shall expand on this topic below

Early mathematical nodels of reality were frequently
centered on the physical world. For exanple, Kepler's Laws
of Planetary notion state

1. The orbit of a planet is an ellipse with the sun at
one focus.

2. The radius vector fromthe sun to the planet sweeps
over equal areas in equal tine intervals

3. The squares of the periodic tines are proportiona
to the cubes of the mgjor axes

Sommerfel d (1964, pages 38-44) gives the classica
mechani cs derivation of these "laws," but for our purposes it
shal|l suffice to re-phrase the last |aw as an equation

(1-1-1) T = Kka

where T is the period of the orbit (tine for one conplete
trip around the sun), a is a neasure of the size of the
ellipse of the orbit, and Kis a constant which relates T and
a

Since a appears to the power 3 and T to the power 2, the
rel ati onship between T and a is nonlinear, that is, T cannot be
expressed as directly proportional to a to the power 1. The
paraneter K does, however, appear to the power 1 in the nodel,
and the estimation of K could be carried out with cal cul ati ons

1-1 History and Motivations 3

requiring the solution of |inear equations

Early scientists sought to find "natural |aws" which were
uni versal ly applicable. The parameters and equations of such
| aws appear fromthe present perspective to have been regarded
as exact. The consideration of errors or fluctuations in
observations, which would in the course of calculations alter
the val ues of paraneters, is generally attributed to Gauss
(1809). Furthernore, Gauss astutely chose to presune the
errors in his observations to be distributed according to the
so-cal l ed Nornmal distribution, a name statisticians now prefer
to replace with "Gaussian distribution" in respect for its
inventor and in the hope that a termwhich is msleading to the
untrained reader may gradual ly drop fromusage. The Gaussian
distribution of errors, when superposed on a mathemati ca
model, allows us to find the set of paraneters which naxin zes
the probability that the actual observations would be seen. In
the case where the model is a linear function of the
paraneters, that is, each paraneter occurs to the power 1 and
does not multiply or divide any other paraneter, such maxi mum
i kelihood paraneter estimates can be found by solving a set
of linear equations, as shown in Neter and WAsserman (1974,
pages 48-49)

Many nodels of reality use functional forns to relate
vari abl es which are linear in the paraneters. The nopst w dely
used of these is the nmultiple linear regression nodel

relating variable y with the varables x(i), i =1, 2, ...,
n-1.
n-1
(1-1-2) y(t) = > B(i) x(t,i) + B(n) + error(t)
i=1

where y(t), x(t,i) and error(t) are the respective val ues of
variable y, variable x(i) and the error at observation t
Paraneter B(n), which in some notations nultiplies an
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4 1-1 History and Mtivations

artificial variable whose observations are all 1, is called
the constant. Maximnm zing the probability of observing
specific data for a set of observations t=1,2,...,munder the
assunption that the errors are Gaussian distributed with zero
mean and vari ance signma®2 (read "sigma squared") requires us
to find the maxi mum of the |ikelihood function for the

Gaussi an distribution

m

(1-1-3) f(B = ||- exp( - error(t)z) /I (2 sigmaz)
t=1

wher e

(1-1-4) B = (B(1), B(2), ... , B(n)

For conveni ence, we have | eft out the nornalizing
constant in Equation (1-1-3), which does not change the
result. The nmaxim zation of the function in Equation (1-1-3)
is obtained by noting that the logarithmof f(B) takes on
its maxi mumwhere f(B) does. Thus the probability of

observing y and x(i), i=1,2,...,n at their data positions is
maxim zed by minimzing the sumof squared errors -- hence
the concept of |east squares.
m
(1-1-5) LS: minimze S(B) = > error(t)2 wr.t. B
t=1

M nimzing the sumof squared errors for the |linear
regression nodel involves only functions which are linear in
the parameters B. This can be acconplished via the solution
of a set of simultaneous |inear equations, a task which we
shal | consider as "easy" fromour current perspective,
despite the variety of obstacles and pitfalls to obtaining
good paraneter estimates (see Nash, 1979, pages 37-39, 53-58,
for a discussion of some of these difficulties).

Qur present concern will be with nodel s which do not

1-1 History and Mdtivations 5

permt estimation via the solution of a set of sinultaneous
linear equations. Thus we shall generally not be interested
in nodel s which can, by suitable transformations, be estimted
using linear equations. For exanple, the nodel

(1-1-6) y(t) = B(1) + exp(-B(2) + x(t)) + error(t)

whi ch presents the paraneter B(2) within a transcendental
function can be transforned to the nodel

(1-1-7) y(t) = B(1) + B (2 exp(x(t)) + error(t)
wher e
(1-1-8) B'(2) = exp(- B(2))

whi ch requires only linear equation solving to estimte B(1)
and B'(2). B(2) is then recovered as
(1-1-9) B(2) = - log(B (2))
On the other hand, the linear regression nobdel (1-1-2) can be
rendered highly nonlinear in the paranmeters by the inposition
of the constraint
(1-1-10) B(2) B(5) = B(3) B(4)
For a problemof this type having n = 6 paraneters and m= 26
observations, see Nash (1979, pages 184-186).

Gauss, despite the very limted conputati onal tools
avai |l abl e, recognized the difficulties of nonlinear paraneter
estimation and described a variant of the New on-Raphson
iteration to attenpt a solution. This nmethod, called the
Gauss- Newt on nethod, is at the foundation of a nunber of the
nmore common techni ques used today for the nonlinear estimation
problem Its failings are primarily in situations where the
errors (or residuals) at the m nimum sum of squares are still
large. Gauss hinself was quite clear on this point -- he only
envi saged using the nethod for problens where the errors were
relatively small conpared to the quantities neasured.

To conclude this section, we formalize our definition of

"nonlinear paraneter." |In order to do this, we first state
that a function Z(B) which is linear in the paraneters
B(1), B(2),...,B(n) to be one where each termin the function
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6 1-1 History and Mtivations

has at nost one paraneter, and each paraneter appears only to
the first degree, that is, to the first power. This nmeans that
Z(B) can be witten as a |linear conbination

n

(1-1-11) Z(B) = g+ > z; B(i)
i=1

where the val ues of the nunbers

(1-1-12) z. , i =1 2, ..., n

i

define the function. A linear equation results by setting
Z(B) to zero. In their forthcom ng book on nonlinear |east
squares problens, Bates and Watts (1986) consider the term
"nonlinear" to inmply that the gradient of the nodelling
function is not constant. We will consider that the
paranmeters B are nonlinear if the equations which nust be
sol ved or functions which nust be minimzed in order to
estimate their values cannot be reduced to a set of

simul taneous |inear equations. This is closely related to
the Bates/Vatts definition, but will enconpass estinmation
probl enms wider in scope than nonlinear |east squares.

In sone exanples, we nay have a choice of estination
techniques. A set of paraneters which is linear under one
choi ce may neverthel ess be nonlinear under another. It is the
linearity of the equations used to calculate the estimates
which will govern our definition here.

Sone probl ens have a nunber of paraneters which can be
considered linear if other paraneters are fixed. For exanple,
if we wish to nodel some phenomenon by a sinple exponential
growt h nodel
(1-1-13) Z(B§1),_B(2), Y(i,2)) = B(1) exp( B(2) * Y(i,2) )

or ., m

=12
then B(1l) can be estimated by solving a |linear equation if
B(2) is fixed. That is, we could sinply average over the

observations to give

1-1 History and Motivations 7
m m

(1-1-14) > Y(i,1) = B(1) > exp(B(2) * Y (i,2)
i=1 i=1

(Lawt on and Syl vestre, 1971). Such probl ens have interested
a nunber of researchers whose work has attenpted to inprove
the efficiency of algorithns to estinmate paraneters by using
the special structure (see Section 14-3).

1-2. Purposes

This book is an attenpt to provide a software collection for
the estimati on of nonlinear paraneters in mathematical nopdels
whi ch arise in diverse scientific disciplines. W shall not
restrict our attention to any particular area of application.
I ndeed, there are applications of nonlinear nodels in
practically every area of study -- wherever people attenpt to
codi fy their understandi ng of the operation of a systemor
the evolution of a phenormenon by neans of a mathemati cal
nmodel , the requirenment that parameters be estinmted may
arise. In the situation that these paraneters are nonlinear
in the sense described in Section 1-1, the ideas to be
di scussed in this book may be useful.

In what way will our work be useful to others? Clearly,
we cannot discuss all aspects of paraneter estimation in a
volume of this size. |Indeed, we have no intention of
creating an encycl opaedi c masterwork on the subject. Qur
goal is nore nodest: to provide researchers in nmany
disciplines with an approach and with the software tools to
sol ve nonlinear paraneter estimation problens using small
conmput ers.

First, the approach that we propose to nonlinear
paraneter estimation is via the mnimzation of |oss
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8 1-2 Purposes

functions. That is, it is presuned the researcher has sone
measur e of "goodness" of his nodel and, given two sets of
paraneters, can state which is "better" fromthe point of
view of this neasure or loss function. W fully expect users
to want to alter such loss functions to explore different
aspects of their problem

- statisticians may wi sh to inpose different

di stributional assunptions on the unknown errors in
their nodels, thereby altering the types of estimators
and consequent estimation probl ens;

- chem cal engineers may want to hypothesize alternative
chemical reaction paths in the nodel of a reactor to
produce an industrial chen cal

- biologists nmay want to choose different environmenta
constraints for a popul ation of aninmals or plants under
st udy.

Wthin our approach are certain sinplifications and
precautions. For exanple,

- we suggest the use of certain checking prograns to
verify the operation of programcode witten by users;
- we urge but do not insist, that users scale their
paraneters and functions to avoid nunbers of widely

di fferent nagnitude in cal cul ations

- we suggest that crude estimati on nethods be used to
gain insight into the effects of changes in the
parameters on the loss functions used, as well as to

i npose constraints and develop feasible sets of
paraneters. Sorme of these methods have fallen into

di suse on |l arge mai nfranme conmputers because they are
inefficient in finding estimtes of nonlinear paraneters
if used as general tools. However, in the context of

1-2 Purposes 9

smal | conputers, they are useful for explorations of the
probl em

"Smal |l conmputer” is a termwhich is in need of
definition. W shall use it to refer to a personal conputer
or segrment of a | arger nmachine which allows interactive
probl em solving with easy access to programand data files
In this book we present all prograns in BASIC, since npst
m croconputers either come equipped with a BASIC interpreter
or one can be bought for them Furthernmore, many
m ni comput ers and mai nfranmes have BASI C sub-systens with
simlar facilities. W prefer to discuss prograns operating
in an interpretive environment for the type of paraneter
estimation tasks in this book. This is because the ability
to quickly nodify programs, print variables or array elenments
and, in sone systens, change val ues and conti nue executi on of
a programis highly desirable in this particular context.

For "production" tasks, or where the problemis so |large that
an interpreted programis sinply too slow and inefficient,
conpi | ed versions of the software are nore appropriate. In
such cases, however, other programm ng | anguages and a
sonewhat different approach may be nore suitable. (Depending
on the response to the software presented here, we nay
undertake versions in other programm ng | anguages. Turbo
Pascal is a likely environment for early consideration.)

The second goal of this book is to present the software
tools to actually carry out the estimation tasks. Prinarily,
these tools are presented as BASIC "subprograns" which
m ni m ze nonlinear functions -- either general or specialized
to sunms of squares -- and which nay or may not require
derivative information to be provided by the user

The third goal is to present the rudinments of the
software "glue" to integrate the tools above into an easily
used systemfor solving estimation problenms. The individua

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



10 1-2 Purposes

estimation programs are useful and the core of our approach
but they do not |end thenselves to easy use by thensel ves
Extra prograns or subprogranms are included to aid the user in
rel ated tasks such as

- to check programcode for the |oss function or its
derivatives

- to incorporate bounds constraints on paraneters

- to plot two-dinensional data

- to deternine the conputational environment

- to perform postestimati on analysis to determine the
sensitivity of the parameters

We do not provide tools for the entry and edit of data,
since there are many good, inexpensive tools for this purpose
on nmost smal |l conputers

The fourth goal is to docunent both the approach and
software in a unified and consistent way. S nce BASIC uses
gl obal variable and array nanes, this part of our work is

extrenely inmportant -- should a user enploy a variable nanme
already storing a key control value, our software will not work
as anticipated and the results may be totally wong. In this

regard, the choice of interpreted BASIC can | ose a great dea
of the benefit gained in the ease of devel opnment of function
and derivative subprogranms. However, we feel this benefit
out wei ghs the di sadvantage of potential variable nanme
confusion. For convenience, we have chosen to work in the

M crosoft flavor of BASIC. Although this allows us to use
relatively long variable names, we shall restrict ourselves to
a single letter or a single letter plus a single digit in
conformance with the 1SO M ni mal BASI C standard (1 SO
6373-1984). By so doing, we create a few headaches for

ourselves in preparing and testing the prograns here, but allow

many nmore users to adapt the software to their own particul ar

1-2 Purposes 11

conputing environnments. Appendix D presents details of the
choi ces we have nmde.

Qur four goals are thus sumarized as

appr oach

software tools

system desi gn and prototype prograns
docunent ati on of nethods and prograns

B wbdE

We anticipate that nost readers of this book will use it
in one of three ways, which represent differing |evels of
use

1. as an introduction to nonlinear estimation for
non-speci al i sts

2. to learn/use a particular too

3. to build their own nonlinear paraneter estinmation
systemor to integrate our nethods w th another
(statistical or database) package.

Havi ng presented our intentions, it is also pertinent to
list some of the aspects of nonlinear paranmeter estimation we
will NOT address. W do not intend to nmake nore than passing
reference to specialist techniques in particular disciplines.
There are, in fact, many special nodels for which highly
efficient and well-established estimtion methods have been
derived. However, these do not, we feel, fit well into the
devel opnent of a general paraneter estinmation package for
smal | conputers. The difficulty is not one of the length or
conpl exity of programcode to include a number of such
methods -- it is the amount of effort to properly explain and
docunment such a conpendi um of tools which may have only a
limted range of applicability and small target audi ence. Nor
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12 1-2 Purposes

do we intend to discuss at any |length the foundations of the
statistical theory upon which estination nmethods are based
This is an inportant subject area, but we shall focus our
effort on solving problenms after they have been posed, rather
t han devel oping the formulation fromfirst principles

1-3. Cdassic Problens

Whi | e Chapter 2 introduces nore exanpl es of nonlinear
paraneter estimation problenms, we wish to point out at this
very early stage that these tasks are well-established

t hroughout science and technol ogy. Sone of the particul ar
cases whi ch have developed a large literature are those of
finding nodels to describe

- the relationship between plant yield and density of

pl anting;
- the change over tinme of the size of plants, animals or
economc activity -- growh curves;

- the rate of production or di sappearance of a chenica
or radio-isotope in a chenical or nuclear reaction.

Exanples of data for such situations are

- the data for growth of White Inperial Spanish Onions
at Purnong Landi ng gi ven by Rat kowsky (1983, page 58)
and presented in Table 1-3-1 and plotted in Figure
1-3-1;

- the weed infestation data discussed in Section 2-1 and
presented in Table 2-1-1 (next chapter) and plotted in
Figure 2-1-1

- data for the deconposition of methyl iodide in

al kal ine sol ution given by Melwn-Hughes (1961, page

1-3 d assic Probl ens 13

1253) and presented in Table 1-3-2 and plotted in Figure
1-3-2. This problemis discussed in nore detail in
Section 16-5.

Many of the exanples in this book arise in these
"classic" tasks, but we shall introduce problens from other
situations. Since one of our major goals is to provide
software, we shall also present easily formul ated test
problems to allow nethods to be conpared. Readers may note
that our plotted curves often have a very sinple structure
Most, but not all, have been created with the program
PLOT. BAS which is described and listed in Chapter 15. Wile
nmore sophisticated plots could have been used for
presentation in this book, we prefer to showthe reader the
utility of sinple graphs which can be created within an
i nexpensi ve and conmonly avail able conputing environnent.

Table 1-3-1. Yield versus density for Wite Inperial Spanish
Oni ons at Purnong Landi ng

X = density Y = yield X = density Y = yield
23.48 223.02 70. 06 116. 31
26. 22 234. 24 70. 45 120.71
27.79 221.68 73.98 134. 16
32.88 221.94 73.98 114. 48
33.27 197. 45 78. 67 91. 17
36.79 189. 64 95. 90 101. 27
37.58 211.20 96. 68 97. 33
37.58 191. 36 96. 68 101. 37
41. 49 156. 62 101. 38 97. 20
42. 66 168. 12 103. 72 87.12
44. 23 197. 89 104. 51 81.71
44,23 154. 14 105. 68 76. 44
51. 67 153. 26 108. 03 87. 10
55. 58 142.79 117.82 84.54
55. 58 126. 17 127.21 69. 09
57.93 167. 95 134. 26 64. 40
58.71 144.54 137. 39 66. 81
59. 50 151. 30 151. 87 63. 01
60. 67 130. 52 163. 61 55. 45
62. 63 125. 30 166. 35 62. 54
67.71 114. 05 184. 75 54. 68
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Yield of Spanish Uhite Onions at Purnong Landing 22:12:06 84-87-1994
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Figure 1-3-1. Plot of the "ONION' data set in Table 1-3-1.

Tabl e 1-3-2. The fractional deconposition of nethyl iodide in
aqueous al kaline solution at tenperature 342.8 K

t=time in mnutes observed percent conpl etion

0 0
3.5 16.8
8.5 36.0
13.5 50.7
19.5 64.3
26.5 75.2
37.5 85.1

infinity 100.0

1-3 Landmarks in Nonlinear Estimation Methods

Methyl Iodide Decomposition in Alkaline Solution 22:88:26 84-87-1994
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Figure 1-3-2. Plot of the percent conpletion of deconposition
of nethyl iodide with tinme.

1-4. Landnarks in Nonlinear Estinmation Methods

This section presents a brief historical overview of the
topic of nonlinear estimation. W neke no claimto being
exhaustive, and wish only to provide a perspective for the
material we will present in |ater chapters.

| saac Newt on provi ded scientists and nat hematicians with
much food for thought. His developnents in the calculus were
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16 1-4 Landmarks in Nonlinear Estimation Methods

not only theoretical, and fromthe late 17th century to the
begi nning of the 19th century, Newton's nethod (also referred
to as the Newton- Raphson nethod) was the only approach to the
sol ution of nonlinear equations, and hence of paraneter
estimation problems. However, it cannot be said that there
are many exanpl es of such problens being solved. It is only
when Gauss and ot hers, taking advantage of the devel oprments
in instrumentation which acconpani ed the industrial
revol ution, began to calculate orbital paraneters for planets
and ot her astronom cal objects that we see attenpts nmade to
devel op the conputational techniques. Gauss (1809), by
recogni zing that the calculations for the Newton nethod is
sinplified if the residuals (nmodel m nus observation) were
smal |, devel oped the Gauss- Newt on nethod for nonlinear |east
squares probl ens.

In large nmeasure, it can be stated that nopst function
m ni m zati on met hods which use the gradient of a function
still owe much to Newton, and nost nonlinear |east squares
met hods still find their origins in the Gauss- Newton nethod.
The devel opments whi ch have occurred have mainly inproved the
Newt on and Gauss nethods in

- increasing their ability to obtain correct solutions
when presented with poor guesses for the paraneter estimates,
since initial values of the paraneters nust be provided so
that the iteration can proceed;

- reduci ng the conmputational effort required within the
Newt on and Gauss-Newt on methods either in the cal cul ation of
derivatives or in the solution of the iterati on equations;

- reducing the storage requirenents of the nethods, that
is, the amount of information needed to operate them

Particul ar devel opments of note in the progress of
nonlinear estimation techni ques fol |l ow.

Cauchy (1848) suggested the steepest descents net hod,

that is, aniteration wherein the gradient is used as a
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search direction, the loss function is reduced al ong the
gradi ent direction, and the process is repeated froma new
(lower) point. In practice, this is NOT a good nethod in
general, but incorporating elements of it can be useful for
ensuring progress of a nethod. Thus, many of the approaches
we shall suggest will make use of occasional explicit or
inmplicit steepest descent steps.

Levenberg (1944) suggested that the iteration equations
for the Gauss-Newton nethod coul d be stabilized by nodifying
the iteration equations to include a steepest-descent
conponent. \While Levenberg's work was |argely ignored by
practitioners, its rediscovery by Marquardt (1963) and the
distribution of a conputer program i nplenmenting the ideas
wer e perhaps the biggest practical contribution to nonlinear
paraneter estimation to date.

A sonmewhat different approach was used by Hartl ey
(1961), who nodified the Gauss- Newt on nmethod by treating the
solution of the iteration equations as a search vector (see
Chapter 11).

From the point of view of function mnimzation, as
opposed to nonlinear least squares, the devel opnents of
digital conputers pronpted workers to try direct search
met hods for function nmininzation. Methods were proposed by,
anong ot hers, Rosenbrock (1960), Hooke and Jeeves (1961) and
Box (1957). O these nethods, the Hooke and Jeeves method
survives alnmpst in its original formand is presented in
Chapter 5, while the "sinplex" method of Box was inproved by
Nel der and Mead (1965) to a formsimilar to that which
appears in Chaper 6. O her nethods, such as that of
Rosenbr ock, appear to have fallen into disuse.

Gradi ent et hods have al so been inproved to provide
efficient techni ques which avoid the conputati onal effort of
Newt on' s net hod and the sl ow convergence of Steepest
Descents. Davidon (1959) showed how to build up the Newt on
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18 1-4 Landmarks in Nonlinear Estimation Methods

solution from a sequence of gradient steps. Thus the work at
each iteration of his "variable netric" nethod was conparabl e
to that of Steepest Descents but convergence was nore like
that of Newton's nethod. Fletcher and Powell (1965)

publ i shed what has becone one of the nost popul ar al gorithms
of this type. In Chapter 10 we use a variant by Fletcher
(1970).

Variable netric (or quasi-Newton) nethods still require
a lot of data storage to operate, and for functions in a
| arge nunber of paraneters we would still be required to use
st eepest descents if Fl etcher and Reeves (1964) had not
noticed that ideas fromiterative approaches to the solution
of linear algebraic equations could be applied to nonlinear
m nimzation. The resulting conjugate gradients nethod,
nmodi fi ed and adapted, appears in Chapter 8. A further
refinement al ong somewhat similar lines resulted in the
truncat ed- Newt on nethod (S. G Nash, 1982; Denbo et al., 1982).
See Chapter 9.

The nonlinear |east squares probl em has received special
attention fromtine totime. O note is the program NL2SCL
of Dennis, Gay and Welsch (1981), which uses the secant
met hod. Wiile the length and conplexity of this code nean
that we have not considered including it here, it should be
kept in mnd by those working i n FORTRAN envi ronnents on
| arger conputers.

An inportant area of research has been the attenpt to
understand the statistical nmeaning and consequences of
nonlinearity in nodels and | oss functions. Bard (1974)
renmai ns a source of information and inspiration in this area.
On the topic of nonlinear |east squares, Donald Watts and his
associ at es have done much to advance understandi ng of the
subj ect (for exanple, in the forthcom ng book by Bates and
Watts, 1986). 1In a very different fashion, work on
generalized linear nodels, as illustrated in the book by
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McCul | agh and Nel der (1983), will have an inportant place in
nonl i near nodeling.

This brief survey ignores a great deal of research work
which is inportant in the field. For exanple, no nention has
been nade of the efforts spent in incorporating constraints
in nonlinear function mnimzation nethods.

1-5. Statistical Approaches

Underlying all scientific and technol ogi cal devel opments are
the many years of tedious observation, data analysis and
nodel i ng and nodel testing needed to establish the "laws" of
nature. Wth all observations, an element of error creeps
into data. For the nobst part we will ignore (unexpl ai ned)
systematic errors in observations, for exanple, due to

equi pment or the observational environment. Note, however,
that systenatic errors may be uncovered by careful analysis
of the problem and data (Havriliak and Watts, 1985). Ve will
al so general ly assune that observations with obviously wong
data have been elimnated fromthe problens we shall study.
This task -- the detection and renoval of outliers -- is one
whi ch cannot be taken lightly. However, we believe that it
is outside our present purview, despite being a topic of
great inportance. (For a review, see Beckman and Cook,
1983.)

In the data left after systematic errors and
(supposedly) accidental outliers have been renoved, there
will then renmain sone level of "error" froman ideal form
which is due to the uncontrollable fluctuations in the system
under study or the observational equipnment. Utimtely,
because of the Hei senberg uncertainty principle (Schiff,
1955, page 7), there is a linmt to the control of such
observational errors, and we are forced to take a statistical
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20 1-5 Statistical Approaches

view of the fluctuations
A sinplified description of the statistical approach to
estimation is as foll ows:

1. specify the nmathematical formof the nodel of the
system under study;

2. specify the nature of the fluctuations about this
nmodel (error distribution);

3. derive the relationship between the observed data
and the unknown paraneters of the nodel

4. use this relationship to determ ne the nost probable
paranet er values or those which mninize the
devi ati on between predicted and observed behavi or of
the system

Note that the first two of these four steps require that
we assune a great deal about the system nanely, the form
of the functional relationship describing the system of
interest as well as the distribution of errors made in
observing it. Cearly, one needs to have quite strong
reasons for naking such assunptions. Such reasons nmay be
based on wel | -established theories, or the necessity of
obtaining results, but the assunptions should ultimately be
tested by conparison with the consequences of other
possibilities. |In sonme cases, it may be possible to show
that the resultant nodel is relatively insensitive to the
particular functional formof the nodel or error distribution
suggested. |n other situations, we may have to nake a
difficult decision between alternative nodels with different
interpretations if they are accepted as reliable descriptions
of the properties and behavior of the systemunder study.
More observations and experinents are then required to
resol ve the uncertainties.

G ven a formfor the nodel function and for the error
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distribution, it is straightforward to design estimators for

the paraneters of the nbdel. It is not our intention to
explain statistical estimation theory, but the follow ng
exanmpl e of maximum |ikelihood estimators illustrates one

application of the nethods we present |ater

Let us suppose that the nodel function at the i-th
observation yields a residual function (that is, deviation
bet ween observed and predi cted behavior)

(1-5-1) (X, B or r(i,B

wher e Yr
data, Y.
The error distribution function describes the relative
probability that a given value of a residual is observed. |f
the true nodel parameters B* are known, then the error
distribution function describes the relative probability
that an observation XT is recorded. Alternatively, we may
consi der the observed data to be given facts, so that the
error distribution allows the relative probability (or
l'i kel ihood) of different parameter sets to be conpared
Wth respect to the residual r(i,B), we will wite the
probability density function as

(1-5-2) P(r(i, B))
That is, the integral of this function over all possible

represents the i-th row of the matri x of observed

values of r is one. The joint probability density that observations

i and j are sanpled i.e., that they are independently drawn at
in a sanple of size 2, is

(1-5-3) P(r(i, B) * P(r(j, B))

and the joint probability density of an entire sanple of
observations is the product of the density functions for each
real observation. The npst probable set of paraneters B

is the set which maxinizes this probability density. If the
function can be witten down, then nmethods for function
maxi nm zation can be applied. (Usually we mnimze the
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negative of the product of probability densities, or
frequently, the negative of the logarithm of this product to
convert the functional formto a summation.)

Thi s maxi num | i kel i hood approach to paraneter
estimation is an inmportant class of estimators. However, its
dependence on a specific probability density function for the
error distribution should be kept clearly in mnd. W
maxi ni ze the |ikelihood of occurrence of a set of paraneters
under the assumed error distribution and under specific
assunptions regarding the validity of the observations

O her authors have explored these statistical aspects of

nonlinear parameter estimation in nore detail than we shal
here. Bard (1974, Chapter 4) surveys a variety of
statistical estimation techniques. Ratkowsky (1983), while
restricting attention to errors which in one problemare

i ndependent of each other and all drawn fromthe sane
("identical") Gaussian distribution, covers a nunber of

i mportant classes of nonlinear nodels in some detail
McCul I agh and Nel der (1983) approach the task fromthe view
of generalized linear nodels. Whiile their approach and
nmotivations are different fromour own, their success in
solving difficult nodeling problenms deserves the w de respect
it has earned. The prograns we present could be used wthin
the McCul | agh/ Nel der fornul ation, which requires a sound
under standing of relatively advanced statistics. The
approaches we present are frequently |l ess elegant routes to
solutions of paranmeter estinmation problens. They also admit
constraints in a way which we believe to be easier for users
to apply, but provide generally less statistical informtion
about the paraneters and hence nodels estimted. Research is
continuing in both areas and one may hope to see a

conpr ehensive and constructive synthesis of the two
approaches in the not-too-distant future
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1-6. Software Approaches

Met hods for nonlinear estimation have been a popul ar subj ect
for research, as the bibliography will substantiate

Software for particular methods has al so been announced from
time to tine. (For a reviewto 1973, see Chanbers, 1973.) W
divide the forms of this software into three cl asses

- software packages
- parts of a programlibrary
- individual prograns or subroutines

Packages al l ow the user the greatest facility in solving
paraneter estimation problenms. That is, a package provides
for data entry, edit and transformation, the devel opnent of
the nodel function and error distribution and the estimation
of paraneters. The price paid for convenience is usually the
effort to learn the operation of the package, the cost of
acquiring or using it and the general lack of flexibility.

Packages which all ow nonlinear paranmeters to be
estimated are

- GLIM a generalized linear nodeling package (MQllagh
and Nel der, 1983, page 239);

- GENSTAT, a statistical conputing | anguage (MCull agh
and Nel der, 1983, page 239); and

- SAS, via the NLIN function (SAS User's Cuide, 1982).

Li braries of conputer prograns have been an inportant
source of tools for solving nonlinear estimation problens.
Four of the major libraries which are widely available are

- the NAG library, which includes several nonlinear
optim zation nmethods, including at | east one for nonlinear
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| east squares (Because the |ibrary changes slightly at each
rel ease, we refer the reader to the | atest docunentation for
precise information.);

- the IMSL library, which simlarly offers severa
routines for nonlinear optimzation and | east squares, for
exanpl e, the nonlinear |east squares routine RNSSQ in the
STAT/ PC- LI BRARY (| MSL, 1984; Nash, 1986a; Nash, 1986b);

- the Harwell library, which is especially rich in
nonl i near optim zation routines;

- BMDP, which offers routines PAR and P3R to sol ve
nonl i near |east squares problens (BMDP, 1981, page 289ff.).

A nunber of individual prograns have been publi cized
over the years. Many of these are linked to particular
subj ect areas. For exanple, on pharnacokinetics, prograns
have been reported or discussed by Duggl eby (1984a, 1984b),
Sedman and Wagner (1976), Pfeffer (1973), Pedersen (1977),
Brown and Manno (1978), Peck and Barrett (1979) and
Landri ani, Guardabasso and Rocchetti (1983). For physics
Janes and Roos (1975) propose a pol yal gorithm (severa
met hods in one progran) for the fitting and anal ysis of
paraneters. Using sinple exanples fromchemstry, Caceci and
Cacheris (1984) presented a Nel der- Mead pol ytope programin
PASCAL. (This listing nay appear heavily wei ghted towards
chemical kinetics, either general or pharmacol ogical. W
bel i eve that progranms have been devel oped in other fields,
but that they may not have been published. For exanple, we
have had enquiries for our own work from engi neers who were
wor ki ng on defense projects who did not wish to discuss the
nature of the problens they were solving.)

One of the nore w dely discussed individual prograns for
nonlinear estimation is that of Mrquardt (1964, 1966). A
sinplified version of Marquardt's nethod has been presented
as a step-and-description algorithmby Nash (1979). Bard
(1974, Appendix G lists several other nonlinear estinmation
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programs, but omits the nore recent program NL2SOL of Dennis,
Gay and Welsch (1979)

To conclude this section, we would stress that nonlinear
parameter estimation cannot be fully automated because of the
i mportant decisions which nust be made concerni ng nodel and
error distribution forns, the rejection of outliers and the
analysis of results. There is here the necessity for a
partnershi p between user, software and machine if nonlinear
estimation problens are to be efficiently solved. No one
pi ece of software is likely to satisfy all requirements. Qur
own preference is to have at hand a number of software
bui I di ng bl ocks whi ch can be quickly put together to approach
a given problem This approach is reflected in the progranms
presented later in the book

1-7. Characterization of Problens

In this section we shall specifically define the classes of

probl ems which will be of interest to us. W wll use the
vect or
(1-7-1)  B=(B(1), B2),..., B(n)

= (B, By ..., B)T

to represent the set of paraneters to be estinated

In estimating the paraneters in nonlinear nodels, one of
the nost inportant general problens is that of finding the
m ni mum of a function of n paraneters B which is itself the
sum of the squares of mfunctions -- the nonlinear |east
squares probl em (NLLS).

Probl em NLLS: Nonlinear |east squares.

Find the set of paraneters B which nminimzes the |oss
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function
m

(1-7-2) f(p = > [r(i,B].2

i=1
The functions r(i,B) are called residuals.

By taking the first derivatives of f(B) and setting
themto zero in the classical nethod for finding the
stationary points of a function (Protter and Mirrey, 1964,
Chapter 20), that is, the maxima, mnim or saddle points, we
obtai n the nonlinear equations problem (NLE).

Probl em NLE.  Nonl i near _equations or rootfinding.

Find the set of paraneters B which causes the set of
equations

(1-7-3) r(i,B) 0 i =12 ...,m
Frequently m= n, so that the nunber of equations equals
t he number of parameters.

It is also possible to consider paraneter estimation
problems in which the | oss function f(B) does not appear in
the formof a sum of squares, in which case we may wish to
consi der the general unconstrained function mnimnzation
probl em (FMN).

Problem FMN:. Unconstrai ned function mninzation.

Find the set of paraneters B which minimzes f(B).
This may be a local mninmmi.e.
(1-7-4) f(B) < f(B + delta)

for all vectors delta such that |length(delta) < deltasize.
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Al ternatively, we may pose the nuch nore difficult
probl em of finding the global mninmmof the
function, that is, the B where it takes on its | owest
value for all possible sets of paranmeters.

Probl ems FM N and NLLS can have constraints inposed on
the allowed paraneters B. Such constraints nmay be in the
formof nmB equations, or equality constraints,

(1-7-5) c(i,B) =0 i =1,2,...,n8
or appear as inequalities
(1-7-6) c(i,B) >0 i = nmB+1, nmB+2,...,m.
O the inequalities, one class is so comon that our nethods
will generally be set up to take account of them This is
the class of bounds, that is, constraints of the form
(1-7-7) 2< B(3) <4
W rewite (1-7-7) as two constraints to obtain the general
form (1-7-6)
(1-7-8) B(3) > 2

-B(3) > -4

The general nonlinear function mnimnzation probl emcan
now be witten down as follows:

Probl em NLP. General function ninimzation or nonlinear
progranm ng.

Gven data Y, mnimze f(B, Y) with respect to B under
the constraints

(1-7-5) c(i,B) =0 i =1,2,...,nB
and
(1-7-6) c(i,B) >0 i = nmB+1, nmB+2,...,m.

It is straightforward to wite down this problem and
not too difficult to actually specify all the functional
forms needed for a nunber of practical problenms. However,
finding a solution is not trivial, and at this point we have
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28 1-7 Characterization of Problens

no guarantee that a solution even exists. Mreover, the
speci fic expression of a particular problemis open to a
nunber of choices. For exanple, a single equality
constraint,

B(1) + B(2) * B(3) =4
is equivalent to the two inequalities

B(1) + B(2) * B(3) - 4 >

\%
o

and
- B(1) - B(2 * B(3) +4>0
A nore serious problem arises when the constraints are
such that there is NO solution, for exanple, if
B(1) + B(2) * B(3) 5

v

and

B(1) + B(2) * B(3) <3
are supposed to be satisfied sinultaneously. In this case
the pair of constraints is infeasible.

In general, each equality constraint should allow one
paraneter to be calculated fromthe rest, thereby reducing
the dinmensionality of the problemwhich has to be solved. In
practice, it may be difficult to determine if each of the
constraints i mposes an independent relationship on the set of
paranmeters B. However, for linear constraints, this is a
wel | - under st ood procedure.

A categorization of constraints concerns their nunber.
When there are very many constraints, particularly linear
ones, it is comon to approach the function mnimnzation
probl em by expl oring the possible feasible points. That is,
we do not change the paraneters B prinarily to reduce the
function f(B), but to nove between points which are feasible
with respect to the set of constraints. The general nane
given to this process is mathematical progranmng, which
has unfortunate consequences for the devel opnent of indexes
to the mathematical and conputing literature.

Li near progranming (LP) involves the ninimzation of
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a linear function with respect to linear constraints.

I nteger progranming (IP) problens have paraneters B
which are integers. The problens are usually of the LP type.
M xed- | nt eger Programming problens involve both integer and
fl oating-poi nt paranmeters, and are anong the nore difficult
to solve efficiently.

Quadratic progranm ng (QP) problens have a quadratic
function to be mninzed subject to |inear constraints. They
are extrenmely conmmon, arising in many statistical and inage
processi ng applications.

Nonl i near _programm ng (NLP) is the general function
m nini zati on probl em defi ned above, though the termis
usual Iy reserved for cases where there are a | arge nunber of
constraints or paraneters.

In this book, we will concentrate on problens having
only a fewexplicit constraints. W shall approach such
probl ems fromthe point of view of the |oss function which we
shall attenpt to minimze. Constraints will be included by
either altering the function so that the solution of an
unconstrai ned probl emcoincides with that of the constrai ned
one, or by forcing our search into the feasible region.
General ly we expect that there will be only a few constraints
in addition to bounds on the paraneters.

As indicated, the various problens above are quite
closely related:

1. Problem NLE is a problem NLLS with the |oss function
required to be zero at the m nimum

2. Classical calculus solution of problem FMN sets the
partial derivatives of the loss function to zero, a problem
of type NLE Note that additional conditions nust be inposed
on the solution to avoid | ocal maxi ma and saddl e points
(G111, Murray and Wight, 1981, pp 63-65);

3. Problem NLLS is clearly a special case of problem

FM N.
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30 1-7 Characterization of Problens

Just as the problenms are closely |linked, so are the
met hods for their solution. A discussion of these
relationships is given in Section 3.2 and in sonme of the
exanpl es throughout the book.

GIll, Mirray and Wight (1981) give problem FM N wi t hout
constraints the |abel UCP, while with constraints, as NCP.
Conn (1985) calls it problem NLP as we have done here.

1-8. Qutline of Intentions

In Section 1-2 we have presented the general purposes of this
book and software. Now we will discuss what types of
material in relation to nonlinear paraneter estimation

met hods we hope to present in the follow ng chapters.

1. We will deal primarily with nethods for
unconstrai ned probl ens. Bounds on paranmeters will be an
i mportant exception to this generalization. W will handle

ot her constraints by nethods nentioned briefly in Section 3-2
and detailed in exanples.

2. The nethods we present in this book are intended to
be sinmple but effective. We will sacrifice machine cycles
for user convenience and will not be overly bothered if
convergence of an iteration is several or even many tines
sl ower than the "best" nmethod for a problem W wll,
however, wish the nmethods we enploy to allow users to nmake
steady progress toward solving real-world problens, and to do
this without a great deal of difficulty.

3. We desire our nethods to be useful on a variety of
personal conputers. This should include machi nes such as the
Apple Il family, the IBMPC fanily, various CP/M nachi nes and
portabl es such as the Radi o Shack TRS-80 Mddel 100. In this
i ncarnation of our methods, we have used BASIC as the
progranmm ng | anguage. To allow for file input/output, we
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have used the M crosoft dialect of BASIC (Mcrosoft, 1983)
for those parts of the code which require file I/O functions.
However, for the nost part our code conforms to the
International Standard | SO 6373-1984 for M ni nmal BASIC
(Appendi x D).

4, CQur nethods should be capabl e of handling nost
nonl i near paraneter estimation problenms which present
thensel ves to users. There will surely be problens too
extreme, too large, or too specialized for our nethods, but
by and | arge, we expect that the package of techni ques
presented herein to be conprehensive of npbst user problens.

5. Algorithmpresentation is not a priority in this
wor k, though algorithnms are of course inbedded in the
software. Oher works, including our own, (Nash, 1979)
present the details of how many of the algorithms work. Here
we shall be satisfied with a general perspective on paraneter
estimation and function mninizati on et hods.

6. Despite our intention NOT to present algorithns as
such, we shall try to point out the inportant details of
codi ng of paraneter estimation progranms, and of the |oss
functions and their derivatives, along with the background
reasons for these details, which make a great deal of
difference to the performance and success of prograns and
their users.

7. \We hope that our work will provide a useful and
i nexpensive learning tool for this field.
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paranet er estimati on probl ens

John C. Nash Mary Wl ker-Smi th
Faculty of Administration General Manager
University of Otawa Nash | nformation Services Inc.

Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

EXAMPLES OF NONLI NEAR
PARAMETER ESTI MATI ON
PROBLEMS

2-0. Examples -- an Overview

In this chapter we consider some situations which give rise
to nonlinear paraneter estimation problenms. By presenting
such situations, we aimto

- show the diversity of origins of nonlinear paraneter
estimation problens;

- illustrate the fact that diverse contexts may give
rise to estimation problens which are essentially equival ent
in the nodel functions, the data sets to which they are
fitted, and the estimation nethods used,

- provide several specific problenms which will be used
to illustrate the nethods presented in |later chapters

We strongly urge readers to keep the context of the
problemin mnd throughout the solution process. As
devel opers of nethods, we seek to unify problens so that a
conmon approach and a conmon sof tware package can be applied
to solve them As practitioners, we nust adapt the approach
to take account of the specific nature of each problem This
means that we nust be cognizant of the inplicit additiona
facts which apply, such as
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34 2-0 Exanples -- an Qverview

- the range of val ues possible for variables and

par anet ers

- the neaning which may be attached to different val ues
of variables or paraneters

- the general size of the loss function which is to be
expected at the sol ution

Generalized software, such as that presented |ater,
cannot take account of all such pieces of information w thout
consi derable extra program code, and docunentation, as well
as nmore work for the user to specify the information, so that
it can be used by the program

In our approach, we have allowed bounds to be inposed on
the paraneters, but other forms of specific information are
left to the user to include in the program code he/she nust
provide for the loss function. This represents one choi ce of
the bal ance point between the devel opers and users of
software which we feel mninmzes the total effort expended in
constructing software and using it.

2-1. Gowh and Decay Mdels

In practically all areas of the physical, biological and
social sciences as well as their applications in engineering
medi ci ne or managenent, situations arise where growh or
decay of sone variable is observed. The nodeling of such a
phenomenon nay be inportant in order that the processes
underlying the changes may be understood or the change
predi ct ed.
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Exanpl e A: Wed infestation

An experinmental soil plot is observed each year at the
sane date and the number of weed plants per square netre
is recorded. The plot is initially bare of plants, so
in year 1 we are observing the results of seeding by

wi nd, insects or other agents. Thereafter, some seeding
fromestablished weeds will take place. After some

years the plot will be choked with weeds - - there wll
be no soil surface available for nore plants - - and the
nunbers per square netre will level off. Data for this

problemwas initally supplied to one of us (JCN) by M.
D. Hobbs of Agriculture Canada (Nash, 1979, pages
120-121). The nodel suggested for this problemwas a
sigmoidal or s-shaped curve, in particular the logistic
function, which gives a nonlinear |east squares problem
with the residual expressed as
(2-1-1) r(i,Y) =B(1)/[1 + B(2) * exp(i*B(3))] - Y1
where i is the observati on nunmber, hence the year after
the start of the experinent in which the obsevation was
was nade, and Yil is the nunber of weeds per square
netre observed

Readers may note that the residual is witten
(2-1-2) resi dual = expected - observed
which is the negative of traditional forms. (W are in good
conpany w th both Gauss and Legendre according to MCull agh
and Nel der, 1983, page 7.) However, we reconmend t hat
residuals be expressed in this way so that the derivatives of
the residual with respect to the paraneters B are the sanme
as those of the nodel function with respect to B. One
opportunity for a sign error to occur is thereby avoided
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36 2-1 Gowth and Decay Model s

The data for the Hobbs problem as we shall call it, is
given in Table 2-1-1. W shall use this exanpl e throughout
the book to illustrate the behaviour of the various nethods.
This data is plotted in Figure 2-1-1.

Table 2-1-1. Wed infestation data (source D. Hobbs)
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There are a nunber of other functional fornms for
si gmoi dal growth curves (Ratkowsky, 1983, chaper 4). These
use a tine variable (e.g. " in Equation (2-1-1)) as well
as the observed dependent variable (e.g. weeds per square
metre). We will use
Yi 1 observed dependent variable
Yi 5 = time (independent) variable
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Hobb's Weed Infestation Data

100

30

weed growth

40

20

Figure 2-1-1. A plot of weed infestation versus tinme, using
the data of Table 2-1-1.

In our notation, Ratkowsky's signoidal curves are |ogistic:
(2-1-3) r(i,Y) = B(1)/[1 + exp(B(2)-B(3)*Yi2)] - Yiq
(Note that this is equivalent to (2-1-1) except that B(2) has
been repl aced by exp(B(2)) and B(3) by -B(3).)

Gonpertz:

(2-1-4) r(i,Y) = B(1)*exp[-exp(B(2)-B(3)*Y, )] - Y,
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38 2-1 Gowth and Decay Model s

Ri char ds:
(2-1-5) r(i,Y)
Mor gan- Mer cer - Fl odi n (MWF) :
(2-1-6) r(iLY) = [B(2)*B(3)+B(1)*Y, (1 8(3) +y, By
Wei bul | -type

i - * «y, B(4)
(2-1-7) r(i,Y) = B(1) - B(2)*exp(-B(3)*Y, 5 %) - Y,

(1/B(4)),

B(1)/[ 1+exp(B(2)-B(3)*Y; ,) Yoy

Each of these forns has properties which may nake it
nore or less suitable for a particular situation, but all are
continuous functions of the time variable Yi 1 One of us
(JCN) has al so suggested that discrete functions may be nore
appropriate in situations such as that of the Hobbs weed
infestation problem (Nash, 1977), as plant reproduction takes
place in discrete cycles.

The signoi dal or s-shaped curve, either for growh or
decay, is one functional shape of interest. However, other
forms of growth or decay are also of interest. One of the
nmost inmportant of these is the exponential famly, which is
explored in the next exanple.

Exanpl e B: Chenical reactions.

Bard (1974, pages 123-133) presents the probl em of
model ing a sinple first-order chemical reaction (see
Lai dl er, 1965, Chapter 1 for a discussion of kinetic
| aws) whi ch converts conpound A into conpound B.

Letting
Yil = fraction of conpound A remaining at tine
point i
Yi2 = i-th time point recorded
Yi3 = absolute tenperature

we wite the nodel for this reaction as
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(2-1-8) r(i,Y) = exp[-B(l)*Yi 2* exp(-B(Z)/Yi 3)] - Yi 1
The data for this problemis given in Table 2-1-2. In
this exanpl e we have a sinple exponential decay of the
fraction of conpound A rermining providing the
tenperature is fixed. The reaction proceeds nore
qui ckly the higher the tenmperature. This nodel is for a
process where it is reasonable to think of tine as a
conti nuous vari abl e.

Table 2-1-2. The data for the chenical reaction exanple

Experi ment Time (hr) Tenperature Fraction A
nunmber (degrees K) renmi ni ng
! Yi2 Yi3 Yi1
1 0.1 100 0. 980
2 0.2 100 0. 983
3 0.3 100 0. 955
4 0.4 100 0. 979
5 0.5 100 0. 993
6 0. 05 200 0. 626
7 0.1 200 0. 544
8 0.15 200 0. 455
9 0.2 200 0. 225
10 0.25 200 0. 167
11 0.02 300 0. 566
12 0.04 300 0. 317
13 0. 06 300 0. 034
14 0.08 300 0. 016
15 0.1 300 0. 066

When a phenonenon takes place at discrete tine
intervals, for exanple, agricultural production, investnent
or accounting activity, school or university graduations, it
makes sense to nodel the phenonmenon by a function which is
discrete in time. Oher phenomena which may be better
nmodel l ed with discrete functions involve investnment decisions
| eading to i nproved production efficiencies (Nash and Teeter,
1975).
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40 2-1 Gowth and Decay Model s

Exanple C. Discrete tine growmh or decay nodels.

A trivial exanple is the depreciation of an asset by the
declining bal ance nethod. Each year a fixed

percentage of the asset value is depreciated. In
Canada, conputer hardware typically carries a 30%
Capital Cost Allowance rate for taxation purposes, so
that 30% of the remaining value is a permtted

depreci ati on expense. This inplies that the

undepreci ated value is 70% so the "nodel" for

undepreci ated value after t years is

(2-1-9) (Undepreciated value) = (Initial value) * O. 7t
Such a nodel provides for an exponential decay. It is
easy to convert to the exponential form

(2-1-10) (Undepreciated val ue) =

(Initial value) * exp(t*In(0.7))
However, t only takes on integer val ues.

Di screte nodels for signoidal curves are al so possible
(Nash, 1977). As an exanple, consider the fraction of
househol ds adopting a new technology which is highly
beneficial, such as electricity or tel ephone service. Assune
no household abandons this technol ogy once adopted. |If the
fraction of househol ds having the technology is x, assume
that the probability of adoption is proportional to x.
Therefore
(2-1-11) Xppp - X¢ = k * Xy
where k is simlar to a rate constant. Figure 2-1-2 shows
the shape of the nodel function if Xg= 0.05 for different

val ues of the rate constant.
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by (2-1-11) for different values of the rate constant k.
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42 2-1 Gowth and Decay Model s

Yet another application of growth curves is in
forecasting market devel opnent (Mkridakis, Weelwight and
McGee, 1983; Meade, 1984; Meade, 1985, and references in
these articles). Sone of these problens are included in the

exanpl e data sets in Chapter 18

2-2. Equilibrium Mdels in Sciences and Engi neering

A nunber of natural phenonena describe the real world in sonme
equilibriumstate, with paranmeters controlling the position
of the equilibriumpoint. W consider several exanples.

The Van der Waals equation of state describes the
rel ati onship between Pressure (P), Tenperature (T) and Vol unme
(V) for mnoles of a gas (Eggers et al., 1964, page 68). The
equation is

(2-2-1) (P +B(1) * nf/ VA (V- B(2) *m =nRT
where R is the gas constant (8.3143 joul es/ (degree nole))
and B(1) and B(2) are paraneters. G ven data for P, V, T,
and m we could estimate B(1l) and B(2) (which are clearly
involved nonlinearly in the nodel Equation (2-2-1)).

A closely rel ated phenonenon is the viscosity of gases
(Moel wyn- Hughes, 1961, Chapter 14).

Anot her physical property which may be nodel |l ed by
nonl i near functions of some parameters is the dielectric
constant. The study of the dielectric constant of certain
polymers by Havriliak and Watts (1985) is a notable work in
this area

In engineering, Lo et al. (1982) use a nonlinear
estimation technique to estinmate the state of an electric
power distribution system W shall not present details of
these three exanpl es because of the consi derabl e background
information required to develop the related estinmation
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pr obl ens.

I'n the engi neering of machine tools, such as |athes and
m | ling nachi nes, the wear on the cutting tool is dependent
on the over-all distance the tool travels across the
wor kpi ece surface as well as the tenperature generated by
friction in cutting. The dependency on the materials from
whi ch the tool and workpi ece are nade will be ignored here
we Will only consider nodels for a given pair of materials
For such a situation, F. W Tayl or devel oped a nodel in 1906
whi ch uses two constants, B(1) and B(2), which will be
referred to as the Tayl or exponent and "cutting speed (in
feet per minute) for 1 minute tool life", which are
characteristic of the tool for a given pair of tool /
wor kpi ece naterials (Schey, 1977, page 232). The nodel is

(2-2-2) v+ tB(D) = po
where v is the cutting speed in feet per minute and t is the
tool life (in mnutes). Increasing the cutting speed |owers

the tool life. The traditional solution for B(1) and B(2) is
to plot v versus t on | og-l1og graph paper. However, the
relationship can be nodelled directly if nonlinear estimation
net hods are avail abl e

A nmore general mnechani cal phenomenon which is nodelled by
a nonlinear function is that of danped vibrations, which could
al so be thought of as a case of growth of decay phenonena. The
form of such nodels (Beer and Johnston, 1972, page 864) is
(2-2-3) y(t) = B(1) * exp(-B(2)*t) * sin(B(3)*t+B(4))
where the notation has been altered to correspond to our form
for nonlinear nmodels. Such nodels are generally quite awkward
to estimate, especially if there is any contamination of one
frequency of vibration (enbedded in the paraneter B(3)) with
sone ot her vibrational node

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com
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2-3. Maxi mum Li kel i hood Esti nmation

Statistical estimation techniques presuppose rather nore
underlying structure for the errors between observed data and
"true" values for the variables considered. |If a probability
distribution for these errors is known (or assuned), then
maxi mum | i kel i hood estimati on may be used

Let us first consider just one variable, Y, subject to
error, and suppose that its values are nodelled by

(2-3-1) y; = z(i,B X)) + error,

where z is sone function of the paraneters B and the other
data X. If the errors are distributed according to the
probability density function u(error) then the nost probabl e
error has a size which is found by maxim zing u(error) with
respect to error.

When we have M observations, we note that

(2-3-2) error; = z(i,BX) -y

and the joint probability density of observing all M
observations is

(2-3-3) WBY.X = | | u(errori)

(see Equation (1-1-3) for an exanple). Note that the errors
are inplicit functions of the paraneters by virtue of
(2-3-2).

By adjusting the paraneters B, the likelihood function
L( ) can be naxim zed. Frequently the |og-likelihood, that is,
the logarithmof this function, is preferred, since the product
in (2-3-3) is then converted to a sum wth potential al gebraic

sinplifications of the overall problenms. In this book we
present algorithns for mnimzing functions of severa
paraneters. Therefore, we will mnimze

(2-3-4) -L(By,X) or -log L(B Yy, X
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with respect to B

Bard (1974) presents a fairly conplicated study of maxi mum
l'i kel i hood estimation of the Klein econonetric nodel. Here we
will ook at a sonewhat sinpler exanple. This concerns the
estimation of the nean and vari ance paraneters of a Gaussi an
distribution (normal distribution) fromsanple data for M
observations drawn fromthe population which is presuned to
have normally distributed values y(i). The classical calculus
solution for this estimati on probl em gi ves the paraneters as

M
(2-3-5) B(1) = mean = y-bar = { > y(i) } / M
i=1
M
(2-3-6) B(2) = variance = sigm? = > ( y(i) - B(1) )2/ M
i=1

Not e that Equation (2-3-6) gives an estimator which is
bi ased, and the usual estimator divides the sum of squared
devi ations fromthe mean by (M1). Having an anal yti cal
formula for the maxi mumlikelihood esti mates of nean and
variance paraneters provides a sinple test of our algorithmns.
Using the definition of y-bar given in Equation (2-3-5), the
obj ective function to be mininmzed is
(2-3-7) -log L(B,y) = -M* log( sqrt(B(2)) )

M

- { > (y(i) - y-bar)2 + M(y-bar - B(1))?}/(2*B(2))

i=1
2-4. Robust Estimation Techni ques

Tradi tional estimation techniques, such as |east squares or
maxi mum | i kel i hood, may be sensitive to situations where the
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assunptions about the error structure are not true. For
exanple, it is comon to assume that errors between observed
data and true (but unknown) nodel follow a Gaussi an
distribution. 1In such cases, |east squares and naxi num
l'ikelihood estinmation generally give rise to the sane
estimation cal culations. Wen the Gaussian error assunption
does not hold for all observations, maxi mumlikelihood is no
| onger a useful technique unless the error distribution can
be specified. Statisticians have therefore attenpted to
devel op other techniques of estination which do not rely on a
distributional assunption. Such robust estimation techniques
continue to be a topic of rmuch research. Foll owi ng Goodal
(1983), we consider mnimzing objective functions which are
suns of functions of the residuals r(i,B, i =1, 2, ..., m

For |east squares, the function of the residual used is
just the square of the residual, that is,

(2-4-1) f=r2

The Huber (k) function nodifies this to

(2-4-2) f=r202 Ir] <k
=k |r] - k%2 Ir] > k

Tukey's biwei ght function uses
(2-4-3) f=[(1-(1r9)% 716 |rl <1
=1/6 [r] > 1
Bel sl ey, Kuh and Wel sch (1980, page 232) show the use of the
Huber (k) in estimating a housing-price equation

2-5. Constraints Introducing Nonlinearity

Whil e the subject of constraints will be dealt with in nore
depth later, it is inportant to note that apparently |inear
nmodel s may be made nonlinear by the introduction of
constraints. Furthernore, some techni ques for handling
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constraints may introduce nonlinearity. As an exanple,
consi der a linear nodel Nash (1979, page 18) of the form

(2-5-1) X(i,B) =B(1) +B(2) * Y, + B(3) * Y5+ B(4) * Y,
which is to be fitted to the data in series

(2-5-2) i1

subject to the constraint on the paraneters B which requires
(2-5-3) B(4) = B(2) * B(3)

The revised nodel, found by substituting (2-5-3) in (2-5-1)
is

(2-5-4) Z(i,B) = B(1) +B(2) * Y,, + B(3) * Y,

i2
+ B(2) * B(3) * Yi4
whi ch is now obviously nonlinear in the paraneters. As
di scussed in Nash (1979, pages 184ff), this may yield a
relatively difficult problem (Nash, 1976, Problem 35).

Anot her type of constraint is that the parameter B(k) is
a proportion, that is, it nmust lie in the interval [O,1)
This is clearly satisfied by the quantity

(2-5-5) B(k) = b2/ (1 + b2

whi ch has value zero at b = 0 and 1 as b tends to infinity in
magni tude. Using b instead of B(k) as our paraneter again
introduces a nonlinearity. |f such problens arise
frequently, sone nmethod for constrained |inear estimation
(probably least squares) is desirable. For once-in-a-while
probl ems, the substitution (2-5-4) nmay suffice along with an
unconstrained function mnimzation nethod. Alternatively,
the bounds zero and one could be prescribed in a gradient

m nim zation approach as described in Section 7-3. An

al ternative substitution uses the square of the trigononetric
sine or cosine function

3
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2-6. Loss Functions Wich are Sunms of Squares

A very large class of problens is that of nonlinear |east
squares (Probl em NLLS, Section 1-7), where the loss function
is a sumof squared residuals (Equation (1-1-5)). W do not
say "sum of squared errors", since the "true" errors are
unknown. However, the i-th residual r(i,B) is the deviation
bet ween t he observed data and its nodel (or cal cul ated) val ue
for the i-th observation. Frequently, the i-th observation
is a vector of several independent and one dependent variable
so that we may write

(2-6-1) r(i,B = 2(Y(i,2),Y(1,3),...,B - Y(i,1)

where Z( ) is the npdeling function.

Whi | e sone aut hors consider only this form of nonlinear
| east squares, we wish to stress two of its deficiencies:

1. it does not include forns which cannot be witten as
a difference between nodel and observati on;

2. the traditional "observed minus nodel" form
(2-6-1a) r¢i,B = Y(i,1) - Z(Y(i,2),Y(1,3),...,B)
introduces the potential for sign errors in evaluating
derivatives of the residuals, as we have already noted in
Section 2-1.

The derivatives of the residuals |ead to the Jacobi an
matrix J.

(2-6-2) Jij = partial derivative of r(i,B) wr.t. B(j)

Eval uating the Jacobian el ements is an inportant step in nany
nonl i near least squares algorithms. These are frequently
conbined into the sumof squares and cross products (SSCP)
matrix

SSCP matrix = JT J

Particul ar problems with the sum of squares | oss
function center upon the possibility that one or nore large
residuals may be responsible for the bulk of the function
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value. This is especially problematic if we are seeking to
sol ve a nonlinear equations problem (NLE) by minimzing the

residuals to (hopefully) zero. In solving equations, we
clearly would like a true zero for the residual, and not
"zero relative to sone large nunber”. One possibility in

such cases is to scale the residuals, that is, instead of
m nim zi ng

(2-6-3) (B =r(B) (B =r'¢

we mnimze

(2-6-4) f1(B) =1 W 1

wher e V\iZ is some diagonal matrix with positive elenments on the
di agonal (squares of the weights).

The difficulty here is in assigning the weights in a way
whi ch does not essentially alter the probl emby assigning an
artificial inmportance, or lack thereof, to one or nore of the
observations/residual s.

The rel ationship between NLLS and FM N can be cast into
program code as the BASI C segnment SUMSQR gi ven bel ow in
Listing 2-6-1. Note that we conpute the residuals one at a
time in the scalar variable Rl, a saving of (m1) storage
locations. Likewi se, the whole (mx n) Jacobian matrix is
not needed to form the gradient

(26-5) g =3"1(B

We conpute the rows of J one at a tinme and accunulate
theminto g, the gradient. This particular inplenentation
coul d be nore conputationally efficient by saving the
residuals in a vector R As things stand, we conpute the
residual in evaluating the sumof squares function AND in
conputing the gradient. |If the residuals are conputed BEFORE
any attenpt is made to accunul ate the gradient, then the
followi ng changes will avoid the extra calcul ation at the
expense of a storage vector R( ):

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



50

Not e

Listing 2-6-1.
squared residuals into a general |oss function.

2-6 Loss Functions Wich are Suns of Squares

---- DMR(M: REM EXTRA STCORAGE
2065 LET R(1) = Rl: REM SAVE RESI DUAL TO AVOl D RECOMPUTI NG
2560 LET Rl = R(l): REM REPLACES GOSUB 3500

that vector R( ) nust be dinmensioned to length at |east M
Code segnment SUMSQR. BAS to transform a sum of

SUMSQR. BAS

38 DIMD(50): REMfor derivatives (row of Jacobian)

39 LET J6=1: REMto display residuals for POSTGEN, PCSTVM

2000 LET 13=0: REM set conputability flag

2010 REM COWPUTATI ON OF SUM OF SQUARES LOSS FUNCTI ON FROM RES| DUALS
2020 REM CALLS:

2030 REM RESIDUAL R1 -- |ine 3500

2040 REM | NPUTS:

2050 REM M -- the nunber of data points

2060 REM QUTPUTS:

2070 REM F -- the value of the function

2080 REM 13 -- flag for non-conputability of function
2090 REM

2100 LET F=0

2110 FOR I=1 TO M

2120 GOSUB 3500: REM eval uate |-th residual

2130 |F 13<>0 THEN RETURN: REM function not conputable if |3<>0
2140 LET F=F+R1*Rl: REM cal cul ate sum of squares

2150 NEXT |

2160 RETURN

2500 REM COVPUTATI ON OF GRAD ENT FROM RESI DUALS AND JACOBI AN
2501 REM CALLS:

2502 REM RESIDUAL R1 -- |ine 3500

2503 REM JACOBI AN D() -- line 4000

2504 REM | NPUTS:

2505 REM M -- the nunber of data points

2506 REM N -- the nunmber of paraneters

2507 REM QUTPUTS:

2508 REM &) -- the value of the gradient (N elenents)
2509 REM

2510 FOR J=1 TO N

2520 LET (J)=0: REMinitialize the gradi ent

2530 NEXT J

2540 FOR I=1 TOM REM note that residual is evaluated first
2550 GOSUB 3500: REM eval uate |-th residual

2560 GOSUB 4000: REM eval uate Jacobian for |-th residual
2570 FOR J=1 TO N

2580 LET @(J)=G(J)+2*R1*D(J): REM cal cul ate gradi ent

Li sting 2-6-1 Code segment SUVSQR BAS 51

2590 NEXT J

2600 NEXT |

2610 RETURN

Li ne no. Ref erenced in line(s)

3500 2120 2550 -- conpute I-th residual

4000 2560 -- conpute I-th row of Jacobi an

Synbol Ref erenced in line(s)

D(N) 38 2580 -- vector for I-th row of Jacobian

F 2100 2140 -- sumof squared residuals (function)

G N 2520 2580 -- gradient vector

| 2110 2150 2540 2600 -- index for residuals

I3 2000 2130 -- failure flag (set to 1 on failure)

J 2510 2520 2530 2570 2580 2590 -- loop index

J6 39 -- set to 1 to cause residuals to be printed
by post-solution anal ysis routines

M 2110 2540 -- nunber of residuals

N 2510 2570 -- nunber of parameters

R1 2140 2580 -- value of |-th residual

LI NES: 41 BYTES: 1329 SYMBOLS: 12 REFERENCES: 28

We have not detail ed how t he wei ghts Wshoul d be
established in Equation (2-6-4). This task is not trivial
si nce

- large weights may introduce m xtures of large and small
nunbers into the solution calculations, giving rise to a
potential loss of information, or to slow convergence of the
al gori t hns;

- weights which are too small may result in failure of
"solutions" to satisfy the conditions which underly the
i ntroduction of weights.

In many instances, the choice of weights will be
reasonably clear fromthe context of the problemat hand. In
other cases, we may need to try several sets of choices and to
analyze the results carefully. In all situations, the
tentative solutions should be | ooked at only as candi dates for
acceptance for the solution of the original problem
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Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

EXPLORI NG THE PROBLEM

3-0. Overview -- Properties of Problens

In this chapter we discuss the ways in which a nonlinear
paraneter estimati on probl em should be set up and adjusted to
avoi d unnecessary difficulties. To this end, we introduce
programs to test the function and derivative subroutines and
the residual and Jacobi an subroutines. While npbst problens
can be resolved without resorting to adjustment of the
probl em know edge of the characteristics of the problemis
an essential ingredient for efficient solution, and may be
the key to resolving those particul ar cases which are beyond
the normal linmts of the hardware or software at hand

Anot her aspect of resolving problens is the inclusion of
those constraints, explicit or inplicit, which attend ALL
real problens. The inclusion of a general mechanismfor al
constraints is beyond the scope of the present work. |ndeed
much research into such a general framework i s ongoi ng as
this is being witten. However, a large variety of sinple
techni ques exists for inclusion of the types of constraints
whi ch comonly arise, and we discuss sone of these. Such
constraint inclusion nethods mainly involve changes to the
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54 3-0 Overview -- Properties of Problens

function and derivative subroutines via the use of penalties
or substitutions. However, bounds on paraneters are so

i nportant a class of constraints that our nethods include
these directly as part of the nethod

3-1. The Function and its Scaling

Al'l the paranmeter estimation techniques to be discussed in
this book are based on the concept of a loss function. That
is, we assune that a "good" set of paraneter val ues has a
nmeasur abl e or cal cul abl e val ue of sone "badness" or |oss
function which is |ower than a "bad" set of paraneters. Note
that estimati on methods based on nonments or other ideas may

often be cast into this formas well. For exanple, suppose
that we wish to equate various nmonents of sonme statistic to
sone "known" val ues. The paraneters B(j), j=1,2,..., N

whi ch describe the systemin question nust be estimated by
maki ng the nonment functions Q equal to their values v, that
is,
(3-1-1) Qk,B = v(k) for k =1,2,...,limt-on-k
The limt-on-k may be assuned to be equal to N, giving a
nonl i near equations problem (Problem NLE) or may be greater
or less than N, giving respectively an overdeterm ned or
under det er m ned system of nonlinear equations for which
solutions B may or mmy not exist. Since the differences
(3-1-2) R(k,B) = Qk,B) - v(k)
forma set of residuals for a nonlinear |east squares problem
(NLLS), we can attenpt a solution with a method to minimze a
sum of squared functions. The user must, of course, accept
the results of such a method only if satisfied that the fina
residuals are sufficiently small that equality may be
presuned i n Equation (3-1-1)

Deci ding what constitutes "equality" is a difficult task
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-- one whi ch cannot be del egated to conputer prograns. It is
all too easy to wite down nonlinear estimation |oss
functions in a way which causes their values to be nearly
equal for a large class of unacceptable or even inadnissible
paraneter sets. Indeed, it is common to observe that the
natural expression of a nodel or |loss function is a
particularly poor way to code such functions for conputer
evaluation. While the central ideas of nonlinearity are

di scussed in Chapter 13, we feel the stability of conputations
i nportant enough to devote sonme space at this early stage of
the book to nechani snms by which poor scaling and rapid
variation of the loss function may be di scovered. Correction
of scaling difficulties in the function is usually

strai ghtforward though tedi ous. However, discovering
appropriate transformati ons of functions to renove
non-essential nonlinearity requires a great deal of ingenuity
in nost cases.

Scaling of a function concerns both its domain -- the
sets of paraneters B for which the function may be eval uated
-- and its range -- the possible values the function may take

on. The nost common failures or inefficiencies in nonlinear
function minimzation in general, and nonlinear paraneter
estimation in particular, are, apart from progranm ng errors
usual ly related to poor scaling in either of these areas.
Oten we use suns of squared functions as a neasure of
goodness of fit or for the resolution of systens of nonlinear
equations. The very process of squaring may lead to very

| arge nunbers or very small nunbers.

In this discussion, we will use the genera
unconstrained function f(B) = f(B(1),B(2),...,B(N).
Constraints may al so be inposed on the paraneters B.

What are desirable features of a well-scaled function
for the purposes of its minimzation? In general we woul d
like
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56 3-1 The Function and its Scaling

- the function to vary snmoothly with changes in the
paraneters (continuity and snoot hness)

- the function to have reasonable values in a range
whi ch requires us to copy neither exponents nor |eading or
trailing zeroes (or digits with no significance)

- the function to have wel | -defined derivatives over the
domai n of paraneters of interest and these (partial)
derivatives to have roughly simlar magnitudes with respect
to each paraneter

- the paraneters to take on similar magnitudes over the
donmi n of interest

- the domain of interest (or feasible region) to be
easily defined

The above criteria are not at all strictly necessary for
successful solution of parameter estimation problens, but
they help us to avoid some of the nunerical difficulties and
human errors which attend problens of the type we are trying
to solve. W can nodify functions to obtain some of the
desirabl e characteristics above (renoving the non-essentia
nonlinearities) but will not be able to avoid all the
difficulties. The nain tool for nodification of the function
is scaling

First, since the loss function is to be observed as
decreasing with the progress of our estimation nethods, it
shoul d have a | arge RELATIVE variation over the donmain of
paraneters of interest. A sinple translation, that is,
(3-1-3) f1(B = f(B) - F6
where F6 is some constant, will allow the comon | eadi ng
digits of the evaluated function to be renpved. However
this is NOT the ideal way to evaluate our new | oss function
f1, since we have lost leading significant digits in the
subtraction. A better approach is to performthe subtraction
IMPLICITLY if this is possible. The exanple bel ow
illustrates this idea.
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Second, it is useful to not have to carry too many
digits or have to copy down exponents. The display of a
| arge nunber of digits, nost of which may have no meaning in
the context of the problemat hand may | ead users to believe
the results of an estimation procedure are "accurate". The
potential for human error increases with the anmount of
information to be read or copied. Thus we recommend that the
function be scaled so that all nagnitudes are between 0 and
100 for ease of viewing, plotting and transcribing. This is
acconpl i shed by the multiplier, F5, so
(3-1-4) f2(B) = F5 * f1(B) = F5 * f(B) - F6
where the scaling factor F5 is nbst commonly a power of 10 or
sone ot her sinple conversion factor which essentially defines
the units in which the I oss function is nmeasured. Note that
t he conponents of the gradient of F2() are F5 tinmes those of
F().

We note also that F5 and F6 may be chosen so that the
loss function is always positive, since otherwise its
m nimzation results in the displayed magnitude (that is,
absol ute val ue) increasing, which may mislead us into
thinking that the function is increasing. Snce it is within
our capability to arrange for the function to have a snal
magni tude and to decline in absolute value as it is
m ni m zed, we should take the opportunity to scale the
function appropriately to so conveni ence oursel ves.

Exanpl e of function scaling.

The test function NGL (Nash, 1976, problem #34) is
designed to have "l arge" residuals in nonlinear |east
squares calculations. This function is defined as the
sumfor i=1,2,...,20 of
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58 3-1 The Function and its Scaling

(3-1-5)  r(i,B) = (B(1) +i*B(2)/5 - exp(i/5))2
+ (B(3) + B(4)*sin(i/5) - cos(i/5))
The mini mum val ue of the sumof squares is 85822 at the
poi nt

B ~ (-11.594, 13.204, -0.40344, 0.23678)T

For nonlinear |east squares problens, there is little
whi ch can be done to reduce the magnitude of the |oss
function other than a common scaling factor applied to the
residuals. This scaling factor will be the square root of F5
above. For function mnimzation problens, subtracting
F6=85800 will |eave snaller nunmbers in the final iterations
of algorithms. O course, we will not always have at hand a
reasonabl e approxi mation to the function mni mum though a
great many practical problens arise as nmenbers of a series of
simlar problens, so that reasonabl e estimtes are availble

3-2. Including Constraints

We have already seen how constraints arise in nonlinear
paraneter estimation problenms in Section 2-5. The task here
is to show how the estinmati on problem may be fornulated to

i ncorporate these constraints. Mreover, the inclusion of
the constraints nmust be carried out in such a way that our
software is still able to operate correctly.

First, constraints will be classified as in Section 1-7
since the method of handling themdepends largely on their
nature and influence on the estination problem W shal
foll ow many ot her authors and categorize constraints as
equality or inequality constraints and as linear or nonlinear
constraints.

Recal | that an equality constraint is a functiona
rel ati onship between the paraneters B of the form

3-2 Including Constraints 59
(3-2-1) ci(E,Y) =0 for i =1,2,...,n8B
where the index i is provided to allow for nore than one

constraint. A sinple exanple of an equality constraint is
the condition that the sum of our nonthly expenditures and
savi ngs nmust equal our incone and borrowi ngs. Many practica
probl ems invol ve conservation |laws of this type |leading to
equal ity constraints

An inequality constraint is a functional relationship
bet ween the paraneters B of the form
(3-2-2) cj(g,Y) >0 for j = nB+1,nB+2,..., m

where we have changed the index to j to indicate that the
functions

¢ and %

are not the sanme. The use of the "greater than or equal"
symbol > in the constraint (3-2-2) is a natter of

convenience. |If it is required that the function be strictly
greater than zero, then a new function

(3-2-3) C-neMﬁ(E,Y) =c fE,Y) - epsilon

could be used, where epsilon is a very small nunmber relative
to the magnitudes involved in the function and constraints

As with the loss function, we shall not bother to wite
down the data matrix "Y' except where it is needed for
clarity (Section 0-3).

In principle, we can use the nB equality constraints to
renove nB of the paraneters fromthe problem That is, we
can solve for nB of the parameters Bin ternms of the
remai ning (n-nB8). Especially when the functions ci(g) are
linear in the paranmeters, we essentially have a set of |inear
equations to solve, and then can substitute these results
into the loss function to | eave an unconstrai ned | oss
function in fewer parameters. For problems with only a few
constraints, this explicit substitution avoids the creation
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of extra program code to handle the constraints. Many
nonlinear paranmeter estimation problenms have such a
structure, and we reconmmend direct substitution to renove (or
elimnate) equality constraints wherever possible. \Were the
constraint equations are nonlinear in the paraneters, this
direct approach is even nore valuable in avoi di ng expensive
program code (and often conmputation tine).

When a | arge nunmber of linear equality constraints are
present, then the solution of the constraint equations is
better carried out within the overall |oss function
m nim zation program Followi ng the discussion of GII,
Murray and Wight (1981, Section 5.1) we reconmend various
forms of the projected gradient nethod. That is, all
matrices and vectors used in solving the mninization problem
are projected into a feasible subset of the paraneter space.
Thus, only val ues of the paraneters which satisfy the
equal ity constraints can enter in the mnimzation. Various
ways of projecting the vectors and matrices into the feasible
subspace exist. Note that they require that the initial
poi nt I_30 nmust be feasible, i.e. satisfy the constraints.
Moreover, it is necessary to verify that there are no
redundancies in the constraints before the projectors are
constructed. Since we do not envisage many problens in
paraneter estimation having a |arge nunber of |inear
equal ity constraints, we have not included special code for
the solution of these problens.

Inequal ity constraints generally give rise to greater

difficulty. |lgnored here are the special case of bounds and
masks, which are treated specially in our codes, and
di scussed in Sections 7-3 and 15-2. Inequality constraints

do not usually reduce the dinensionality of the estination
probl ems unless the solution lies on a constraint boundary.
I'n such case the constraint is said to be active at the

m nimum  For exanple, the m nimum of
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(3-2-4) B(1)2 subject to B(1) >1
is clearly at B(1) = 1.

One approach to ninimzing functions subject to
inequality constraints is to add positive anounts to the |oss
function whenever the constraint is violated. Such penalty
functions are of the form

(3:2-5) ¢ (B W Hc(B) for | =ndl,.... m
wher e is some positive weight assigned to the inequality
constraint indexed by j and H(x) is the Heaviside function
(3-2-6) Hx) =1 if x>0

=0 ifx<oO

Penalty functions can also be used in the case of
equal ity constraints, but we do not recommend this practice,
since the "feasible region" is so narrow, yielding a very
inefficient mnimzation process. For inequality constraints
whi ch are inactive, the minimzation process proceeds
unhindered. Note that it is common to ternminate the
m nimzation on the infeasible side of an active constraint
because the penalty functions allows the constraint boundary
to be "soft" to the extent that VY is not infinite.

I ncreasing the weights introduces a potential descaling of
the problem Neverthel ess, the Sequential Unconstrained

M ni mi zation Techni que (SUMI) has had a great deal of use
since its introduction by Fiacco and McCormck (see Fiacco
and McCormick, 1968 for a devel opment). Note that the
penal i zed loss function remains differentiable with respect
to the paranmeters.

Anot her penalty-1like approach is the barrier function,
which forces all acceptable test points to be within the
feasible region. G1l, Murray and Wight (1983, Section 6.2)
present a discussion of a variety of differentiable and
non-differentiable forms for inequality constraints. Here we
shal |l generally use such penalty and barrier techniques as
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sparingly as possible. Since we deal primarily with
interactive conputing environments, we will often prefer to
ignore constraints when it is clear that in the region of
interest they are not active. |In some cases we may be able
to transform our problemso that the constraint is
automatically satisfied, or use sinple bounds on the
paraneters to approxinately satisfy the constraint. For

probl ems of a one-tine-only nature, a sinple barrier approach to

the constraint is useful in conjunction with a direct search
m ninization (Chapter 4). Here the loss function is assigned
a very large val ue whenever the constraint is violated. The
constrained | oss function is thus non-differentiable, so its
nm ni m zation cannot be attenpted with a gradi ent nethod.

An exanpl e of a paraneter estimation problem where the
constraints are nore than sinple bounds is presented in
Chapter 18

3-3. Scaling of Paraneters and Data

I'n general, we recomrend that the values of the paranmeters B
whi ch are of interest should lie in a common range. Usually
it is convenient to arrange that all the B's should be
between 1.0 and 10.0. This can be done by sinple scalings or
transl ations, that is,

(3-3-1) NEW B(k) = Scal ing(k) * B(k)
or
(3-3-2) NEW B(k) = Scaling(k) * B(k) - Shift(k)

In order to sinplify the coding of scalings in any prograns,
we will use a single array S dinmensioned N by 2, having the
pur pose
(3-3-3) Scal i ng(k) S(k, 1)

Shi ft (k) S(k, 2) for k =1,2,...,N
Since it is useful to work with variables in their natura
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units, we can then use the tranformations
(3-3-4) SCALE: B(k) := S(k,1) * B(k) - S(k,2)
(3-3-5) DESCALE: B(k) := (B(k) + S(k,2)) / S(k,1)

In practice, we prefer to scale and descal e outside the
progranms and to learn to work with the scal ed paranmeters
This allows us to avoid continual to-ing and fro-ing inside
our prograns. Following this general principle, none of the
codes in this book will use the scaling and descaling

mechani sm of Equations (3-3-4) and (3-3-5). Instead
explicit scaling factors will appear in the problem program
code.

Benefits of scaling the paraneters arise in severa
ways. First, nost nethods for minimzing functions
explicitly or inplicitly conbine the paraneters in certain
ways when "searching" for better paranmeter sets. For
exanpl e, the Hooke and Jeeves nmethod uses an axial search
about the current "best" point (set of paraneters). The
Nel der - Mead pol ytope nethod calcul ates a centroid or
average of a nunber of points. Mst other methods we discuss
use a formof line search along a vector T to find a new
poi nt
(3-3-6) NEWB = B + step * T
which may result in nunbers of vastly different nmagnitudes
bei ng added together if the paraneters are poorly scal ed
VWen the paraneters are indeed poorly scal ed, the danger is
that infornation contained in one of the paraneters is "lost"
as nunbers with different nagnitudes are conbi ned. Wile
many of the gradient nethods are relatively resistant to this
conputational fault, it is quite obvious fromthe design and
program code of the direct search nmethods (Hooke and Jeeves
and Nel der - Mead) that such scaling is extrenmely inportant
to their success
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64 3-3 Scaling of Paraneters and Data

Exanpl e:  The Hobbs weed i nfestation problem

The Hobbs weed infestation data presented in Table 2-1-1

are presunmed to follow a logistic growh curve

b(1)/(1+b(2)*exp(-i*b(3)))

where i is the index of the observation (year of

growm h). The paraneters are presented in | ower case to

represent unscal ed paraneters -- that is, as the problem

m ght be first witten down. Upper case representation

of the paraneters will indicate the scaled formwhich is

used in calculations. Fromad hoc nethods of estinating
the paraneters (see Section 3-9), we are given the
informati on that the parameters in this nodel are

approxi mat el y

b(1)=200, b(2)=50, b(3)=-0.3
In this case, we do not bother with translations of the
paraneter values (i.e. S(k,2)=0 for k=1,2,3) but do use
the sinple "power of 10" scalings
S(1,1)=0.01, S(2,1)=0.1, $S(3,1)=10
so that our nodel is now
100*B(1)/(1+0. 1*B(2)*exp(-10*i *B(3)))

Listing 3-3-1 presents the program code used to carry
out the estimation of the paraneters in this nodel. This
includes the code to supply the data and to evaluate the
residuals and derivatives for the problem

Li sting 3-3-1. HOBBS.RES program code
HOBBS. RES

30 DIM Y(12,2),B(3), X(3), 3, 3)

3000 PRI NT "HOBBS 3- PARAMETER LGG STI C FUNCTI ON SETUP - 851017"
3010 PRI NT #3, "HOBBS 3- PARAMETER LOG STI C FUNCTI ON SETUP - 851017"
3020 LET P$="HOBBS. RES 3 paraneter logistic fit"

3030 LET M12: REM 12 data points

3040 LET N=3: REM 3 paraneters

3050 REM note that we DIM Y(12,2) to allowresiduals to be saved

04-17-1986  20:31:49

3060
3070
3080
3090
3100
3110
3120
3130
3140
3150
3160
3170
3180
3190
3200
3210
3220
3230
3240
3250
3260
3270
3500
3510
3520
3530
3540
3550
3560
4000
4010
4020
4030
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RESTCRE: REM reset data pointer

FOR I=1 TO M

READ Y(1,1): REMweed growth at time point |
NEXT |

REM now set the bounds on the paraneters
LET ((1,1)=0: REM positive asynptote

LET 01, 2)=100: REM | oose upper bound

LET 1, 3)=1: REM not masked

LET (2,1)=0: REM positive to avoid zero divide

LET (2, 2)=100: REM | oose bounds on second paraneter

LET (02, 3)=1: REM not masked

LET (0 3,1)=0: REM positive exponential paraneter

LET (O 3,2)=30: REM upper bound & test on exponential argunent
LET O3, 3)=1: REM not masked

PRINT " FUNCTI ON FORM = 100*B( 1)/ ( 1+10*B(2) *EXP(-0. 1*B(2) *1))"
PRI NT #3," FUNCTI ON FORM = 100* B( 1)/ (1+10*B(2) *EXP(- 0. 1*B(2)*1))"
PRI NT

DATA 5.308, 7.24, 9.638, 12.866, 17.069

DATA 23.192, 31.443, 38.558, 50.156, 62.948

DATA 75.995, 91.972

LET 13=0: REM start with conputable function

I F ABS(. 1*1 *B(3))>50 THEN 3550: REM not conputable if exponent big
LET R1=100*B(1)/(1+10*B(2)*EXP(-.1*B(3)*1))-Y(l, 1)

LET Y(I,2)=Rl: REM save the residual val ue

RETURN

LET 13=1: REM cannot conpute the residual

RETURN

LET D(1)=100/ (1+10*B(2)*EXP(-.1*B(3)*1)): REM Hobbs

LET D(2)=-B(1)*.1*D(1) *D( 1) *EXP(-. 1*B(3) *1)
LET D(3)=-.1*D(2)*B(2)*I

RETURN
Li ne no. Ref erenced in line(s)
3550 3510
Synbol Ref erenced in line(s)
B( 30 3510 3520 4000 4010 4020 -- paraneters
D( 4000 4010 4020 -- row | of Jacobi an
| 3070 3080 3090 3510 3520 3530 4000 4010 4020
-- counter for residuals
I3 3500 3550 -- flag set to 1 if residual not conputable
M 3030 3070 -- nunber of residuals
N 3040 -- nunber of paraneters
q 30 3110 3120 3130 3140 3150 3160 3170 3180
3190 -- masks and bounds array
P$ 3020 -- probl em name
R1 3520 3530 -- value of residual
X( 30 -- value of "best" paraneters
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66 Li sting 3-3-1 HOBBS. RES Program Code
Y( 30 3080 3520 3530 -- data array
LI NES: 40 BYTES: 1631 SYMBOLS: 12 REFERENCES: 42

Even from the vi ewpoi nt of the gradi ent nethods, vastly
different nmagnitudes of the paraneters will give rise to
difficulties in the calculation of gradients or in the
approxi mation of the Hessian (that is, second derivatives)
via finite-difference approximation. Here we are attenpting
to replace the analytic expression for a derivative by sone
appr oxi mating nunber
(3-3-7) Approx. Derivative = (f(Bth*T) - f(B)) / h
for sone choice of h and T, a search vector of unit length
The difficulty is that h must be chosen so that it is scal ed
to the size of the paranmeters -- that is, to make sone
fractional change in the parameters -- and yet reflect the
possibility that one or nore of the paraneters may have a
zero value at the mnimum of the function

When the search vector T is along a paraneter axis, a
sinple strategy such as
(3-3-8) h =tol * (ABS(B(k)) + tol)

(Nash, 1979, Chapter 18, page 179) for a derivative with
respect to the k'th paraneter, using a fraction tol to set
the relative size of the step, works reasonably well.

However, when the derivative is needed along a search
direction which is not a paraneter axis, we nust be nmuch nore
careful. Such caution is nost easily concentrated in an
attenpt to scale the paraneters, rather than in an attenpt to
correct for scaling deficiencies within function or
derivative program code
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3-4. Nonlinear Transformations

For nonlinear paraneter estination methods which nake use of
the partial derivatives of the loss function, scaling is
especially inmportant in the evaluation of these derivatives.
As we have just discussed, this scaling is concentrated
mainly in the magnitudes of the paraneters Bwith a
secondary neasure available via the function (as in Section
3-1).

The derivatives thenmsel ves cannot be scaled directly
wi thout transform ng the function, but [Linear
transformati ons of the paraneters B and function f(B) can
be of value in overconmng sone of the difficulties which
arise in practical conputations

If the nonlinear estimation practitioner is prepared to
transformthe function, then it may be possible to renove the
nonlinearity in the problem The mninmm (or nore precisely
stationary point) of a function whose gradient is linear in
the paranmeters can be found by solving a single set of |inear
equations to set the gradient to zero. For both |inear and
nonlinear mnimzation problens, the first order conditions
for a mninumare that the gradient be zero, that is,
(3-4-1) a(B =0
If the loss function is quadratic in the paraneters B, the
gradient g is linear in B. The second derivatives of such
a function are all constants. That is, the gradient has no
curvature with respect to B, so that the solution of (3-4-1)
is straightforward. Transformations have been a popul ar
met hod for overcom ng nonlinearities because they sinplify
the solution process (see, for exanple, Draper and Smith,
1981, Chapter 5, or Johnston, 1972, Chapter 3). However, it
is inportant to realize that the transformati on process nay
change the problem which is solved. For exanple, the
Cobb- Dougl as production function in econonmics (Intrilligator,
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68 3-4 Nonlinear Transformations

1978, pages 266ff) is witten

Z(i,v,B) = Y(i, 1)B(1 v, 2)B(A v 3)B3)

which is transforned by logarithns to a linear form

However, mninzing the sum of squared devi ati ons between the
|l ogarithm of this nodel and the logarithm of observed data it
is supposed to represent inplies that we believe that the
error in the nodel is nultiplicative in nature. To mnimnm ze
the deviations between Z( ) and the observed data requires
that we solve a nonlinear set of equations. The estimates
obt ai ned by solving the |og-transformed problem may be
greatly different fromthose found by a nonlinear |east
squares estimation. W have encountered one case where the
signs of one estimated paraneter was different under the two
approaches to its estinmation.

3-5. A Sinple Exanple

Nonl i near estimation not only inplies that the gradi ent has
curvature with respect to the parameters. The difficulties
whi ch may be encountered in minimzing the functions
considered in this book arise because the gradient may vary
wi dely in nagni tude over the paraneter space of interest. W
shall illustrate this with a very sinple exanple,

(3-5-1)  f(B) =[log (2 * B)]?

which is plotted, together with its first derivative
(gradient) and second derivative (Hessian) in Figure 3-5-1.
Clearly, we can reparanetrize this problem using

(3-5-2) Q = log (2B)

to obtain a very sinple parabola with obvious mininumat Q =
0 or B=0.5. The luxury of such a reparanetrization is

sel dom avail able, and it is worth noting how the
nonlinearity, together with the bound
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(3-5-3) B>0
i mposed because log() is not defined for non-positive
argunents, creates a relatively "difficult" mnimzation
probl em
Anticipating Chapter 7, we wll use the New on

iteration
(3-5-4) B-new =B - f'(B) / f"(B)

=B* [1- 2*log(2*B)] / [1 - log(2*B)]
It is easy to show that this iteration is not defined when
B =0.5* exp(l), and diverges away fromthe solution for B
greater than this value. Wrse, for values of B

(3-5-5) 0.5 * exp(0.5) < B < 0.5 * exp(l)
(=0. 8244) (=1.3591)
the next iterate, B-new, is less than zero. Only for
(3-5-6) 0 <B<0.5* exp(0.5 ~ 0.8244
is the iteration well-defined and convergent. In |later

chapters, we shall show ways in which this region may be

enl arged by changing the iteration algorithm(in the variable
metric, conjugate gradients, truncated Newton, and Marquardt
met hods), that is, by altering what is acconplished by
Equation (3-5-4).

Scaling the paraneters can do nothing to alter the
fundanental difficulty posed by the narrowness of the
convergence region in the exanpl e above. Whatever scaling is
applied will only change the nunerical values of the linmts
on B which lead to a convergent iteration. Nevertheless,
given the nature of finite precision arithnmetic, and the
human tendency to start many iterations with starting val ues
of 1.0, scaling may "stretch out" a region wherein the
iteration is convergent.

In general, in this book we shall not transformthe
functions which are to be minimzed to estinate nonlinear
parameters. It is our opinion that users will prefer to work
with famliar functional fornms and that well-chosen
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70 3-5 A Sinpl e Exanpl e

transformati ons, while extremely effective in resolving
difficulties, generally demand a consi derable human effort to
apply. Wile this situation will probably change as synbolic
mani pul ati on becomes nore w dely available, for the present
we Will concentrate on inproving our algorithns so that they
may cope, albeit clunsily, with difficult problens in their
untransfornmed state

(opposi te)

Figure 3-5-1. Plots of the function (3-5-1) and its
derivatives. [Note: This is a combination of the graphs in
the original 1987 edition.]
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72 3-6 A Franmework for Paraneter Estinmation

3-6. A Franework for Paraneter Estimation

The di scussion so far has concerned the scaling and the
properties of the loss functions used to esti mate paraneters
in nodel s of phenonmena or in curves to fit data. It is
appropriate at this point to set out the framework within
whi ch paraneter estimation problens will be solved. This
framework will be reflected in programs to be presented
later. We will in a loose sense follow this framework in
establishing prograns, and in Chapter 15 a batch procedure
will be presented to tie the parts together (on MS-DOS
machi nes, at least). W do not believe that such integration
can be provi ded w thout considerable interaction with
operating systemsoftware. Wiile it is our hope that users
will find our progranms suitable for operation on a range of
conputers, we will provide a consolidation procedure only for
the IBM PC and simlar conputer systens.

The structure we envi sage for paraneter estimation
problems is as follows.

1. Setup
- data collection, validation by humans, entry
- data checking by machines, edit, scaling
- choice of nodeling |oss function and constraints
- coding of nodeling |oss function
- scaling of nodeling |oss function
- setting of bounds on paraneters

2. Choice of nethod
- direct search if derivatives not neani ngfu
- coding of derivative calcul ations
- testing of derivative cal cul ati on code
- input of nethod-dependent information (stepsizes
t ol erances)

3-7 Testing Derivative Cal cul ations

3.  Finding paraneters
- initial paraneter guesses
- solution phase
- restart fromdifferent initial paraneters

4. Post-solution analysis
- conputation of neasures of dispersion
- reporting of loss function and/or residual val ues
- reporting of neasures of effort for solution nethod(s)
used
- rescaling of parameters (this nmust be carried out
explicitly by the user in our codes)
- calculations particular to the problem at hand
requi red by the user

In Listing 3-3-1 we have al ready shown the program code
whi ch nust be provided by the user for the Hobbs probl em
Thi s exanple may be considered a prototype of code for
sol ving estimation probl ems under the structure outlined
above. |ndeed, we frequently use HOBBS. RES or other problem
codes as a starting point when preparing code for a new
probl em

3-7. Testing Derivative Cal cul ati ons

We have nentioned that the user nmust provide program code for
the calculation of the partial derivatives (that is, the
gradient) of f(B with respect to the B(j), j=1,1,....n.
Nurreri cal approxi mati ons can be used, and for one-time use
may save the human effort, so we provide subroutines (Section
7-5) for this purpose. However, for |oss functions which
arise frequently, it is usually worthwhile conputing the
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74 3-7 Testing Derivative Cal cul ations

derivatives fromanalytic expressions. Unfortunately, the
human errors made in such calculations are a frequent cause
of overall failure to find a solution or of inefficient or
incorrect operation of the nethods enpl oyed
Here we present a programto test derivative
cal cul ati ons by conparing the results of program code based
on the analytic expressions for the gradient with nunerica
approxi mations based on forward difference approxi mations
The forward difference approximation to the j'th
component of the gradient g(B) (the partial derivative of
f(B) with respect to B(j)) is

(3-7-1) 9(j,B = [f(B) - f(Bl/h
wher e
(3-7-2) B (i) =B(i) +h ifi=j

= B(i) ot herw se,

and h is a stepsize paraneter

The forward difference approxi mation (3-7-1) may be a
poor approxi mation to the true gradi ent conponent:

1. if the stepsize his too large, the straight-Iline
between (B, f(B)) and (B',f(B')) is not a good
approxi mation to the surface of f between these points.

2. if the stepsize his too small, the subtraction
[f(B') - f(B)] may result in extensive digit cancellation
which may sinmilarly conprom se the gradi ent approxi mation

Mor e di scussion on this subject can be found in Froberg
(1965, chapter 9), GIl, Miurray and Wight (1981, section
8.6) or Nash (1979, section 18.2)

I'n the program FGIEST bel ow, we use several values for
the stepsize h. Since the paranmeters B have supposedly been
scal ed to have a reasonabl e magnitude, for exanple, between
0.1 and 10 in absolute val ue, absolute values of h of 1E-2
1E-4, 1E-6, 1E-8 and 1E-10 are used in the forward difference
approxi mation to all ow stepsize effects to be observed. In
addition, a flexible stepsize is also applied which depends

3-7 Testing Derivative Cal cul ations 75

on the paranmeter value. This flexible step corresponds to
the step-size used in the subroutines to conpute derivatives
by nunerical approximation. Therefore, if it is known that
the analytic expressions for derivatives are correct, FGTEST
(and the correspondi ng code RITEST for Jacobi an el ement
testing) can be used to evaluate the success of nunerica
approxi mations for different sets of paranmeters. When
conputing the j'th gradi ent component, we use
(3-7-3) h = eps * (ABS(B(J)) + eps)
where ABS() is the absolute val ue or nodul us function and eps
is the square root of the machine precision (see Appendi x E)

FGTEST and RJTEST reset any paraneter outside of the
bounds to the nearest bound (unless it is masked). Masks
must be set outside of the main programin the user-supplied
probl em code (see Section 15-3). |If the function is not
conput abl e at the specified set of paraneters (point in the
paranet er space), the programlets the user choose a new
point. If the addition of the step to a paraneter, i.e.
B' (J), makes the function not conputable at the new point,
the nunerical derivative for paraneter J is set to -9999

The out put program FGTEST is illustrated in Listing
3-7-1 for the Hobbs function, using unscal ed paraneters to
illustrate the difficulties of numerically approximating
derivatives. Listing 3-7-2 shows the results for a scal ed
function at the equival ent evaluation point. To obtain a
l oss function fromthe Hobbs residuals, we have augnmented the
program code HOBBS. RES (Listing 3-3-1) with the code SUVSQR
(Listing 2-6-1). Listing 3-7-3 gives the program code and
cross-reference tables for FGTEST
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Listing 3-7-1 Hobbs Derivative Cal cul ations

Listing 3-7-1. Analytic and numerical derivative
cal cul ations for the unscal ed Hobbs probl em

FGTEST -- FUNCTI CN AND DERI VATI VE TESTER - 19851104
PROBLEM HOBBU. RES 3 paraneter logistic fit

bounds on paraneters for problem

0 <= Db( 1) <= 10000

-100 <= b( 2 ) <= 100

0 <= Db(3) <= 30

ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] =Y)

B( 1 )= 200
B( 2 )= 50
B( 3 )= .3

FUNCTION = 158. 2325
GRADI ENT AND APPROXI MATI ONS

ANALYTIC  H=107(- 2 ) HE107(- 4 ) HE10°(- 6 ) H=107(- 8 ) FLEXI STEP
-1. 784E+01 - 1. 783E+01 -1.923E+01 0. 000E+00 0. 000E+00 - 1. 749E+01
4.825E+01 4.827E+01 4.791E+01 0. 000E+00 0. 000E+00 4. 880E+01
-2.456E+04 - 1. 495E+04 - 2. 447E+04 -2.499E+04 0. 000E+00 - 2. 358E+04

NOTE -- FLEXI STEP USES STEPSI ZE = E8* (ABS(B(J)) +EB)
WHERE ES = 10 *SQRT( MACHI NE PRECI SI ON)

ANOTHER TEST PO NT' ?Y

B( 1 )= 100
B( 2 )= 10
B( 3 )=.1

FUNCTION = 10685. 29
GRADI ENT AND APPROXI MATI ONS

ANALYTIC  H=107(- 2 ) HE107(- 4 ) HE10~(- 6 ) H=107(- 8 ) FLEXI STEP
-1. 009E+02 - 1. 009E+02 -1.074E+02 0.000E+00 0. 000E+00 - 1. 008E+02
7.835E+02 7.831E+02 7.715E+02 9.766E+02 0.000E+00 7. 822E+02
-8.234E+04 - 8. 286E+04 -8.233E+04 -8.301E+04 -9. 766E+04 - 8. 236E+04

NOTE -- FLEXI STEP USES STEPSI ZE = E8* (ABS(B(J)) +EB)
WHERE E8 = 10 *SQRT( MACHI NE PRECI SI ON)

Li sting 3-7-2 Scal ed Hobbs Derivative Cal culations 77

Listing 3-7-2. Analytic and nurerical derivative
cal cul ations for the scal ed Hobbs probl em

FGTEST -- FUNCTI CN AND DERI VATI VE TESTER - 19851104
PROBLEM HOBBS. RES 3 paraneter logistic fit

bounds on paraneters for problem

0 <= b( 1) <= 100

-100 <= b( 2 ) <= 100

0 <= b( 3) <= 0

NI TI AL VALUES FOR PARAMETERS ( [cr] =Y)

FUNCTION = 158. 2325
GRADI ENT AND APPROXI MATI ONS

ANALYTI C  HE107(- 2 ) H=107(- 4 ) H=107(- 6 ) H=107(- 8 ) FLEXI STEP
-1.784E+03 - 1. 733E+03 - 1. 783E+03 -1.709E+03 0. 000E+00 - 1. 749E+03
4.825E+02 4.857E+02 4. 813E+02 3.510E+02 0. 000E+00 4. 880E+02
-2.456E+03 - 2. 363E+03 - 2. 454E+03 -2.594E+03 0. 000E+00 - 2. 359E+03

NOTE -- FLEXI STEP USES STEPSI ZE = E8* (ABS(B(J)) +EB)
WHERE E8 = 10 *SQRT( MACHI NE PRECI SI ON)

ANOTHER TEST PO NT ?Y

B( 1)=1
B( 2 )=1
B( 3)=1

FUNCTION = 10685. 29
GRADI ENT AND APPROXI MATI ONS

ANALYTI C  H=107(- 2 ) H=107(- 4 ) H=10°(- 6 ) H=107(- 8 ) FLEXI STEP
-1. 009E+04 - 1. 006E+04 -1.009E+04 -9.766E+03 0.000E+00 -1.008E+04
7.835E+03 7.798E+03 7.832E+03 6.836E+03 0. 000E+00 7. 822E+03
-8.234E+03 - 8. 240E+03 - 8. 232E+03 - 8. 789E+03 0. 000E+00 - 8. 237E+03

NOTE -- FLEXI STEP USES STEPSI ZE = E8*(ABS(B(J)) +E8)
WHERE E8 = 10 *SQRT(MACHI NE PRECI SI ON)
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Li sting 3-7-3.

Li sting 3-7-3 FGTEST Program Code

FGTEST - a programto test function and

derivative sub-prograns.

350
360

420
430
440
450

FGTEST. BAS 05-18-1986 20:11: 38
REM DEFDBL A-H N-Z: REM !! doubl e preci sion
I NPUT "CONSOLE | MAGE FILE ([CR] = NW) ";F$
REM t 0 accommpdat e di mensi ons from problemfile
REM
I F LEN(F$) =0 THEN LET F$="NUL"
OPEN F$ FOR OQUTPUT AS 3
PRINT "FGTEST -- FUNCTI ON AND DERI VATI VE TESTER - 19851104"
PRI NT #3,"FGTEST -- FUNCTI ON AND DER VATI VE TESTER - 19851104"
REM
DIM ¢ 25), T(25), W 25, 5)
REM CALLS:
REM FUNCTION F(B) -- |ine 2000
REM GRADIENT (B) -- |ine 2500
REM SETUP -- line 3000
REM ENVRON ( COVPUTI NG ENVI RONVENT) -- |ine 7120
REM
REM | NPUTS TO THE PROGRAM
REM B() -- paraneter val ues where gradient will be tested
REM N -- the nunmber of paraneters in the function F(B)
REM QO , ) -- masks and bounds
REM OUTPUT FROM THE PROGRAM
REM FO -- function value at initial parameters
REM &) -- conmputed anal ytic gradi ent
REM W, )-- nunerical gradients
REM
GOBUB 7120: REM conputing environment for E9
LET E8=E5*SQRE9): REM basic stepsize paraneter
GO8UB 3000: REM set up
PR NT "PROBLEM "; P$
PR NT #3,"PRCBLEM "; P$
PR NT "ENTER I NI TI AL VALUES FOR PARAMETERS ( [cr] =Y ) *;
I NPUT X$
PRINT #3,"ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] =Y ) "; X$
I F X$="N' THEN 450
I F X$="n" THEN 450
GOBUB 1210: REM di spl ay bounds i nfornation
FCR J=1 TO N
PRINT "B(";J;")=";
I NPUT B(J)
PR NT #3,"B(";J;")=";B(J)
NEXT J
PR NT
PR NT #3,
GOBUB 1320: REM check paranmeters w thin bounds
FOR 1=1 TON
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460 LET T(1)=B(l): REM save paraneter |

470 NEXT |

480 LET 13=0: REMflag non-conputable function with |3=1
490 GCsUB 2000: REM conpute function

500 | F 13=0 THEN 540: REM check if in feasible region
510 PRINT "FUNCTION | S NOT COMPUTABLE"

520 PR NT #3,"FUNCTION | S NOT COVPUTABLE"

530 GOTO 310

540 PR NT "FUNCTION = "; F

550 PR NT #3,"FUNCTION = "; F

560 PR NT

570 PR NT #3,

580 LET FO=F: REM save this val ue

590 GCBUB 2500: REM conpute derivatives in )

600 FCR J=1 TO N: REM | oop over gradi ent conponents
610 I F (J,3)=0 THEN 750: REM masked

620 LET H=.01: REMinitial stepsize

630 FCR 11=1 TO 5: REM | oop over stepsize val ues
640 LET B(J)=T(J)+H

650 GCBUB 2000: REM conpute function at new poi nt
660 | F 13=0 THEN 700

670 LET WJ,11)=-9999: REM fl ag non-conput abl e at new poi nt
680 LET 13=0: REMreset flag

690 GOTO 710

700 LET WJ,11)=(F-F0)/H REM conpute derivative
710 LET B(J)=T(J): REMreset function

720 LET H=H*.O01l: REM adj ust stepsize downwards

730 | F 11>3 THEN LET H=E8*( ABS(B(J))+E8): REM fl exi step
740 NEXT 11

750 NEXT J

760 PR NT " GRADI ENT AND APPROXI MATI ONS"

770 PR NT

780 PRI NT #3, " GRADI ENT AND APPROXI MATI CNS"

790 PR NT #3,

800 PR NT "ANALYTIC';

810 PR NT #3, " ANALYTI C';

820 FCR 11=1 TO 4

830 PR NT TAB(12*I1) "H=10"(-";2*11;")";

840 PR NT #3, TAB(12*11) "H=107(-";2*11;")";

850 NEXT |1

860 PR NT TAB(60) "FLEXI STEP'

870 PR NT

880 PR NT #3, TAB(60) "FLEXI STEP"

890 PR NT #3,

900 FCR J=1 TO N

910 I F O(J, 3)<>0 THEN 960

920 PRINT "*** B(";J;") MASKED AT "; B(J)

930
940
950

PR NT #3,"*** B(";J;") MASKED AT ";B(J)
GOro 1070
REM PRI NT G(J);: REM standard print
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960 PR NT USI NG "##. ###"AN" )
970 PR NT #3, USI NG " BN (XJ)

Li sting 3-7-3 FGITEST Program Code

1 G(J); . REM!!
- REM !!

980 FCR 11=1 TO 5
990 PR NT TAB(12*11);

1000
1010
1020
1030
1040
1050
1060
1070
1080
1090
1100
1110
1120
1130

1140 PRI NT #3

1150
1160
1170
1180
1190
1200
1210
1220
1230
1240
1250
1260
1270
1280
1290
1300
1310
1320
1330
1340
1350
1360
1370
1380
1390
1400
1410
1420
1430
1440
1450

PRI NT #3, TAB(12*11);

REM PRI NT WJ,11);: REMstandard print

PRI NT USI NG " ##. ### """, WJ,11);: REM!

PRI NT #3, USI NG " ##. ### A" W, 11);: REM !

NEXT |1

PRI NT

PRI NT #3,

NEXT J

PRI NT

PRI NT "NOTE -- FLEXI STEP USES STEPSIZE = E8*( ABS(B(J ))+E8)
PRI NT " WHERE E8 = "; E5; " * SQRT( MACHI NE PRECI SI ON)"
PRI NT

INPUT "ANOTHER TEST PO NT ?"; X$

PRI NT #3,

'NKWE -- FLEXI STEP USES STEPSIZE = E8*(ABS(B(J))+E8)
PRI NT #3, VWHERE E8 = "* SQRT( MACH NE PRECI SION) "
PRI NT #3

PRI NT #3, " ANOTHER TEST PO NT ?"; X$

IF X$="Y" THEN 360

IF X$="y" THEN 360

STOP

PRI NT "bounds on paraneters for problent

PRI NT #3, "bounds on paraneters for problenf

FOR J=1 TO N

IF OJ,3)=0 THEN 1280

PRINT O(J,1);" <= b(";J;") <= ";Q1J,2)

PRINT #3,0(J,1);" <= Db(";:J3:") <= ":0J,2)

Q0TO 1300

PRI NT " **** pb(";J;") WLL BE MASKED (FI XED) ****"
PRI NT #3," **** p(":J;") WLL BE MASKED (FI XED) ****"
NEXT J

RETURN

REM check bounds and set up

FOR J=1 TO N

IF O(J,3)=0 THEN 1450

IF B(J)>(Q(J,1) THEN 1400

PRI NT "paraneter B(";J;") reset from";B(J);" to ";(OJ, 1)
PRI NT #3, "paraneter B(";J;") reset from";B(J);" to ";QJ, 1)
LET B(J)=Q(J, 1)

LET O(J, 3)=-2: REM | ower
IF B(J)<(Q(J,2) THEN 1450
PRI NT "paraneter B(";J reset from";B(J); to ", 2)
PRI NT #3, "paranmeter B(";J;") reset fron1"'B(J) to ";Q(J,2)
LET B(J)=Q(J, 2)

LET q.] 3)=-1: REM upper
NEXT J

bound active

bound active
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1460 RETURN
Li ne no. Ref erenced in line(s)
310 530
360 1180 1190
450 340 350
540 500
700 660
710 690
750 610
960 910
1070 940
1210 360
1280 1240
1300 1270
1320 440
1400 1350
1450 1340 1400
2000 490 650 -- subroutine to calculate the |oss function
2500 590 -- subroutine to cal culate gradient
3000 280 -- subroutine to set up problem
7120 260 -- conputing environment subroutine
Synbol Ref erenced in line(s)
B( 390 400 460 640 710 730 920 930 1350 1360
1370 1380 1400 1410 1420 1430 -- the paraneter vector
E5 270 1100 1150 -- a value used for scal ed conpari sons (= 10)
E8 270 730 -- the basic stepsize paraneter
E9 270 -- the machine precision
F 540 550 580 700 -- a tenporary function val ue
F$ 20 50 60 -- the file for consol e i mage
FO 580 700 -- the loss function val ue
e} 100 960 970 -- the gradient
H 620 640 700 720 730 -- the stepsize for the nunerica
approxi mati on to the gradient
| 450 460 470 -- a loop control counter
11 630 670 700 730 740 820 830 840 850
980 990 1000 1020 1030 1040 -- a loop control counter
13 480 500 660 680 -- flag for function not conputable
J 370 380 390 400 410 600 610 640 670
700 710 730 750 900 910 920 930 960
970 1020 1030 1070 1230 1240 1250 1260 1280
1290 1300 1330 1340 1350 1360 1370 1380 1390
1400 1410 1420 1430 1440 1450 -- a loop control counter
N 370 450 600 900 1230 1330 -- nunber of paraneters
in loss function
o 610 910 1240 1250 1260 1340 1350 1360 1370
1380 1390 1400 1410 1420 1430 1440 -- bounds and
masks informati on storage
P$ 290 300 -- the probl em nane
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T( 100 460 640 710 -- tenporary storage of the

par anmet er vector
W 100 670 700 1020 1030 -- the nunerical
approxi mations to the gradient

X$ 320 330 340 350 1120 1170 1180 1190 --

tenmporary user input

LI NES: 146 BYTES: 4760 SYMBOLS: 38 REFERENCES: 167

3-8. Testing Residual and Jacobian Cal cul ati ons

Because nonlinear |east squares problens are such a |arge
class within the general area of nonlinear paraneter
estimation, we include the follow ng driver program RITEST in
Listing 3-8-3 to test code witten to generate residuals and
their derivatives, that is, the el enents of the Jacobian
matri x. Because 5n estinmates of the Jacobian are made for
each of the mresiduals, sone additional diagonistics have
been added to aid the user as conpared to FGIEST (see Section
3-7). If either the relative deviation of the interpolation
between the two best fits of the nunerical approximtions to
the anal ytical Jacobian or one quarter of the relative

devi ation of either of the best fits exceeds a user-specified
tol erance, the appropriate output is marked by two stars and
the bell is rung.

Listing 3-8-3. RITEST - a programto test residual and
Jacobi an sub- prograns.

RITEST. BAS 05-18-1986  20:12:18

10 REM DEFDBL A-H N-Z: REM !! doubl e preci sion
15 | NPUT "CONSOLE | MAGE FILE ([CR] = NW) ";F$
20 I F LEN(F$) =0 THEN LET F$="NuL"

25 OPEN F$ FOR OUTPUT AS 3

30 REM di mensi ons of y,x,b,0 are nmerged in here from probl em

35 REM
40 REM

45 PRINT "RJTEST -- RESI DUAL AND JACOBI AN TESTER - 19851104"
50 PRINT #3,"RIJTEST -- RESIDUAL AND JACOBI AN TESTER - 19851104"

Li sting 3-8-3 RITEST Program Code 83
55 REM CALLS:

60 DI M D(25), T(25), W25,5), S(6)

65 REM SETUP -- line 3000

70 REM RESI DUAL -- line 3500

75 REM JACOBI AN D(G -- |ine 4000

80 REM ENVRON ( COMPUTI NG ENVI RONMENT) -- line 7120

85 REM

90 REM I NPUTS TO THE PROGRAM

95 REM B() -- paraneter values where Jacobian will be tested

100 REM M -- nunber of data points

105 REM N -- the nunber of parameters in the function F(B)

110 REM T7 -- tolerance for relative deviation of derivative

115 REM Q , ) -- masks and bounds

120 REM QUTPUT FROM THE PROGRAM

125 REM RO -- residual value at initial parameters

130 REM () -- conputed anal ytic Jacobi an

135 REM W, )-- nunerical Jacobi ans

140 REM S9 -- the sum of the squared residuals

145 REM S(6)-- a flag that the relative deviation of the derivative
150 REM i s unaccept abl e

155 REM

160 GOSUB 7120: REM conputing environment for E9

165 LET E8=E5* SQR( E9)

170 PRINT "Enter a tolerance for acceptable relative deviation between"
175 PRINT " anal ytic derivative and nearest approximation (e.g. 0.005)"
180 INPUT " tolerance = ";T7

185 PRI NT #3, "Enter a tol erance for acceptabl e rel ati ve devi ati on bet ween"
190 PRI NT #3," anal ytic derivative and nearest approxi mati on (e.g. 0.005)"
195 PRINT #3," tolerance = ";T7

200 LET M=0: REM set nunber of data points in case not initialized
205 GOSUB 3000: REM setup

210 | F M>0 THEN 220

215 | NPUT "nunber of data points="; M

220 PRINT "ENTER | NI TIAL VALUES FOR PARAMETERS ( [cr] =Y ) *;

225 | NPUT X$

230 PRI NT #3,"ENTER I N TI AL VALUES FOR PARAMETERS ( [cr] =Y ) "; X$
235 | F X$="N' THEN 285

240 | F X$="n" THEN 285

245 GOSUB 785: REM di spl ay bounds infornation

250 FOR J=1 TO N

255 PRINT "B(";J;")=";

260 | NPUT B(J)

265 PRI NT #3,"B(";J;")="; B(J)

270 NEXT J

275 PRI NT #3,

280 GOSUB 840: REM check paraneters are within bounds

285 FOR I =1 TO N

290 LET T(1)=B(l): REM save paraneter |

295 NEXT |

300 LET S9=0: REM accunul ator for sum of squares
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305 FOR 1=1 TOM REMIoop over data points 555 PRI NT #3, USI NG " #. ###" """ WJ,J1);: REM!! Mcrosoft Basic
310 LET 13=0: REM flag non-conputable function with |3=1 560 NEXT J1

315 GOSUB 3500: REM residual cal cul ation 565 | F S(6)=0 THEN 580

320 | F 13=0 THEN 340: REM check if in feasible region 570 PRINT " **"; CHR$(7);

325 PRI NT "RESI DUAL NOT COVPUTABLE" 575 PRI NT #3," **";

330 PRI NT #3, "RESI DUAL NOT COVPUTABLE" 580 PRI NT

335 GOTO 220 585 PRI NT #3,

340 PRINT "RESIDUAL ";I;" = "; Rl 590 NEXT J

345 PRINT #3,"RESIDUAL ";I;" =";RLl 595 PRI NT

350 LET S9=S9+R1*R1: REM accunul ate sum of squares 600 PRI NT #3,

355 LET RO=R1 605 NEXT |: REM end | oop over data points

360 GOSUB 4000: REM conpute Jacobian in () 610 PRI NT

365 FOR J=1 TO N. REM | oop over Jacobi an conponents 615 PRINT "sum of squared residuals = ";S9

370 IF (J,3)=0 THEN 440: REM nasked 620 PRI NT

375 LET H=.01: REMinitial stepsize 625 PRI NT

380 FOR J1=1 TO 5: REM I oop over stepsize val ues 630 | NPUT "ANOTHER TEST PO NT ?";X$

385 LET B(J)=T(J)+H 635 PRI NT #3,

390 GOSUB 3500: REM conpute residual at new point 640 PRI NT #3,"sum of squared residuals = ";S9

395 | F 13=0 THEN 415 645 PRI NT #3,

400 LET WJ, J1)=-9999: REM flag non-conput abl e Jacobi an 650 PRI NT #3,

405 LET 13=0: REMreset flag 655 PRI NT #3, " ANOTHER TEST PO NT ?"; X$

410 GOTO 420 660 | F X$="Y" THEN 245

415 LET WJ,J1)=(R1l-R0)/H REM conpute nureri cal Jacobian 665 | F X$="y" THEN 245

420 LET B(J)=T(J): REMreset paraneter 670 STOP

425 LET H=.01*H: REM adj ust stepsize downward 675 REM find magni tude of error in analytic derivative
430 |F J1>3 THEN LET HEE8* (ABS(T(J))+E8): REM fl existep 680 FOR J1=1 TO 5

435 NEXT J1 685 LET S(J1)=WJ,J1)-D(J): REM deviation from anal ytic val ue
440 NEXT J 690 NEXT J1

445 PRI NT "JACOBI AN COVPONENTS AND APPROXI MATI ONS" 695 LET S(6)=0: REM derivative OK

450 PRI NT "ANALYTI C'; 700 FOR J1=1 TO 4: REMsorting errors

455 PRI NT #3, " JACOBI AN COVPONENTS AND APPROXI MATI ONS" 705 FOR J2=J1+1 TO 5

460 PRI NT #3, " ANALYTIC'; 710 | F ABS(S(J1))<=ABS(S(J2)) THEN 730

465 FOR J1=1 TO 4 715 LET TO0=S(J1)

470 PRINT TAB(12*J1) "H=107(-";2*J1;")"; 720 LET S(J1)=S(J2)

475 PRINT #3, TAB(12*J1) "H=107(-";2*J1;")"; 725 LET S(J2)=TO0

480 NEXT J1 730 NEXT J2

485 PRI NT TAB(60); " FLEX" 735 NEXT J1: REM end of sort

490 PRI NT #3, TAB(60); "FLEX" 740 REM now test the val ues

495 FOR J=1 TO N 745 LET TO=(S(1)+S(2))/2: REMinterpolated errors of "best" fit
500 I F Q(J,3)<>0 THEN 520 750 LET T1=ABS(D(J))+E9: REM stabilized denoni nator
505 PRINT "*** B(";J;") MASKED AT "; B(J) 755 | F ABS(TO)/ Tl < T7 THEN 770

510 PRINT #3,"*** B(";J;") MASKED AT "; B(J) 760 LET S(6)=1: REMfailure flag

515 GOTO 590 765 RETURN

520 GOSUB 680: REM find error |evel 770 | F ABS(S(1))/T1 > 4*T7 THEN 760: REM t oo big
525 PRI NT USI NG "#. ### """ (J);: REM!! Mcrosoft Basic 775 | F ABS(S(2))/ Tl > 4*T7 THEN 760: REM too big
530 PRI NT #3, USI NG "#. ### """ D(J);: REM!! Mcrosoft Basic 780 RETURN

535 FOR J1=1 TO 5 785 PRI NT "bounds on paraneters for problent

540 PRI NT TAB(12*J1); 790 PRI NT #3, "bounds on paraneters for problent

545 PRI NT USI NG "#. ### A" WJ,J1);: REM!! Mcrosoft Basic 795 FOR J=1 TO N

550 PRI NT #3, TAB(12*J1); 800 IF Q(J,3)=0 THEN 820
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805 PRINT Q(J,1);" <= b(";J;"
810 PRINT #3, O(J,1):" <=  b("
815 GOTO 830
820 PRI NT "
825 PRINT #3," **** b(";J;"

830 NEXT J
835 RETURN

Li sting 3-8-3 RITEST Program Code

) <= ";Q13,2)
Py <= " A, 2)

BE MASKED (FlI XED) *****"

*rxx o p("; ;") WLL
) WLL BE MASKED (Fl XED) ****"

840 REM check bounds and set up
845 FOR J=1 TO N

850 I F

O(J,3)=0 THEN 905

855 I F B(J)>((J,1) THEN 880
860 PRI NT "paraneter B(";J;") reset from";B(J);" to ";QJ, 1)

865 PRI NT #3, "paranmeter B(";J;") reset from";B(J);" to ";QJ,1)
870 LET B(J)=Q(J, 1)

875 LET (J, 3)=-2: REM I ower bound active

880 I F B(J)<(Q(J,2) THEN 905

885 PRI NT "paraneter B(";J;") reset from";B(J);" to ";QJ,2)

890 PRI NT #3, "paraneter B(";J;") reset fron1”;BtJ);" to "; Q1,2
895 LET B(J)=Q(J, 2)
900 LET Q(J, 3)=-1: REMupper bound active

905 NEXT J
910 RETURN

Li ne no
220
245
285
340
415
420
440
520
580
590
680
730
760
770
785
820
830
840
880
905

3000
3500
4000
7120

Synbo

Ref erenced in |ine(s)

210 335

660 665

235 240

320

395

410

370

500

565

515

520

710

770 775

755

245

800

815

280

855

850 880

205 -- subroutine to set up problem
315 390 -- subroutine to calculate residuals
360 -- subroutine to eval uate Jacobi an
160 -- conputing environnent subroutine

Ref erenced in line(s)
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B(

260 265 290 385 420 505 510 855 860

865 870 880 885 890 895 -- the paraneter vector
D( 60 525 530 685 750 -- the Jacobi an vector
E5 165 -- a value used for scal ed conparisons (= 10)
E8 165 430 -- the basic stepsize paraneter
E9 165 750 -- the machine precision
F$ 15 20 25 -- the file for console i mage
H 375 385 415 425 430 -- the stepsize for the
numeri cal approxi mation to the Jacobian
| 285 290 295 305 340 345 605 -- a | oop counter
13 310 320 395 405 -- flag for non-conputable function
J 250 255 260 265 270 365 370 385 400
415 420 430 440 495 500 505 510 525
530 545 555 590 685 750 795 800 805
810 820 825 830 845 850 855 860 865
870 875 880 885 890 895 900 905 -- a loop
control counter
J1 380 400 415 430 435 465 470 475 480
535 540 545 550 555 560 680 685 690
700 705 710 715 720 735 -- a loop counter
J2 705 710 720 725 730 -- a | oop control counter
M 200 210 215 305 -- the nunber of data points
N 250 285 365 495 795 845 -- nunber of paraneters
in loss function
q 370 500 800 805 810 850 855 860 865
870 875 880 885 890 895 900 -- bounds and
masks i nformati on storage
RO 355 415 -- residual value at initial paraneters
R1 340 345 350 355 415 -- tenporary storage of
the residua
S( 60 565 685 695 710 715 720 725 745
760 770 775 -- a flag that the relative deviation
of the derivative is unacceptable
S9 300 350 615 640 -- the sumof the squared residuals
T( 60 290 385 420 430 -- tenporary storage of the
par amet er vector
TO 715 725 745 755 -- interpolated error of "best" fit
Tl 750 755 770 775 -- stabilized denoni nator
T7 180 195 755 770 775 -- user-specified tolerance
for acceptable relative deviation
W 60 400 415 545 555 685 -- numerica
approxi mations to the Jacobian
X$ 225 230 235 240 630 655 660 665 --
tenporary user input
LI NES: 182 BYTES: 6096 SYMBOLS: 49 REFERENCES: 228
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88 3-9 Initial Paranmeter Estinmates
3-9. Initial Parameter Estinmates
The net hods described in this book are all iterative in
nature and all of themrequire some starting values for the
paraneters to be estinated. |In general, experienced

practitioners recomrend that the initial estimtes used be
the "best" guess available. However, recognizing that the
users of our progranms may not have a great deal of experience
with either nonlinear nodels or the estimation techni ques, we
have tried to make our prograns very tolerant of poor initial
paraneter values. For users wanting to explore the
possibility of alternative solutions to particul ar probl ens,
it is inportant to use initial paraneter values well away
froma reported estimate.

There are a nunber of ways to develop initial paraneter
values. In many applications, there is a wealth of information
fromsimlar situations. For exanple, in chem cal kinetics,
where it is desired to estimate rate constants, the cheni st

wi Il usually have background information on sinilar reactions
and will have at |east order of nagnitude values for the rate
constants. |In situations where the rate constant is being

estimated over a range of conditions of tenperature, pressure
or other conditions, it is likely that very good starting

val ues can be provided for experinments which are run late in
the study sinply by crude extrapol ati on of paranmeter estimates
fromearly experinents.

For a nunber of problens, the nodel nmamy be linearized by
applying transformations, or by ignoring constraints, or by
fixing one parameter. As an exanple, consider the Hobbs
3-paraneter |ogistic problemof Section 2-1. One nodel for

this problemis given by the residual, at time period i, of
the form
(3-9-1) B(1) / (1+exp(B(2)-i*B(3))) - Y(i,1)

where Y(i,1) is the observed value of the growth phenonenon

3-9 Initial Paraneter Estinates 89

for tinme point i. Inthis case, Y(i,1) is the nunber of
weeds per square netre observed in year i.

If the nodel were exact, we can set the residual to
zero, then transformit to give

(3-9-2) B(1)/Y(i,1) - 1 = exp(B(2)-i*B(3))
or
(3-9-3) log(B(1)/Y(i,1) - 1) = B(2) - i*B(3)

Recal ling that B(1l) is an upper bound to the growth curve, it
is now possible to obtain initial estimtes of B(2) and B(3)
fromsinple |linear regression (Stevens, 1951). Such an

anal ysis for several values of B(1l) is nore than adequate to
provi de sone initial values for the three paraneters. Table
3-9-1 gives the results of the analysis.

Table 3-9-1. Initial estimates for the parameters in the
Hobbs weed infestati on probl em obtained by setting B(1) and
calculating B(2) and B(3) froma trend line. The sum of
squares reported is for the original untransforned
residuals. Note that we are using an unscaled form of the
residual in Equation (3-9-1)

B(1) chosen cal cul at ed residual sum of squares
B(2) B(3)
1 3.738571 4. 355923 256. 455
2 5. 020068 3. 129566 2. 735687
3 7.16966 2.931647 26. 42764
4 9. 375299 2.84654 54, 23337
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at any point in the space of its arguments. The argunents of
the function are the paraneters we wish to estimte

4-1. Mbdtivations

DI RECT SEARCH METHODS
Met hods for function ninimzation which need only function
val ues are clearly "easier" to use than those requiring first
and possibly second derivatives of the function as well
since it is usually we, the users, who nust provide the
program code to conpute the necessary derivatives. Wile
sone wor kers have reported success in using autonmated
derivative cal cul ati on (Shearer and Wl fe, 1985) via synbolic
mani pul ati on packages, these facilities are generally not

4-0. Overview -- Direct search nethods conveniently avail able to users of personal conputers. Qur
vi ewpoi nt is that such users are al so unable to count on

In this chapter we present some nethods for finding the assi stance of mathenatically conpetent helpers to derive or

m ni ma of functions which require only that we are able to

provi de a nechani sm for conputing the value of the function
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92 4-1 Motivations

verify the fornulas for the required derivatives. W shal
therefore wish to sinplify as nuch as possible the task of
preparing and adapting the paraneter estimation problemto
the hardware and software available, and in this context
direct search function mnim zation techni ques are an
important class of tools.

As will be observed in our exanples, we pay for the
conveni ence of avoiding the nental effort of programmng the
conputation of derivatives. The algorithnms for direct search
met hods have general ly sl ower convergence than techni ques
based on gradient information. Neverthel ess, the overal
el apsed time to a solution and the effort expended by the
user are usually | ow enough, even with very sl ow progress
during the actual conputations, that we generally apply
direct search nethods as the first tool for nonlinear
paraneter estimation in our own day-to-day work

Besi des the saving of personal tine required to solve a
probl em direct search nethods may offer other advantages

- If the method is based on heuristic principles and NOT
on approxi mati on of the loss function by a smooth
surface such as a parabol oid, then the estimtion of
nonl i near paranmeters can involve the use of

di scontinuous or non-snmooth |oss functions. That is,
the function and/or its derivatives may be

di sconti nuous. Such functional behavior may arise if a
constraint is inmposed by a barrier function added to the
loss function. That is, the loss function is assigned a
very large val ue whenever a particular constraint is
violated. Such barrier functions are very easy to

impl ement in conputer programs, but they create an
obvious discontinuity in the | oss function surface. The
fact that some direct search mninization nethods are
able to handl e discontinuities is a further convenience
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all owing | ess human energy to be expended in solving the
paraneter estinmati on problem

- The results of paraneter estimation problens which
arise in business, government or industry nay have to be
described or explained to non-technical audi ences such
as managenent or review committees. |n a teaching

envi ronment, students whose backgrounds do not invol ve
cal culus cannot conprehend easily the processes of
function mnimzation via gradi ent nmethods. However, we
have found that certain direct search methods are
relatively easy to describe. The Hooke and Jeeves and
Nel der - Mead nmethods are based on sinple heuristic
pattern searches which can be denpnstrated graphically
for functions of two paraneters.

- Frequently, we do not have nmuch experience with the
problemor the resulting | oss function used to perform
the estimation. It is useful in such circunstances to
be able to explore the functional surface in different
regions of the paraneter space in order to gain this
experience. Direct search nethods, w th appropriate
nodi fication to print or plot the functional surface
provi de a convenient nechanism for such explorations

So far, we have tal ked of direct search function

m ninmization nmethods without formally defining them A
direct search nethod for mnimzing a function of

several paraneters is a techni que which conpares the

val ue of the function at a sequence of points in the
paranet er space and which attenpts to generate a new
menber of the sequence of points which has a | ower
functional value. |In performng the conparison of

poi nts, the nethod may use only the sign of the
difference in function values, that is, it may only be
concerned wi th whether point A is higher (has a |arger
function value) than point B, or it nmay use the relative
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94 4-1 Motivations

size of the function values. 1In the latter case, we
anticipate that the method will be nore sensitive to the
presence of discontinuities in the function

4-2. Background

Direct search nmethods were anpong the earliest "automatic
function mnimzation" methods reported. Box (1957)
introduced the idea of Evolutionary Operation to optinize the
performance of a manufacturing plant. A set of points
form ng the vertices of a hypercube in the parameter space is
set up about the current "best" point and the "perfornance"
(that is, loss function) is evaluated at these points. In
Box's work, nultiple evaluations of perfornmance were used
since the "function" was eval uated by experinenta
measurement. |f the current "best" point is still |lowest in
functional value, then the hypercube is contracted, else we
move to the new "best" point and devel op a new hypercube

Box's ideas are straightforward, but involve a |lot of
conputational effort, since the function nust be eval uated
2°"n ("2 to the power n") tines for each hypercube given a
problemin n parameters. Nevertheless, sinmlar ideas are at
the base of the Nelder - Mead method which will be presented
| ater.

Whi | e Box searched over a set of points in the
n - di mensional space, other workers suggested defining a set
of n search directions. Froma current estimate of the
function mininum that is, some initial guess or "best"
point, a linear search along one of the search directions is
tried. |If this results in a newestinate of the m nimum
this replaces the "best" point, then we try a search along
anot her search direction. Cearly, it is useful to have
i ndependent, and possibly orthogonal, search directions
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This is the basis of a nunber of nethods, for exanple, those
of Rosenbrock (1960), Hooke and Jeeves (1961) and Davies
Swann and Canpey (Swann, 1964). The detailed differences
bet ween t hese approaches are of mnor interest in the present

di scussion. It is sufficient to point out that the Hooke and
Jeeves nethod has been selected for inclusion because it
of fers very sinple programcode, |linmited working storage

requi rements, and reasonable reliability in finding the
m ni ma of functions.

More detailed information can be found in Swann (1972)
and Di xon (1972). We have deliberately not mentioned nethods
which try to apply the ideas of gradient function
m nim zation nmethods by building up a picture of the
functional surface. A fairly detailed treatment of one
famly of such nmethods is given by Brent (1973). As these
approaches are nore conplicated in concept, and usually in
al gorithm c detail, than the heuristic nethods we present, we
shal | not discuss themfurther, though it is inportant to
note that such approaches may yield nuch better perfornance
on smooth loss functions. \Were the loss function is
believed to be snmooth but the derivatives are awkward to
eval uate we prefer to use explicit numerical approxinations
to the derivatives rather than to build inplicit gradient
techni ques, such as that of Brent

4-3. Inplementation Details

In actually progranm ng a direct search nmethod, there are a
nunber of detailed choices which nust be made in order to
construct a working program These choices alter the
operational characteristics of programs considerably, so are
a necessary topic for consideration

The first issue we shall address is howto decide when
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96 4-3 Inplenentation Details

to stop the program In general, froma nunerical analyst's
point of view, we wish to allow the programto conti nue as
long as progress can be made in reducing the objective
function. Therefore a convergence test could be made using
the rule:

CONTI NUE THE M NI M ZATI ON PROGRAM UNTI L NO LOVER
FUNCTI ON VALUE | S FOUND.

In practice, this may |lead to unnecessary conputati onal
effort. First, for problens with zero as the true m ni mum of
the function, we may approach this mninmumvia a sequence of
function val ues

r, r2, r3,

so that the iterates are snaller and snaller but not zero
until an underflow occurs, typically nmany iterations after
the user would accept the function value as zero. For
exanpl e, suppose r = 0.1, which is a typical stepsize
reduction factor in the Hooke and Jeeves algorithm and

n

(4-3-1) f(B => | B()I

j=1

is to be minimzed froma starting point having all the
paraneters equal to 1. The algorithmtakes at |least n and up
to 2n function eval uations for each axial search. |gnoring
the potential accidental arrival at the true mnimum and any
pattern nove to an advant ageous regi on of the paraneter
space, it is reasonable to predict that the | owest point
found after each k major cycles of the Hooke and Jeeves
algorithmwi |l be proportional to (0. 1)k.

Listing 4-3-1 shows sone edited actual output of
m nimzing the function given in Equation (4-3-1).

4-3 | npl ementation Details 97

Listing 4-3-1. Mnimzation of the function described in
Equation (4-3-1) by the Hooke and Jeeves nethod. The out put
has been edited to illustrate the proportionality of the
current best function value to powers of the stepsize
reduction factor.

DRI VER -- GENERAL PARAVETER ESTI MATI ON DRI VER - 851017,851128
12: 40: 28 01-19- 1986

NUVBER OF PARAMETERS = 4

ABS. FN - SUM OF ABSOLUTE PARAMETERS

Hooke and Jeeves -- 19851018

STEP-SIZE = 1

STEP- SI ZE REDUCTI ON FACTOR = .1

I' NI TI AL FUNCTI ON VALUE = 13. 332

71 1.332 STEPS| ZE= .1
( cf. (0.171) * 13.332 )
141 . 1319998 STEPS| ZE= . 01
( cf. (0.172) * 13.332 )
211 1.199983E- 02 STEPS| ZE= 9. 999999E- 04
cf. (0.173) * 13.332 )
281 1. 685694E- 07 STEPS| ZE= 9. 999999E- 05
( cf. (0.174) * 13.332 )
289 1. 685694E- 07 STEPS| ZE= 9. 999999E- 06
297 1. 685694E- 07 STEPS| ZE= 9. 999999E- 07
305 1. 685694E- 07 STEPS| ZE= 9. 999999E- 08
305 1. 685694E- 07 STEPSI ZE= 9. 999999E- 09

ELAPSED SECS= 74 AFTER 0 GRAD & 305 FN EVAL
FUNCTION M NI MUM = 1.685694E- 07
PARAVETER ESTI MATES

B( 1) = -3.655441E- 08
B( 2 ) = -4 400499E- 08
B( 3 ) = -4. 400499E- 08
B( 4 ) = -4. 400499E- 08

The situation in this exanple, where the m ni mum has one
or nore paranmeters at zero, is compn enough that we shoul d
account for it in any convergence test. Another frequent
occurrence, which is particularly inportant for the Hooke and
Jeeves algorithm is that the stepsize is so snmall that
paraneters with | arger nagnitudes are unaltered in the axial
search. Cearly it is a waste of effort in such cases to
conpute the objective function. This |leads us to the
follow ng procedure for deciding when to stop.

1. If the current paraneter is unaltered by addition of
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98 4-3 Inplenentation Details

the current stepsize, do not conpute the function, and
continue the axial search with the next paraneter

2. If none of the paraneters have been changed during
the entire axial search, stop

The test for unchanged paraneters in the first part of
this procedure uses an equality test between (B(j) + stepsize)
and B(j). Such equality tests between floating point nunbers
are frequently considered inproper by progranm ng
instructors, because there is a danger that very snal
guantities will not have identical internal representations
and so never satisfy the equality. To avoid any such
difficulties, we conpare

[(B(j) + stepsize) + E5] with [B(j) + E5]
where E5 is an additive scaling factor. Throughout our own
work we use a value E5 = 10. This ensures that very snal
quantities are "equal" relative to the additive scaling E5
as they are sinply shifted off to the right of the arithnetic
registers.

It should be noted that this procedure nore or |ess
assunmes that probl ens have been set up so that paraneters
have a maxi mum magni tude of 10 over the region of interest
(see Chapter 3)

For the Nelder - Mead pol ytope nmethod, which is the
second direct search technique included in this book, a
di fferent convergence criterion is required because paraneter
adj ustnent is not acconplished via novenents al ong axi al
directions in the parameter space. This ninimzation nethod
attenpts to minimze a function of n paraneters by
consi dering (n+l) sets of paraneters at once. The nethod
attenpts to replace the set of paraneters with the highest
function value with a new point (set of paraneters) of |ower
function value by use of a set of heuristic search rules.
Clearly, no progress can be made if no one point is the
"highest", so that polytope nmethods generally use convergence
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tests based on the "closeness" of the "highest" and "Il owest"
points in the current polytope. W have kept this practice.

The convergence tests for the Hooke and Jeeves (HJ) and
the Nelder - Mead (NM nethods are thus very different, and
in part account for the markedly different behavior of these
nmet hods when applied to the same function mnimzation
problem Qur experience is that the Hooke and Jeeves nethod
is generally slower than the Nelder - Mead, but that its
progress is nore predictable

The second inplenentation detail inportant to the
success of direct search nmethods is the size of the initia
search step. Both the HI and NMtechni ques start with axia
steps which are the sane size along all parameter directions.
Wiile a formof automatic scaling could be used, enploying
ideas simlar to those upon which stepsizes for nunerica
derivatives are based (see Sections 7-5 and 11-8), we prefer
to scale the paraneters explicitly as in Chapter 3. Users
shoul d therefore be aware that the programs NM and H) may
perform poorly on functions for which the paraneters have
wi dely differing scale.

The size of the initial search step should be |arge
enough to allow the search procedure to nake rapid progress
towards | ower function values. However, it should not be so
| arge that the search stepsize nust be reduced many tines to
achi eve convergence. In part, this sinply reflects the val ue
of good initial guesses to the paraneters. However, since
one of the applications of direct search nmethods is the
finding of alternative sets of parameters having simlar
val ues of the loss function, it is clear that the initia
stepsi ze should not be too snall. \When all paraneters are of
a magnitude in the range (1, 10), we recomend a val ue near 1
for the initial search stepsize

A third inplenentati on detail concerns the incorporation
of masks and bounds. Masked paraneters nust not be altered

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



100 4-3 Inplenentation Details

in the paraneter estimation process. |n many situations,
users Wi sh to supply estimtes of paraneters obtained outside
the framework of automatic |oss function mnimzation. Upper
and | ower bounds on paraneter estinmates should not be
violated. (W pernmit masked paraneters to be "out of
bounds", but paranmeters are otherwi se reset to the nearest
bound by our driver program)

In the HI nmethod, bounds are fairly easily incorporated
into the nechani sns used to generate new search points. In
the NM approach, masks can be introduced fairly easily, but
explicit accounting for the bounds results in a nore
cunbersome program code. W found that sinply setting the
|l oss function very | arge whenever a bound is violated,

t hereby inmposing a barrier constraint, resulted in very slow
convergence. The effect is that the pol ytope "bounces off"
the bound constraints. The code given in Chapter 6 therefore
has an alternative approach wherein el ements of the paraneter
vector B which violate bounds are reset to the nearest

bound. This may also result in some slow ng of the progress
of the algorithmtowards a nini num

Nash and Wal ker-Snmith -- Chapter 5 101

THE HOOKE AND JEEVES
METHOD

5-0. Overview -- Hooke and Jeeves

The Hooke and Jeeves (1961) nethod has been one of the npst
successful of the direct search nethods in practical use, yet
it is also one of the sinplest to understand, program and
use. To underline its utility, we note that it was the major
function minimzation code of at |east one najor North
Anerican chemical conpany until after 1980. One nunerical
study (Eason and Fenton, 1972, 1973) concluded it was the
nmost general ly successful single program code over the set of
test problenms used. In our personal experience, the Hooke
and Jeeves Pattern Search (HJ) nethod has the follow ng
strengths and weaknesses.

St rengt hs:

1. The HJ nethod has a very short code, and is suitable
for inplenentation on such extrenely snall conputers as the
Radi o Shack Pocket Conputer (also known as the Sharp PCl211)
and ot her progranmabl e cal cul ators.
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102 5-0 Overvi ew -- Hooke and Jeeves

2. The m ni mum worki ng storage requirenent is only 2
n-vectors for a problem of size n, plus a few scal ar
variables for controlling the algorithm (Qur program
includes a matrix of size 3*n elements to all ow masks and
bounds to be inposed on the paraneters. W also include sone
extra code and variables to pernmit control of the program
out put.)

3. The approach -- axial search and pattern nove -- are
highly intuitive and easily explained to those with little
mat hemati cal sophistication. This renders the HJ nethod
suitable for classroomuse with students whose nmjor studies
are outside optim zation

4. The algorithmseens to be highly reliable in finding
local minima, despiteits sinplicity.

Weaknesses

1. The axial search of the HJ nethod may use as nany as
2*n function evaluations in each major cycle of the
algorithm This nay result in a programfor the HJ nethod
maki ng very slow progress towards a mininmumor in its taking
many function eval uations to discover it has been started
near a |ocal m ninum

2. It is possible to devise functions which increase
along all axial directions, but which can be reduced along
' di agonal' search directions. An exanple of this failure is
presented bel ow in Section 5-2

3. In part because of the overhead of the axial search
the H) nmethod seens to be inefficient for I|arge nunbers of
paraneters.

3. Because of the geonetric basis of the pattern nove
the HJ method is quite negatively influenced by badly scal ed

functions. This is also illustrated by an exanple in Section
5-3.
5-0 Overview -- Hooke and Jeeves 103

4. The manner in which the HI nmethod is generally
term nated, which sinply conpares the current axial search

stepsize to sone lower limt, inplies that the paraneters are
determined to a pre-determ ned absolute precision, that is
nunber of 'decimals', rather than to a common relative (i.e
percentage) error.

Overall, we prefer to use the HJ nethod as a tool for
exploring the functional surface to discover its properties
Rarely is this the nmethod chosen for final paraneter
estimation, since convergence to the final (full-precision)
results can be at tines painfully slow. However, for
speci alized situations, it may be the nethod of choice.

Ai ded by Maurice Lafleur, one of us (JCN) devel oped the HJ
met hod so that it could be inplenented in a single-chip

m croconputer for real-tinme optinization of processes. In
this approach, the paraneters were 1-byte (i.e. 8-bit)
integers and the function had a 1-byte mantissa and 1-byte
si gn/ exponent so that the whol e code could nore easily be
adapted to an 8-bit mcroprocessor such as the Mstek 6502
Intel 8080, or Zilog Z80

In a nore general context, the HJ nethod i s nost
suitable as a tool for quickly testing code to conpute the
function and to establish its magnitude and scaling
properties. Because the axial search explores the function
along axial directions, this is akin to a grid search, with
the added advantage that if the process converges quickly to
a mni mum we need not bother to use other methods unless
paranet er di spersion estimtes based on gradient infornation
are wanted (Section 13-4). These are not generally devel oped
fromthe final axial search data, which would nean storing an
addi tional 2*n function val ues
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104 5-1 Hooke and Jeeves Source-code

5-1. Hooke and Jeeves Source-code

The foll owing programcode inplenents the Hooke and Jeeves
pattern search. This code includes the facility to handle
masks and bounds on the paraneters. Masks are dealt with by
sinply not changi ng any masked paraneter. Bounds are inposed
in both axial search and pattern nobve sections of the nethod
by sinmply returning a paranmeter value to the nearest bound
whenever the axial step or pattern nobve violates a bound.

Listing 5-1-1. The Hooke and Jeeves Code.

HJ. BAS 04- 09- 1986 20:49: 01

40 DIM T(25): REM DI Mensi on only needed for POSTGEN, not HJ
1000 PRI NT "Hooke and Jeeves -- 19851018"

1004 PRI NT #3, "Hooke and Jeeves -- 19851018"

1008 REM CALLS:

1012 REM FUNCTION F(B) -- line 2000

1016 REM ENVRON (conputing environment) -- line 7120

1020 REM

1024 REM | NPUTS TO THE ROUTI NE:

1028 REM B() -- a vector of initial paraneter estinates

1032 REM S1 -- initial stepsize for search (set to 1 if zero)
1036 REM S2 -- stepsize reduction factor, which is applied to
1040 REM S1 when axial search fails (set to 0.1 if zero)
1044 REM N -- the nunber of paraneters in the function F(B)

1048 REM Q , ) -- masks and bounds

1052 REM I5 -- the nunber of masked paraneters. nust be zero if
1056 REM masks are not used

1060 REM OUTPUT FROM THE ROUTI NE:

1064 REM X() -- a vector of final paraneter estinates for the
1068 REM val ues of the parameters which nminimze the function.
1072 REM FO -- value of the function at the m ni mum

1076 REM 18 -- nunber of gradi ent evaluations (unchanged)

1080 REM 19 -- nunber of function eval uations

1084 REM

1088 | F S1<=0 THEN LET S1=1: REM!! warning -- is variable undefined?
1092 | F S2<=0 THEN LET S2=.1: REM!! ditto

1096 LET J8=40: REM no of fn eval before paraneter display
1100 LET J7=1: REM counter for paraneter display

1104 GOSUB 7120: REM conputing environment

1108 GOSUB 1440: REM copy B() into X() (lowest point so far)
1112 PRI NT "STEP-SI ZE ="; S1

1116 PRI NT " STEP- Sl ZE REDUCTI ON FACTOR ="; S2

1120
1124
1128
1132
1136
1140
1144
1148
1152
1156
1160
1164
1168
1172
1176
1180
1184
1188
1192
1196
1200
1204
1208
1212
1216
1220
1224
1228
1232
1236
1240
1244
1248
1252
1256
1260
1264
1268
1272
1276
1280
1284
1288
1292
1296
1300
1304
1308
1312
1316
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PRI NT #3, " STEP-SIZE ="; S1

PRI NT #3, " STEP- SI ZE REDUCTI ON FACTOR ="; S2

GOSUB 1456: REM conpute function in F, set 13<>0 if not possible.
IF 13<>0 THEN 1412

PRI NT "I NI TIAL FUNCTION VALWE ="; F

PRI NT #3,"1 NI TI AL FUNCTI ON VALUE ="; F

LET F1=F: REM store function value at base point

LET FO=F: REM store |owest function value so far

GOSUB 1252: REM axi al exploratory search

IF 16=2*(N-15) THEN 1176: REM paraneters unchanged in axi al search
| F FO>=F1 THEN 1176: REM test for a |l ower function val ue

LET F1=FO0: REM update function val ue at base

GOSUB 1368: REM pattern nove

GOTO 1152: REM repeat axi al search

FOR J=1 TON REMis B() still the current base point?

IF B(J)<>X(J) THEN 1192: REMtest for changes in paraneters

NEXT J: REM in above test | ook for equality since B:=X at base
GOTO 1208: REM reduce step-size as search has not reduced function
GOSUB 1424: REM copy X into B (B() is now at the base point)

PRI NT " RETURN TO BASE PO NT “;

PRI NT #3," RETURN TO BASE PO NT *“;

GOTO 1152: REM try another axial search

LET S1=S1*S2: REMreduce step-size

PRI NT

PRI NT |9, FO, " STEPSI ZE="; S1

PRI NT #3,

PRI NT #3,19, FO, " STEPSI ZE="; S1

GOSUB 1476: REM di spl ay paraneters

I F 16<2*(N-15) THEN 1152: REM convergence test (no altered paranis)
PRI NT

PRI NT #3,

RETURN REM functi on nminim zati on conplete

REM axi al exploratory search subroutine

LET 16=0: REM counter for nunber of unchanged paraneters

FOR J=1 TO N

I'F (J,3)=0 THEN 1344: REM paraneter J is masked

LET S3=B(J): REM store paraneter val ue

I F S3=Q(J, 2) THEN 1284: REM avoi d change if at upper bound

LET B(J)=S3+Sl: REM step forward

IF B(J)>0O(J,2) THEN LET B(J)=Q(J, 2): REM bound -- assune +VE step
| F B(J) +E5<>S3+E5 THEN 1292: REM test equality relative to E5
LET | 6=l 6+1

GOTO 1300: REM now try negative step

GOSUB 1456: REM function eval uation

| F F<FO THEN 1340: REMtest if function value < current |owest val ue
IF S3=0(J, 1) THEN 1328: REM no change if at |ower bound

LET B(J)=S3-S1l: REM step backward

IF B(J)<Q(J,1) THEN LET B(J)=Q(J, 1): REM | ower bound

| F B(J) +E5=S3+E5 THEN 1328: REM test equality

GOSUB 1456: REM function eval uation
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1320 I F F<FO THEN 1340 1520 PRINT #3," ";B(J); Q5;
1324 GOTO 1332 . 1524 | F 5*INT(J/5)<>J THEN 1544
1328 LET 16=16+1: REMcount number of times paraneter unchanged 1528 PRI NT
1332 LET B(J)=S3: REMrestore original paraneter (not by addition!!) 1532 PRINT "":
1336 GOTO 1344 1536 PRI NT #3.
1340 LET FO=F: REM store new | owest function val ue 1540 PRI NT #3' W
1344 NEXT J 1544 NEXT J
1348 PRI NT " AXI AL SEARCH FO="; FO 1548 PRI NT
1352 PRI NT #3," AXI AL SEARCH FO="; FO 1552 PRI NT #3
1356 GOSUB 1476: REM print paraneters 1556 RETURN
1360 RETURN REM end axi al search
1364 REM PATTERN MOVE Li ne no. Ref erenced in line(s)
1368 FOR J=1 TO N 1152 1172 1204 1232
1372 IF (J, 3)=0 THEN 1396: REM nmasked paraneter 1176 1156 1160
1376 LET S3=2*B(J)-X(J): REM el ement of new base point 1192 1180
1380 LET X(J)=B(J): REM store current point 1208 1188
1384 | F S3<Q(J, 1) THEN LET S3=0(J,1): REM | ower bound check 1252 1152
1388 | F S3>Q(J, 2) THEN LET S3=Q(J, 2): REM upper bound check 1284 1268
1392 LET B(J)=S3: REM store new base poi nt 1292 1280
1396 NEXT J" 1300 1288
1400 PRINT " PMOVE ", 1328 1300 1312
1404 PRI NT #3," PMOVE "; 1332 1324
1408 RETURN REM end pattern nove 1340 1296 1320
1412 PRI NT "FUNCTI ON NOT COVPUTABLE AT I NI TIAL PO NT" 1344 1260 1336
1416 PRI NT #3, " FUNCTI ON NOT COVPUTABLE AT I N TI AL PO NT" 1368 1168
1420 STOP
1424 FOR J=1 TON. REMcopy X into B ii?g ﬁg%
1428 LET B(J)=X(J) 1424 1192
1432 NEXT J 1440 1108
1436 RETURN . 1456 1128 1292 1316
1440 FOR J=1 TON. REMcopy B into X 1476 1228 1356
1444 LET X(J)=B(J) 1544 1524
%24512 g?r(IJR‘IJ\I 2000 1460 -- subroutine to calculate the loss function
1456 LET 13=0: REM conpute function -- reset failure flag 7120 1104 -- computing environment subroutine
1460 GOSUB 2000: REM user routine ; ;
1464 | F 13<>0 THEN LET F=B9: REM | arge val ue assi gned B(S\/nbol 1?38“?232(]' I127|2I ni(z% 1280 1304 1308 1312 1332
1468 LET 19=19+1: REMfunction eval uati on counter 1376 1380 1392 1428 1444 1504 1508 1516 1520
ii% FET}JJBR’:‘O THEN RETURN: REM no paraneter display Laeye parameter vector
- : : . B9 1464 -- a "large" nunber (supplied by ENVRON)
1480 | F 19<]7*J8 THEN RETURN. REM check if to be printed s 1280 1312 e el TP o o kons (= 10)
1484 LET J7=INT(19/J8)+1: REM paraneter display control E9 1504 1508 -- the machine precision
1488 PRINT "parameters”; = F 1136 1140 1144 1148 1296 1320 1340 1464
1492 PRI NT_#& parameters”; -- the loss function val ue
%‘5188 Eg_? é—s} ]'O N FO 1148 1160 1164 1216 1224 1296 1320 1340 1348
N - 1352 -- the | owest value found for the |oss function
1504 | F B(J)-Q(J, 1) <=E9* (ABS(((J, 1)) +E9) THEN LET Q="L": REM | ower bd F1 1144 1160 1164 -- a tenporary function val ue
1508 1 F (J, 2)-B(J) <=E9* (ABS(((J,2) ) +E9) THEN LET B="U': REM upper bd 13 1132 1456 1464 -- flag for function not conputable
1512 IF O(J,3)=0 THEN LET Q="M REM nasked 15 1156 1232 -- the number of masked parameters
1516 PRINT B(J): B 16 1156 1232 1252 1284 1328 -- a counter for the nunber
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108 Li sting 5-1-1 The Hooke and Jeeves Code

of paraneters which are unchanged in a step

19 1216 1224 1468 1480 1484 -- counter for function
eval uati ons perforned
J 1176 1180 1184 1256 1260 1264 1268 1272 1276

1280 1300 1304 1308 1312 1332 1344 1368 1372
1376 1380 1384 1388 1392 1396 1424 1428 1432
1440 1444 1448 1496 1504 1508 1512 1516 1520
1524 1544 -- a loop control counter

J7 1100 1480 1484 -- paraneter display control index
J8 1096 1476 1480 1484 -- paraneters are displayed
every J8 function evaluations (no display if J8=0)
N 1156 1176 1232 1256 1368 1424 1440 1496
-- nunber of paraneters in loss function
q 1260 1268 1276 1300 1308 1372 1384 1388 1504
1508 1512 -- bounds and masks infornation storage
() 1500 1504 1508 1512 1516 1520 -- used to hold
di splay information regardi ng nasks and active bounds
S1 1088 1112 1120 1208 1216 1224 1272 1304
-- the current stepsize for axial search
S2 1092 1116 1124 1208
-- the stepsize reduction factor
S3 1264 1268 1272 1280 1300 1304 1312 1332 1376
1384 1388 1392 -- a tenporary variable
T( 40 -- a tenporary vector needed by PCSTGEN. BAS
X( 1180 1376 1380 1428 1444 -- storage for the

"best" parameters found so far

LI NES: 142 BYTES: 5688 SYMBOLS: 44 REFERENCES: 190

5-2. Use of the Hooke and Jeeves Met hod

We first apply the Hooke and Jeeves nethod to the sol ution of
the Hobbs 3-paraneter |ogistic estimation problem which was
presented in Section 2-1. Listing 5-2-1 shows an edited
output for this problem

Listing 5-2-1. Edited output of the application of HJ to the
Hobbs weed i nfestation probl em

DRI VER -- GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128
20: 48:19 04-17- 1986

HOBBS 3- PARAVETER LOG STI C FUNCTI ON SETUP - 851017

FUNCTI ON FORM = 100*B( 1)/ ( 1+10*B( 2) *EXP(- 0. 1*B(2)*1))

Listing 5-2-1 HJ on Hobbs

HOBBS. RES 3 paraneter |ogistic fit

bounds on paraneters for problem

0 <= b( 1) <= 100

0 <= Db( 2) <= 100

0 <= b(3) <= 30

NI TI AL VALUES FOR PARAMETERS ( [cr] =Y)

I

2
5
3

oy}

~

N
———

are nmasks or bounds to be set or altered ([cr] = no) n
Hooke and Jeeves -- 19851018
STEP-SI ZE = 1
STEP- S| ZE REDUCTION FACTOR = .1

I NI TI AL FUNCTI ON VALUE = 158. 2325

AXI AL SEARCH FO= 127.9983

PMOVE AXI AL SEARCH FO= 127.9983

RETURN TO BASE PO NT AXI AL SEARCH FO= 127. 9983

19 127.9983 STEPSI ZE= .1

AXI AL SEARCH FO= 17. 68197

47 11. 01658 STEPSI ZE= .01

AXI AL SEARCH FO= 9. 869432

131 3.668904 STEPSI ZE= 9. 999999E- 04
AXI AL SEARCH FO= 3. 65716

287 2.606807 STEPSI ZE= 9. 999999E- 05
AXI AL SEARCH FO= 2. 606771

405 2.58762 STEPSI ZE= 9. 999999E- 06
AXI AL SEARCH FO0= 2. 587601

449 2.587578 STEPSI ZE= 9. 999999E- 07
455 2.587578 STEPSI ZE= 9. 999999E- 08
455 2.587578 STEPSI ZE= 9. 999999E- 09

ELAPSED SECS= 356 AFTER O GRAD & 455 FN EVAL
CALCULATED FUNCTION M NI MUM = 2.587578
PARANVETER ESTI MATES

B( 1) = 1.960722
B( 2) = 4.90423
B( 3) = 3.135595

POSTGEN. BAS 851118 -- GENERAL POST SOLUTI ON ANALYSI S
LOSS FUNCTI ON PER DEGREE OF FREEDOM ( SI GVA*2) = . 2875087

109

B( 1 )= 1.960722E+00 step= 6. 78E-03 f-, f+ 2.8790E+00 2.8789E+00
B( 2 )= 4.904230E+00 step= 1.69E-02 f-, f+ 2.7143E+00 2.7090E+00
f-

B( 3 )= 3.135595E+00 step= 1.08E-02

radii of curvature for surface al ong axial directions
& tilt angle in degrees

for Bl 1) R OF CURV
for B 2 ) R OF CURV

= 0. 34444
= 9. 03852

1.579E-04 tilt
2.403E-03 tilt

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com

, f+ 3.7853E+00 3. 7885E+00
best function value found is 2. 5876E+00
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for BC3) R OF CLRV. = 1.012E-04 tilt = -8.41148

RESI DUALS

1. 395655E- 02 -3.010845E-02 9.538555E-02 .2129488 .3976593
-5.178452E-02 -1.099423 .7219544 -.1027107 -.346302

. 649704 -.2977905

A second exanpl e of the HJ nethod is provided by Cacec
and Cacheris (1984), who wish to estimate a 2-paraneter nodel
for a chemcal reaction. This is discussed in nore detail in
Section 16-1, and the output presented belowin Listing
5-2-2.

Listing 5-2-2. Edited output of the application of HJ to the
Caceci and Cacheris kinetic problem

DRI VER - - CGENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128

21:05:36 04-17-1986
BYTE probl em (Caceci & Cacheris, 1984)
860406

6 data points
2 paraneters
2 data series
Substrate concentration
data series 1

1.68 3.33 5 6.67 10

20

Reaction velocity
data series 2

.172 .25 .286 .303 .334

. 384
CHEM RES ki netic probl em 860102 + DATAFI LE b: byte.CHM
bounds on paraneters for problem

0 <= b( 1) <= 100

0 <= b( 2 ) <= 100

ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] =Y)

B( 1)=1

B( 2 )=1

Hooke and Jeeves -- 19851018

STEP-SIZE = 1
STEP- Sl ZE REDUCTION FACTOR = . 1

I'NI TI AL FUNCTI ON VALUE = 1.75074

AXI AL SEARCH F0O= . 524701

PMOVE AXI AL SEARCH FO= . 524701

RETURN TO BASE PO NT AXI AL SEARCH FO= . 524701

Listing 5-2-2 HJ on Byte / Chem 111

10 . 524701 STEPSI ZE= .1
AXI AL SEARCH FO= . 2970126

38 5.501088E- 04 STEPSI ZE= .01
AXI AL SEARCH FO= 5. 445365E-04

85 2.879175E- 04 STEPSI ZE= 9. 999999E- 04
AXI AL SEARCH FO= 2. 727602E-04

178 1.675951E- 04 STEPSI ZE= 9. 999999E- 05
AXI AL SEARCH FO= 1. 675943E-04

229 1.675779E- 04 STEPSI ZE= 9. 999999E- 06
233 1.675779E- 04 STEPSI ZE= 9. 999999E- 07
236 1.675779E- 04 STEPSI ZE= 9. 999999E- 08
236 1.675779E- 04 STEPSI ZE= 9. 999999E- 09

ELAPSED SECS= 152 AFTER 0 GRAD & 236 FN EVAL

CALCULATED FUNCTION M NIMUM = 1.675779E-04

PARAVETER ESTI MATES

B( 1) = 2.453777

B( 2 ) = .4238997

POSTGEN. BAS 851118 -- GENERAL POST SOLUTI ON ANALYS S

LOSS FUNCTI ON PER DEGREE OF FREEDOM (S| GWAN2) = 4.189447E- 05

B( 1 )= 2.453777E+00 step= 8.48E-03 f-, f+ 1.6807E-04 1.6812E-04

B( 2 )= 4.238997E-01 step= 1.48E-03 f-, f+ 1.7386E04 1.7401E-04
best function value found is 1. 6758E- 04

radii of curvature for surface along axial directions
& tilt angle in degrees

-0. 00017

for B 1) R OF CURV. = 1. 403E+02
= -0. 00300

t
for B( 2 ) R OF CURV. 3.425E-01 t

RESI DUALS
2.762079E- 04 -5. 940482E-03 -1.64777E-03 6.894738E-03 6. 378383E-03
-6.424636E- 03
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Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

THE NELDER - MEAD
POLYTOPE METHOD

6-0. Overview -- Nelder - Mead

The Nel der - Mead pol ytope nmethod is one of the npst
successful direct search techniques for finding the mni mum
of a function f(B) of n paraneters B(j), j=1,2,...n
Actually, this is not one but a famly of closely rel ated
met hods which apply sinple heuristics to nodify a set of
(n+1) points

(6-0-1) Ek' k =1,2,...,n+1

in the n-dinensional space having as its axes the paraneters
For a function of 2 paraneters, this neans that the usual X,y
axes becone
(6-0-2) x = B(1), y = B(2)
with it possible to think of a z axis representing the
function value. The (n+l) = 3 points forma triangle in the
X,y space

As long as the (n+l) points are NOT all in one plane (or
hyperpl ane in nmore than 3 di nensions), the polytope is the
geonetric figure having these points as its vertices
Anot her nane for this construct is a sinplex, and nmany
workers call the present approach to minimzing a function
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114 6-0 Overview -- Nelder - Mead

the "Nel der - Mead Sinplex algorithnm. Unfortunately, this
gives rise to confusion with the Linear (and other)
Progranm ng al gorithms of Dantzig and others (Gass, 1964), so
we shall use the name "pol ytope" here.

If we sort the function values at the vertices of the
pol ytope, we can | abel three vertices in particular:

H - the "highest", having the |argest function val ue

L - the "lowest", or best estinmate of the m nimumso
far

N - the "next to highest", having the second | argest
function val ue.

The different nenbers of the fam |y of pol ytope
al gorithns apply slightly different heuristics to try to find
"l ower" points on the functional surface. These are
described in detail by Nash (1979, chapter 14), Parkinson and
Hut chi nson (1972) and others. Here we shall avoid
mat hemati cal detail in favour of a conceptual description.

The various tactics used in polytope nethods have
acqui red names whi ch describe the geometric operations
applied to the pol ytope.

1. Reflection: the centroid (or "average") of all
points other than His formed. W call this point Cin the
(n+1) dinensional space. W then "reflect" H through C that
is, nove twice the distance fromHto Calong the line HC to
a new point R

2. Expansion: the point Ris not magical, and if Ris
“lower"” in function value than the current |lowest point L, we
continue to extend the Iline HC to some new point E where the
function is again eval uated.

3. Contraction (or reduction): when the point Ris not
"l ower" than point L, we can try other points on the line
HCR
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a. a "lowside" contraction tries a point between C
and Rif the function value at Ris less than that
at H

b. a "high-side" contraction tries a point between H
and Cif Ris "higher" than H

4. CGeneral shrinkage: point L is retained. All other
vertices are noved towards L along the edges of the polytope.

The tactics used by Nelder and Mead lead to the
foll owi ng sequence of cal cul ations:

1. Points C and R are found, and the function at Ris
cal cul at ed;

2. One of the follow ng situations holds

a. Ris higher than H A point Pl between C and H
is found and the function conputed (high-side
reduction);
if PLis lower than H, Pl replaces H otherw se
a general shrinkage is applied.

b. Ris lower than H but higher than N. A point P2
between C and R is found and the function
conputed (low side reduction);
if P2 is lower than R then P2 replaces H,
ot herwi se R repl aces H.

c. Ris lower than N but higher than L, then R
repl aces H

d. Ris lower than L. Find point E and eval uate
the function,
if Eis lower than R (which is already | ower
than L), then E replaces H in the polytope,
ot herwi se R repl aces H.

In the above description we have avoi ded the issue of
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116 6-0 Overview -- Nelder - Mead

ties in the function values. In inplenenting a polytope
al gorithm the case of equal function val ues nust be taken
into account, forcing a decision to be made regardi ng the
specific tactical path taken. Similar decisions are needed
regarding ties in the ranking of the function values of the
points in the polytope.

The result of applying the operations above to the
pol ytope is a new pol ytope to which the same tactics can be
applied. The work involved in each cycle is

- calculation of centroid

- reflection and 1 function evaluation in case 2c.

- reflection and novenent to an expansion or contraction
point and two function evaluations in cases 2a, 2b, and
2d.

- novenent of n vertices of the pol ytope, evaluation of
the function at these n new points and re-ranking of the
function values in the case that 2a fails to find a
point |ower than H

Particul ar inplenentations of polytope nethods may
differ conceptually in the follow ng ways:

1. the size of the step taken along line HC to find
point R (the reflection coefficient, alpha);

2. the size of the step taken to extend line HC-Rto
point E (the expansion coefficient, gamm);

3. the size of the step taken along line HC-R from C
to point Sl or S2 (the contraction coefficient, beta);

4. the ratio of the distance fromL to a "new' vertex
to the distance fromL to the corresponding vertex in a
shrinkage (the shrinkage coefficient, which is usually chosen
to be the same as the contraction coefficient beta);

5. the particular ways in which ties between function
val ues are broken, as nentioned above;

6-0 Overview -- Nelder - Mead 117

6. the manner in which the initial polytope is
gener ated (Parkinson and Hutchi nson, 1972);
7. the criterion used to decide when the m ni mum has
been found;
8. possible additional tactics such as
a. translating the points of the pol ytope to
"foll ow' an extension point E and all owi ng such
extension to be repeated within a major cycle
(Par ki nson and Hut chi nson, 1972)
b. "noving" nore than one point of the pol ytope at
one tine (Evans and Craig, 1979)
c. use of nore than (n+l) points in the geonetric
structure used for the search (M J. Box, 1965)
d. evaluating the function at the centroid Cor at
addi ti onal search points near a supposed m ni mum
(Nash, 1979, chapter 14).
e. avoiding the conmparisons needed to find the
"next to highest" vertex of the polytope.

Wth the array of possibilities, readers should be
cautious of statenents, such as, "the Nelder - Mead polytope
is better (worse) than (sone other nmethod)", since
general i zation fromone set of specific tactics and choi ces
of control information (al pha, beta and gamma) is nearly
i mpossible. However, it does appear that this famly of
met hods is in sone overall sense very reliable in finding the
m ni ma of functions despite differences at the tactical
| evel .

What is nore difficult to determine is the relative
efficiencies of different choices of tactics over the broad
range of possible functions to be minimzed. |In this book we
have decided to present a fairly conservative variant of the
pol yt ope net hod.

To avoid the conparisons needed to find the function
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val ue at vertex N, which is needed in order to deci de whether
the | owside contraction is to be performed, we arbitrarily
conpare the function at the reflection point Rwith the
wei ght ed average of the function values at the | owest and
hi ghest vertices. That is, we conmpare f(B) with

(1 - beta) * f_high + beta * f_low
where we have used the contraction coefficient beta to
control the conparison.

VWi le we have indicated that mnor differences in the
choice of tactics are generally uninportant to the success of
these nethods in finding the mninum of a function, we would
caution that it IS inportant to programthe operations
carefully. For exanple, the shrinkage operation will nove
each vertex, V, other than the |owest, L, to a new point
between V and L which is gamma * (distance L to V) fromlL.

If all the vertices are stored in matrix W , ) so that the
i'th conmponent of the j'th vertex is in Wi,j), then the new
position of vertex j (that is, the new val ue of paraneter
B(i) for i =1,2,...,n at this vertex is given by

(6-0-3) B(i) = Wi,L) + gamma * (Wi,V) - Wi, L))

Note that this equation is also valid if V=1L (for |azy
programrers) and also that it can be rewitten as
(6-0-4) B(i) = (1-ganma) * Wi,L) + gamma * Wi, V)

We prefer to actually use (6-0-3) and conpute the difference
(Wi, V) - Wi, L))

whi ch can be used as a crude neasure of the "size" of the

pol ytope. This "size" clearly should be reduced in a

shrinkage operation, and if it is not reduced, there is no

sense in continuing. Such situations may arise as follows

when the method has "nearly" converged.

Suppose we have a conputing environnent allowing 3-digit
decimal arithmetic which rounds and have
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gamma = 0.5
(6-0-5) Wi, L)= 5.07

Wi, V)= 5.08
Both formulas (6-0-3) and (6-0-4) give B(i) = 5.08, so that
Wi, V) has not been noved. The "size" test is then useful,
since many functions (especially with penalty or barrier
constraints) may have values which are different at L and V.
O her practitioners suggest convergence tests based on the
variance of the function values of the current polytope, that
is

n
(6-0-6) test => (f(B ) - f_bar)%n

k=1
wher e

n

(6-0-7) f_bar = > f(Ek ) In

k=1
The variance, "test", is then conpared to sone tol erance.

Unfortunately, such measures are sensitive to the scaling of
the function, the presence of discontinuities and the
precision of floating-point arithmetic available. CQur own
preference is to proceed with the polytope algorithmunti
1. f(gkp ~ f(EL), that is, there is no "highest" or

"l owest" point (the conparison we inplenent involves a
tol erance based on the size of the initial function value
cal cul ated and the nachi ne precision);

2. shrinkage fails to reduce the pol ytope size; or

3. a user-determned count on the nunber of function
eval uations is exceeded. This last condition is left to the
user to inplenment if desired

Thi s approach allows the Nelder - Mead pol ytope net hod
to be applied to problens where there are discontinuities in
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the function arising fromthe problemat hand or frombarrier
constraints which have been added.

The ability of the polytope nethod to cope with such
problems, along with its overall robustness to a w de range
of problemtypes, are its major strengths conpared to ot her
direct search nethods. Conpared to the Hooke and Jeeves
met hod, the Nel der - Mead pol ytope nethod is generally nore
efficient for problens involving a noderate nunber of
paraneters. W have dealt with problens of up to 41
paraneters (Nash, 1984a, page 229; Nash, 1981) with relative
ease. As the nunber of paraneters n increases, it is clear
that the anount of working storage increases as n2. However ,
the wor kl oad does not necessarily increase at this rate, and
we have noted sone problens for which NMis surprisingly
efficient.

From a sinmple geonetric perspective, it is clear that
wel | -scal ed problens will be easier to handle. |If the
function changes very rapidly near the mininumfor one
paraneter, then the pol ytope will be "flattened" al ong the
axis corresponding to that paraneter, wth consequences for
the test points used in the algorithm For exanple, suppose
we have a function of 2 paranmeters B(1l) and B(2). |If the
pol ytope at the start of the cycle is
(6-0-8) W1, H =500 W2,H =1.03

W1, N) 7.00 W2,N =1.01
W1,L) =200 W2,L) =1.02
Again we will use 3-digit decinmal arithmetic with rounding.

The centroid of points Nand L is

(6-0-9) W1, C =450 W2,Q = 1.02 (NOT 0.015)
The reflection point, using a reflection coefficient of 1, is
WL, R =W1,Q +1* (W1, Q - W1, H)
= 4.50 + (4.50 - 5.0)
= 4.00
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W2, R) 1.02 + 1 * (1.02 - 1.03)

=101
whereas the true val ue should be

W(2,R) =1.015 + 1 * (1.015 - 1.03)

= 1.015 - 0.015

=1.00
Note that in these mani pul ations the function has NOT
appeared except via the ranking of the points. This is at
the sane tine an advantage to the Nelder - Mead nethod in
that non-snooth functions may be dealt with, but a potential
source of inefficiency in that information available to us is
not used.

A final note on the pol ytope nethod concerns the
generation estimates of the dispersion (standard errors) of
paraneters. Spendley (1969) has pointed out that the final
pol yt ope contai ns informati on which can be used to conpute
estimates of the dispersion of the paraneters. W return to
such ideas in Section 13-4.

Ot her tactics besides those discussed are, of course, of
possible utility. Follow ng Parki nson and Hutchi nson
(1972b), we initially planned to include a nodification of
the Nel der and Mead strategy to take advantage of cases where
the direction of expansion (extension) of the polytope is
such that each new point found is |ower in function value
than any test point so far encountered. Repeated extension
of the search line is permtted until the test point does not
give a new point whichis the "lowest so far." At this stage
in the mninm zation process, the polytope is very nuch
distorted in the direction of the search line (the reflection
of the "old" high vertex through the centroid of the other
vertices). If we sinply continue the traditional strategy
with such a distorted pol ytope, many cycles of contraction of
the pol ytope, either by high-side or |owside contractions or
general shrinkage of the polytope, nay be needed before nore
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122 6-0 Overview -- Nelder - Mead

progress can be nmade towards a mninum of the function. The
rationale for this statenent is that the distortion in the
shape of the polytope introduced by the extension will result
in the next reflection operation giving a test point nore or
less in the direction of the extension. Since the extension
has just been halted because no new "l ow' point could be
found, a change in direcion of search is indicated. That is,
we need to change the search direction.

One approach to providing this direction, suggested by
Par ki nson and Hut chi nson (1972b), is to nove all the points
of the polytope nearer the new estimate of the function
mnimum that is, nearer the |ast successful extension test
point E . This translation of the polytope is acconplished
by noving every point of the pol ytope but the "ol d" highest
poi nt (by now replaced by the | ast successful extension
point) along a line parallel to the extension direction a
di stance equal to that frompoint Rto point E. This
translation is relatively easy to perform but costs us n
function evaluations to find the "heights" of the newy
defined polytope vertices. Since the extension operation is
the only way that the pol ytope can grow in size, we only
performthe translation if at |east two successful extensions
have been perforned. That is, we count the extension
operations, and note that the last will have been
unsuccessful in finding a new "l ow' test point.

This extension/translation strategy is supported mainly
on heuristic grounds. For functions which are relatively
wel |l -scaled, it is expected to inprove the performance of the
pol yt ope nethod. However, as we have nentioned, there are so
many different sets of choices to be made in the
i mpl ement ati on of a pol ytope minim zati on programthat we
cannot provide a statistical justification of any particul ar
implementation. |In the exanple problenms we tried, the
extension/transl ati on nodification appeared not to be invoked

6-0 Overview -- Nelder - Mead 123

enough to outweigh the extra overheads it inposed, and in the
program presented bel ow we have stayed with sinpler tactics

The Nel der - Mead method does not lend itself as well as
t he Hooke and Jeeves method to the incorporation of bounds
constraints. The paraneters are not adjusted one at a tinme
as in the axial search, so the approach we have taken is to
return the paraneter value to the nearest bound each tine a
bound constraint is violated. This has the unfortunate
effect that the pol ytope can "flatten" agai nst the bound
constraint, leading to premature convergence of the program
General ly, the axial search used to devel op neasures of
parameter dispersion will find a | ower point (set of
paraneter val ues), but reliance on such a device is
inelegant. W have noted that such prenmture convergence may
be avoided in sone cases by using a relatively snmall stepsize
and initial paraneter values "far" from bounds to build the
origi nal pol ytope.

Masks al so present additional work in devel oping a
Nel der - Mead program since each masked paranmeter reduces
the dinensionality of the polytope. Wile this is helpful in
reduci ng the conputational workload for the conputer, and
introduces no fundanental theoretical difficulty, the
nui sance of the detail to which we nust pay attention can
easily allow errors to enter the code

6-1. Nelder - Mead Source-code

NM BAS 04-20-1986 11:15: 07

40 DI M W 26, 27): REM shoul d be (N+1) by (N+2) at |east

44 DIMT(25): REMfor tilts in POSTGE

1000 PRI NT "NM -- nel der-nmead polyt ope net hod -- 851110"
1004 PRI NT #3,"NM -- nel der - nead pol ytope net hod -- 851110"
1008 REM CALLS

1012 REM FUNCTION F(B) -- line 2000

1016 REM ENVRON (computing environment) -- line 7120
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1020 REM 1220 LET B(K1)=B(Kl1)+Sl: REM step to build pol yt ope

1024 REM I NPUTS TO THE ROUTI NE 1224 GOSUB 1692: REM conpute function

1028 REM B() -- a vector of initial paraneter estimates 1225 | F B(Kl) <>WK1, J)+S1 THEN PR NT "RESET PARM "; K1;" TO "; B( K1)
1032 REM N -- the nunber of parameters in the function F(B) 1226 1 F B(K1) <>WK1, J)+S1 THEN PR NT #3," RESET PARM ";K1;" TO "; B(K1)
1036 REM Q , ) -- masks and bounds 1227 LET F3=B(K1)

1040 REM S1 -- the stepsize to build polytope 1228 LET B(K1)=WK1,J): REM reset the paraneter

1044 REM I5 -- the nunber of masked (fixed) paraneters 1232 LET WK1, J)=F3

1048 REM 1236 REM note how we avoi d addition and subtraction on B()
1052 REM OQUTPUT FROM THE ROUTI NE 1240 LET WN+1, J)=F: REM function val ue

1056 REM X() -- a vector of final parameter estimtes for the 1244 PRINT "vertex ";J;" =", F

1060 REM val ues of the paraneters which nininuze the function. 1248 PRINT #3,"vertex ";J;" =", F

1064 REM FO -- value of the function at the m ni mum 1252 LET K1=K1+1: REMincrenment for next paraneter

1068 REM 18 -- the nunber of gradient eval uations (unchanged) 1256 NEXT J

1072 REM 19 -- the nunber of function eval uations 1260 LET K$="buil d"

1076 REM 1264 LET FO=WN+1,1): REMranking -- smallest function value in FO
1080 REM need arrays B(N), W N+1, N+2) and output vector X(N) 1268 LET F3=FO0: REM | argest function value to be in F3

1084 REM but X() can be del eted by minor progranmi ng changes 1272 LET Kl=1

1088 REM X() is output here for conpatibility with other prograns 1276 LET K3=1

1092 | F S1>0 THEN 1104: REM assune set outside programif positive 1280 FOR J=2 TO (N2+1)

1096 | NPUT "stepsize to build polytope =";Sl1 1284 LET F=WN+t1,J)

1100 PRI NT #3, "stepsize to build pol ytope =";S1 1288 | F F>=F0O THEN 1308

1104 LET S5=1: REMreflection factor 1292 REM new | owest function value found, so save it and index
1108 LET S7=1.2: REM extension factor 1296 LET FO=F

1112 LET S6=.5: REM reduction and shrink factor 1300 LET Ki=J

1116 PRINT "strategy -- refln, extnn and redn factors "; S5; S7; S6 1304 GOTO 1320

1120 PRINT #3,"strategy -- refln, extnn and redn factors "; S5;S7; S6 1308 | F F<F3 THEN 1320

1124 GOSUB 7120: REM conputing environment 1312 LET K3=J: REMindex of new hi ghest

1128 LET J8=40: REM no of fn eval before paraneter display 1316 LET F3=F

1132 LET J7=1: REM counter for paraneter display 1320 NEXT J

1136 GOSUB 1692: REM initial function val ue 1324 REM done ranking loop -- now test for convergence

1140 I F 13=0 THEN 1160 1328 | F F3<=F0+E9*F9 THEN 1648

1144 PRINT "function not conputable at initial point” 1332 REM use machi ne precision E9 for test

1148 PRI NT #3,"function not conputable at initial point" 1336 PRI NT K$; TAB(14) 19; TAB(20) FO; TAB(40) F3

1152 STOP 1340 PRI NT #3, K$; TAB(14) 19; TAB(20) FO; TAB(40) F3

1156 REM now bui |l d polytope and put in the values of the other points 1344 REM print | ow and high fn. vals.

1160 PRINT "function at initial guess =";F 1348 GOSUB 1744: REM di splay paranmeters

1164 PRINT #3,"function at initial guess =";F 1352 FOR K=1 TON. REMbuild centroid in rightnost col. of W )
1168 LET N2=N-15: REM pol ytope has dinmensionality n - no. of masks 1356 LET F=-WK, K3): REM subtract out highest point

1172 I F N2=0 THEN STOP. REM done if all parameters fixed 1360 FOR J=1 TO (N2+1)

1176 LET F9=ABS(F) +1: REM save adj usted value for use in convergence test 1364 LET F=F+W(K, J)

1180 FOR K=1 TO N: REM bui | d pol yt ope 1368 NEXT J

1184 LET WK, 1)=B(K): REM put initial point in first colum 1372 LET WK, N2+2) =F/ N2: REM note nod. for nasks

1188 NEXT K 1376 NEXT K

1192 LET WN+1, 1)=F: REMto save function val ue 1380 REM centroid now stored in col. (N2+2) of W)

1196 LET K1=1: REM first paraneter to be altered 1384 FOR K=1 TO N. REMreflection operation

1200 FOR J=2 TO (N2+1): REM | oop over col ums 1388 IF (K 3)=0 THEN 1396: REM nasked

1204 FOR K=1 TO N 1392 LET B(K)=(1+S5)*WK, N2+2) - S5* W K, K3): REM refl ection point in B()
1208 LET WK, J) =B(K) 1396 NEXT K

1212 NEXT K 1400 LET K$="refl'n"

1216 | F Q(K1,3)=0 THEN LET K1=K1+1: REM nasked paraneter 1404 GOSUB 1692: REM conpute function at reflection point
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1408
1412
1416
1420
1424
1428
1432
1436
1440
1444
1448
1452
1456
1460
1464
1468
1472
1476
1480
1484
1488
1492
1496
1500
1504
1508
1512
1516
1520
1524
1528
1532
1536
1540
1544
1548
1552
1556
1560
1564
1568
1572
1576
1580
1584
1588
1592
1596
1600
1604

6-1 Nelder - Mead Source-code

REM now try the different cases

| F F<F3 THEN 1492: REM | ower than hi ghest?

LET K$="hi-contr'n"

GOSUB 1664: REM contraction

| F F<F3 THEN 1536: REM contracti on successful ?
REM shrink pol ytope towards | owest vertex

LET S8=0: REM ol d pol yt ope size neasure in shrink operation
LET S9=0: REM new pol yt ope si ze nmeasure

FOR J=1 TO (N2+1)

I F J=K1 THEN 1476

FOR K=1 TO N

IF (K 3)=0 THEN 1472: REM nmasked

LET F=WK, J) - WK, K1)

LET S8=S8+ABS( F)

LET WK, J)=S6*F+WK, K1): REM new vertex of polytope
LET S9=S9+ABS(WK, J) - WK, K1))

NEXT K

NEXT J

LET K$="shri nk"

I F S9>. 5*(1+S6)*S8 THEN 1624: REM test that shrink has worked
GOTO 1264

FOR K=1 TO N

LET WK, K3) =B(K) :
NEXT K

LET WN+1, K3)=F: REM with function val ue

| F F<(1-S6) *F3+S6*FO THEN 1532

REM use wtd avg of |owest and highest for "next to highest"
LET K$="I o-contr'n"

GOSUB 1664: REM contraction

I F F>WN+1, K3) THEN 1264: REM restart
GOTO 1536: REM new point as | ow as H,

REM refl ection point is saved in old highest

if not good
so save

| F F<WN+1, K1) THEN 1556: REM | ower than best

FOR K=1 TO N

LET WK, K3)=B(K): REMsave new point fromline reductions or refl'n
NEXT K

LET WN+1, K3)=F: REM save function val ue

GOTO 1264: REM and restart cycle
LET K$="exten'n"

LET WN+1, K3) =F

REM col . k3 of work array will be nade to store | owest point so far
FOR K=1 TO N

LET WK, K3)=B(K): REM refln point or extn point

IF QK 3)=0 THEN 1588: REM masked

LET B(K) =B( K) +S7*( W K, K3) - WK, N2+2) )

REM ext ensi on fromreflection point

NEXT K

GOSUB 1692: REM function value at extension point

I F F>=W N+1, K3) THEN 1264

REM i f not lower, try again (refln already in place)
FOR K=1 TO N

6-1 Nel der -

1608
1612
1616
1620
1624
1628
1632
1636
1640
1644
1648
1652
1656
1660
1664
1668
1672
1676
1680
1684
1688
1692
1696
1700
1704
1708
1709
1710
1711
1712
1713
1714
1716
1720
1724
1728
1732
1736
1740
1744
1748
1752
1756
1760
1764
1768
1772
1776
1780
1784

Mead Source-code 127

LET WK, K3) =B(K):
NEXT K

LET WN+1, K3) =F
GOTO 1264

PRI NT "shrink operation has failed to reduce polytope sufficiently"
PRI NT #3, "shrink operation has failedto reduce pol ytope sufficiently
PRI NT "si ze neasure before shrink operation ="; S8

PRI NT #3,"size measure before shrink operation =";S8

PRI NT "size neasure after shrink operation =";S9

REM save new | ow

PRI NT #3,"size measure after shrink operation =";S9
FOR K=1 TO N

LET X(K)=WK, K1): REM copy paraneters back

NEXT K

RETURN REM return to nmmin program

FOR K=1 TO N REMcontraction operation
IF O(K 3)=0 THEN 1676: REM nasked
LET B(K)=(1-S6)*WK, K3) +S6* W K, N2+2) :
NEXT K

GOSUB 1692: REM conpute function
RETURN REM end contraction

REM t est bounds before calling function

LET 13=0: REM turn off flag before testing paraneters

LET 19=19+1: REMto count function evaluations

FOR J1=1 TO N

IF Q(J1,3)=0 THEN 1716: REM nmasked?

I F B(J1)>=Q(J1,1) THEN 1712: REM | ower bound

LET B(J1)=Q(J1,1): REM BUT DDN' T FI X W)

LET K$="<"+K$: REM to indicate | ower bound active

GOTO 1716

I F B(J1)<=Q(J1, 2) THEN 1716: REM upper bound

LET B(J1)=0Q(J1, 2)

LET K$=">"+K$: REM to indicate upper bound active

NEXT J1: REM done tests, so conpute function

GOSUB 2000: REM user function sub-program

I F 13=1 THEN 1736: REM non- conput abl e function at B

RETURN

LET 13=1: REM out of bounds

LET F=B9: REM use | arge val ue of function

RETURN

I F J8=0 THEN RETURN. REM no paraneter display

I F 19<J7*J8 THEN RETURN: REM check if to be printed

LET J7=INT(19/J8)+1: REM paraneter display control

PRI NT " par aneters";

PRI NT #3, "paraneters";

FOR J=1 TO N

LET Q=""

I'FWJ, K1)-Q(J, 1) <=E9* (ABS(((J, 1)) +E9) THEN LET Qb="L": REMI| ower bd
IF QJ,2)-WJ, K1) <=E9* ( ABS( ((J, 2) ) +E9) THEN LET ="U': REM upper bd
IF OJ,3)=0 THEN LET Q="M': REM nmasked

PRINT " "; WJ, K1); Q5;

REM reduce along line HC
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1788 PRINT #3," ";WJ, K1); (8; F3 1227 1232 1268 1308 1316 1328 1336 1340 1412
1792 I F 5*INT(J/5)<>J THEN 1812 1424 1508 -- highest function value in current polytope
1796 PRI NT F9 1176 1328 -- adjusted initial function val ue
1800 PRINT " " 13 1140 1692 1724 1732 -- flag for function not conputabl e
1804 PRI NT #3, 15 1168 -- the nunber of nmasked paraneters
1808 PRI NT #3," " 19 1336 1340 1696 1748 1752 -- counter for function
1812 NEXT J eval uati ons perforned
1816 PRI NT J 1200 1208 1225 1226 1228 1232 1240 1244 1248
1820 PRI NT #3, 1256 1280 1284 1300 1312 1320 1360 1364 1368
1824 RETURN 1440 1444 1456 1464 1468 1476 1764 1772 1776
1780 1784 1788 1792 1812 -- a |l oop control counter
Li ne no. Ref erenced in line(s) J1 1700 1704 1708 1709 1712 1713 1716 -- a |l oop counter
1104 1092 J7 1132 1748 1752 -- paraneter display control index
1160 1140 J8 1128 1744 1748 1752 -- paraneters are displayed
1264 1488 1524 1552 1596 1620 every J8 function evaluations (no display if J8=0)
1308 1288 K 1180 1184 1188 1204 1208 1212 1352 1356 1364
1320 1304 1308 1372 1376 1384 1388 1392 1396 1448 1452 1456
1396 1388 1464 1468 1472 1492 1496 1500 1536 1540 1544
1472 1452 1568 1572 1576 1580 1588 1604 1608 1612 1648
1476 1444 1652 1656 1664 1668 1672 1676 -- a | oop counter
1492 1412 K$ 1260 1336 1340 1400 1416 1480 1516 1556 1710
1532 1508 1714 -- indicator string for type of pol ytope operation
1536 1424 1528 K1 1196 1216 1220 1225 1226 1227 1228 1232 1252
1556 1532 1272 1300 1444 1456 1464 1468 1532 1652 1772
1588 1576 1776 1784 1788 -- an index variable (often refers
1624 1484 to the | owest vertex in the polytope)
1648 1328 K3 1276 1312 1356 1392 1496 1504 1524 1540 1548
1664 1420 1520 1560 1572 1580 1596 1608 1616 1672 -- an index
1676 1668 vari abl e
1692 1136 1224 1404 1592 1680 (often refers to the highest vertex in the polytope)
1712 1708 N 1168 1180 1192 1204 1240 1264 1284 1352 1384
1716 1704 1711 1712 1448 1492 1504 1524 1532 1536 1548 1560 1568
1736 1724 1596 1604 1616 1648 1664 1700 1764
1744 1348 -- nunber of paranmeters in loss function
1812 1792 N2 1168 1172 1200 1280 1360 1372 1392 1440 1580
2000 1720 -- subroutine to calculate the loss function 1672 -- nunber of dinensions in polytope
7120 1124 -- conputing environnment subroutine q 1216 1388 1452 1576 1668 1704 1708 1709 1712
1713 1772 1776 1780 -- bound/ nask i nformation storage
Synhbol Ref erenced in line(s) (0:3 1768 1772 1776 1780 1784 1788 -- used to hold
B( 1184 1208 1220 1225 1226 1227 1228 1392 1496 di splay information regardi ng masks and acti ve bounds
1540 1572 1580 1608 1672 1708 1709 1712 1713 S1 1092 1096 1100 1220 1225 1226 -- stepsize used
-- the paraneter vector to build the initial or restart polytope
B9 1736 -- a "large" nunber (supplied by ENVRON) S5 1104 1116 1120 1392 -- pol ytope reflection factor
E9 1328 1772 1776 -- the machi ne precision S6 1112 1116 1120 1464 1484 1508 1672 -- pol ytope
F 1160 1164 1176 1192 1240 1244 1248 1284 1288 reduction and shrinkage factor
1296 1308 1316 1356 1364 1372 1412 1424 1456 S7 1108 1116 1120 1580 -- pol ytope extension factor
1460 1464 1504 1508 1524 1532 1548 1560 1596 S8 1432 1460 1484 1632 1636 -- "size" of pol ytope before
1616 1736 -- the |loss function val ue shrink operation
FO 1264 1268 1288 1296 1328 1336 1340 1508 S9 1436 1468 1484 1640 1644 -- "size" of polytope after
-- the | owest value found for the |oss function shrink operation
T( 44 -- a tenporary vector needed by PCSTGEN. BAS
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W 40 1184 1192 1208 1225 1226 1228 1232 1240 of their BASIC progranm ng | anguage processors.)
1264 1284 1356 1364 1372 1392 1456 1464 1468 ; : T
1496 1504 1524 1532 1540 1548 1560 1572 1580 Froma starting point (1, 1, 1) the Nelder - Mead nethod
1596 1608 1616 1652 1672 1772 1776 1784 1788 converges to approximately the same mini numof the sum of

-- an array to store the polytope and function val ues ; ;
X( 1652 -- storage for the "best" paraneters found so far squares | oss function, and does so relatively quickly
Listing 6-2-1 shows a part of the screen output for this

LI NES: 218 BYTES: 8360 SYMBOLS: 56 REFERENCES: 378 cal cul ation, which was performed with a conpiled program

Listing 6-2-1. Part of the screen output for estimation of
the paraneters of the Hobbs weed i nfestation probl em using

6-2. Use of the Nelder - Mead Method the Nel der - Mead pol ytope ninimization nethod
Again we use the Hobbs weed infestation exanple (Section 2-1) g?!YEF%A— GENE§2P1§6$Sg§TER ESTI MATI ON DRI VER - 851017, 851128
toillustrate the use of a nethod. Fromthe suggested HOBBS 3- PARAMETER L09 STIC FUNCIICN §ETUP - 851017*
starting point of (2,5,3), a conpiled version of the program FUNCTI ON FORM = 100%B(1) / (1+10*B(2) *BXP(- 0. 1*B(2)*1))
code given in the previous section required 31 seconds and HOBBS. RES 3 paraneter logistic fit
. . . bounds on paraneters for problem
129 sum of squares evaluations to find a suggested mni nimum 0 <= b( 1) <= 100
val ue of the sum of squares |loss function of 2.587251 with 8 <= Eg g ; <= %80
. <= <=
paraneter estimates ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] = Y )
B( 1)=1
B( 1) = 1.961705 Eg % g; i
B( 2 ) = 4.909004 are masks or bounds to be set or altered ([cr] = no)
_ NM - - nel der-nmead pol yt ope method -- 851110
B( 3) = 3.135799 stepsize to build polytope =1
strategy -- refln, extnn and redn factors 1 1.2 .5
In interpreted GABASI C version 1.12.03, 130 seconds and 110 Lgpg;;onzat:|nha;g!lggess = 10685.29
function evaluations were required to find a sumof squares vertex 3 = 15809.71
i 2 72 d vertex 4 = 3136.244
of 2.587286 an bui | d 4 3136. 244 15809. 71
hi-contr'n 6 3136. 244 10996. 78
_ refl'n 7 3136. 244 10685. 29
B( 1) = 1.961601 hi-contr'n 9 3136. 244 5601. 207
B( 2 ) = 4.909224 lo-contr'n 11 2588. 995 5387. 446
_ refl'n 12 2588. 995 4173. 159
B( 3) = 3.135929 refl'n 13 2588.995 3327. 629
refl'n 14 2588. 995 3239. 982
Both cal culations were carried out under M5-DOS version 2.11 hi -contrn }6‘ ) ?1?9:675‘ 3136. 244
on a No-Nare | BM PC conpati bl e computer. (Note that
. . . refl'n 196 2.588759 2.590579
M crosoft does not use exactly the sane arithnetic or special hi-contr'n 198 2 587906 2 589543
function procedures in the interpreted and conpil ed versions hi-contr'n 200 2.587718 2.589185
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paraneters 1.961206 4.908348
CALCULATED FUNCTION M NI MUM =
PARAVETER ESTI MATES

B( 1) = 1.961206

2.587718

3.136249
ELAPSED SECS= 46 AFTER 0 GRAD & 202 FN EVAL

Li sting 6-2-1 NV on HOBBS. RES

M NI' M ZATI CN US| NG

B( 2 ) = 4.908348 THE GRADI ENT
B( 3 ) = 3.136249
POSTGEN. BAS 851118 -- GENERAL POST SOLUTI ON ANALYS S
LOSS FUNCTI ON PER DEGREE OF FREEDOM ( SIGVA*2) = . 2875243
B( 1 )= 1.961206E+00 step= 6.78E-03 f-, f+ 2.8559E+00 2.9034E+00
B( 2 )= 4.908348E+00 step= 1.70E-02 f-, f+ 2.8021E+00 2.6464E+00
B( 3 )= 3.136249E+00 step= 1.08E-02 f-, f+ 3.7403E+00 3.8358E+00
best function value found is 2. 5877E+00
radii of curvature for surface along axial directions
& tilt angle in degrees
for B 1) R OF CURV. = 7.582E-03 tilt = -74 04022 7-0. Overview -- Gradient Mnimization
for B( 2) R OF CURV. = 2 187E-01 tilt = 77.71503
for B( 3) R OF QLRV. = 9.038E-03 tilt = -77.21677 In this chapter we introduce methods for nininizing a
RESI DUALS function of several paraneters using information about the
1.126575E-02 -3.324604E-02 9.184265E-02 .2091293 3938236

-5.518723E-02 -1.101715
. 6630478 -.2778015

. 7217407 -9.967804E-02 -.3387413

gradi ent of the function as well as the function val ues
Such methods originated very early in the literature --
Newt on's method in the seventeenth century, its sum of
squares variant with Gauss (1809) and descent mnethods were
di scussed by Cauchy (1848). Neverthel ess, the nore
successful algorithns for automatic function minimnzation
based on gradient ideas are slightly nore recent than the
direct search nethods we have discussed in Chapter 4.

As we have noted, conputation of the first derivatives
of a function requires the user to provide programcode. |f
there are n paranmeters, then the gradient has n conponents
(the n first partial derivatives of the function with respect
to each of the paranmeters). Each derivativeis itself a
function of the n parameters, so the anpunt of work coul d be
as much as (n + 1) times as great as sinply calculating the
function value. Usually, however, there are sinplifications
so that conputing the function and gradient may typically
involve only 2 to 3 times as nmuch work as cal cul ating the
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function val ue

Second derivatives of the function, needed for the
Hessian matrix in a true Newton's nmethod, require the
cal cul ation of the n*n = n"2 second derivatives. Even with
the sinplifications which nmay be possible, it is clear that
conputation of the Hessian will require work, time, and
program code which we may prefer to avoid

I'n our experience spanning nearly 20 years with
nonli near paraneter estimation problens, the derivative
conputation programcode is very prone to errors. Better
than 80% of the reported failures of our algorithms for
function minimzation or nonlinear |east squares can be
traced to such m stakes. Roughly the sanme percentage applies
to delays in work we carry out ourselves in this area. As we
have pointed out, it may be possible to arrange for automatic
preparation of the derivative eval uati on code (Bard, 1970
pages 323-324; Shearer and Wl fe, 1985), but we cannot assune
that our readers will have such facilities. As an
alternative, we presented prograns for testing the function
and its derivatives in Sections 3-7 and 3-8. W caution
users to check derivative eval uation code and scalings of the
function and paraneters whenever the convergence behaviour of
an algorithmis unsatisfactorily slow

7-1. Mbdtivation and Characterization

There are a great many function mnimzati on nmethods based on
the gradient. Cauchy (1848) suggested the steepest

descents nethod. This uses the now well-known cal cul us
result that the vector which is the negative of the gradient
is locally the direction of the greatest rate of reducti on of
the function. That is, at point X the negative gradient
(7-1-1) t=-a(X
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wher e
(7-1-2) gk(g) = Partial derivative of f(B) w.r.t B(K)

is the direction which locally reduces the function nost
rapidly. This is easily denpnstrated by the Tayl or expansi on
of f(B) about X where

(7-1-3) B = X + stepsize * t

(7-1-4) (B =f(X + stepsize * g(X 't
+ stepsize® * t Ht + ..

where His the Hessian matrix whose el ements are the second
partial derivatives of the function with respect to the
parameters, evaluated at X. |f the stepsize is snmall, then
only the second termin the expansion is significant, so that
choosing t as in (7-1-1) gives the steepest descent.

When the stepsize is not small, the "steepest descent"
direction may very soon |lead uphill. A classic failing of
st eepest descents can be readily visualized. Suppose a
function of two paranmeters is such that its surface is a |ong
thin valley. |If we are situated on the side of the valley,
the steepest descent is toward the floor of the valley.
However, the mini num nay be sone way al ong the floor of the
vall ey, so that using only the gradient can result in a
rat her ineffective function m nimzation nethod

To i nprove on steepest descents, we may try to introduce
search directions which span the dinensionality of the space
on which the function is defined. Ideally, such directions
woul d be orthogonal to each other. |In practice, some set of
conjugate directions is devel oped. One of the nore
successful approaches considers the minimzation of a
quadratic function

(7-1-5) (B =B' AB- B' C

which is mininmzed by the solution of the linear equations
(7-1-6) AB=C
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Ais a symetric, positive definite natrix in the sanple
probl em (7-1-5). Hestenes and Stiefel (1949) devel oped the
very conpact conjugate gradi ents nethod for sol ving such
I'inear equation problens (7-1-6) based on ideas of mnim zing
(7-1-5). Hetcher and Reeves (1964) turned the idea around
to mnimze general nonlinear functions by this nmethod by
considering themto be "locally quadratic". Cdearly, this
wi Il not always be a reasonabl e approxi mation. Neverthel ess
t he approach does generate a useful set of search directions.
Moreover, it is very conpact in program code and especially
in working storage, since it nanages to require only the | ast
search direction and the current gradient to generate the
next search direction. This new search direction is supposed
to be conjugate to its predecessors. For a space of n
paraneters, we can have just n conjugate directions. For a
quadratic function, it can be shown that the minimmwll
have been found after just n iterations providing exact
one-di nensional mnim are conputed al ong each of the search
directions and then used as the starting point for the next

iteration. |In practice, it is not uncomon to find the
m ni mum of a function in far fewer than n iterations, though
poor scaling or extrene nonlinearity will cause convergence

to be much sl ower.

Better search directions can be calculated if nore
information is kept, so that a better picture of the function
is available to the minimzing method. Such nodifications of
conjugate gradients nmethods yield algorithms very simlar to
those which result from nodifications of Newton's nethod,
which is the other starting point for devel opi ng function
nmi ni m zati on nmet hods based on the gradient.

Newt on's nethod is designed to solve a set of nonlinear
Equati ons
(7-1-7) 9B =0 (null vector)
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for the set of parameters B. |f the set of functions g

(B) is the gradient of f(B), then Equations (7-1-7) are the
first order conditions for a local mninmm (or maxi num or
saddl e point). Using the Hessian matrix H, Newton's nethod
finds a sequence of iterates X which is devel oped by sol ving
the foll owing Equations

(7-1-8) Ht =-9(X

for t and then using this shift to find the next iterate
(7-1-9) X =X+t

Newt on' s net hod requires the calculation of n partia
derivatives of f(B) for the gradient g and n(n+l)/2 second
partial derivatives for the Hessian matrix H The symetry
of the Hessian reduces the anount of work fromn*n to
n(n+l)/2, but the level of effort to apply Newon's nethod to
a problemis still form dable.

The cal cul ations involved in solving (7-1-8) for the
step vector t are straightforward as long as His not
singul ar. However, the update (7-1-9) nust usually be
saf eguarded agai nst situations where His "nearly singular"
Even so, the programrequired to inplenment such a nodified
Newt on's nethod is not large. The main objection to its use
is the large amount of derivative calcul ati on code which nust
be witten by the user. Wile we do not present program code
for a nodified Newton's nmethod, we recommend its use in the
particul ar case where the sane estinmation problemis to be
solved many tines. |In this case the effort to programand
verify the derivative calculations is repaid by the (usual)
rapidity of solution. As prograns for synmbolic
differentiati on which can generate the required program code
automatically becone nore widely avail able, Newton-Iike
met hods may gain in popularity.

To avoi d conmputing anal ytic second derivatives,
finite-difference approxi mati on of the Hessian could be
enpl oyed. Using expressions simlar to those in the test

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



138 7-1 Motivation and Characterization

programs FGIEST and RITEST of Sections 3-7 and 3-8, an
approxi mat e Hessian could be constructed. Note that this
woul d require (n+l) gradi ent evaluations at each major
iteration. (Some saving of effort mght be possible by using
the symmetry of the Hessian, but an objectionably I|arge
amount of work is still required.) Davidon (1959) noted that
it is possible to "build up" the Hessian as points are

di scovered which |l ower the function value. Such quasi-New on
Methods -- also referred to as variable nmetric methods --
have proven highly successful in practice. Indeed, the

i mpl ementation of similar ideas by Fletcher and Powel |l (1963)
has nmade the FLEPOM N program one of of the npst widely used
function mnimzing prograns. |t has been reconmended by
Bard (1967; 1970; 1974, section 5-12) for nonlinear
estimation problens.

Quasi -Newton (or variable metric) methods still require
an approximation to the Hessian to be stored. For certain
probl ems having a very | arge nunmber of parameters, this nmay
render theminpossible to use because the accessible nenory
of the conputer available is too small. ("Accessible" is an
i nportant word here, since many popul ar progranm ng | anguage
processors, such as Mcrosoft BASI C and Turbo Pascal (vn. 3)
cannot use nore than a 64k segnment of menory in an | BMPC or
conpati bl e machine, even if nmuch nore physical nenory is
present.) In such cases, researchers have tried to find
function minimzation methods with the convergence properties
of Newton-li ke nethods and the storage requirenments of the
conjugate gradients nethod. The truncated Newt on et hod
of fers these properties (Denbo and Steihaug, 1983; Nash,

1982; 1985a & 1985b). The fundamental approach is to solve
the Newton Equations (7-1-8) by the linear conjugate
gradi ents algorithm noting

1. that His never needed explicitly, but only as a
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mat ri x-vector product
(7-1-10) vV=HU
2. that the elenents of H needed can be created as new
points are tested in the function mnimzation

As mentioned above, the resulting programs bear a strong
resenbl ance to sonme of the variants of the nonlinear
conj ugat e gradi ents net hods

To conplete this survey of gradi ent nmethods, we consider
probl ems which involve the minimzation of a function which
is a sumof squared ternms. Here we can specialize nost of
the previous nethods, but, in particular, Newton's nethod
Gauss (1809) noted that for a function which is of this
special form the Hessian has two parts

1. representing a sumof ternms in which only first
partial derivatives of the residuals appear

2. containing products of the residuals and their
second derivatives

By arguing that the residuals ought to be small, so that
the second set of terns could be ignored for his probl em
Gauss derived a highly efficient nmethod for paraneter
estimation -- the Gauss-Newton nmethod. As we shall see in
Chapter 11, some inportant nodifications of these ideas are
needed to safeguard this approach agai nst badly scal ed
probl ems or those with "large" residuals.

7-2. Perspective

To sumarize the results of the previous section, we present

a bl ock diagram of the rel ationshi ps between the various
met hods as Figure 7-2-1. More details are presented in the
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chapters describing the specific methods

The criteria for choice allow us to elimnate gradient
met hods when the | oss function is non-snmooth in the region
of interest in the paraneter space. |n such cases the Nel der
- Mead pol ytope method (NM is generally preferred, with the
Hooke and Jeeves nethod (HJ) as a possibility if storage is
extenely limted and rate of convergence uninportant. |f the
loss function is smooth, we could still use a gradi ent nethod
but approxinmate the required derivatives nunerically. Qur
preference here is to use the variable nmetric nmethod VM
(Chapter 10) with the code segment NUMGRAD to conpute
gradi ents when a general |oss function nust be mnim zed
since VM appears to require fewer gradi ent evaluations than
ei ther the conjugate gradients method CG or truncated Newton
met hod TN.  For sum of squares |oss functions, the code
segnent NUMJIAC nay be used with the Marquardt - Nash code
MRT. In all the work in this book, forward difference
approxi mations to derivatives have been used. That is, we
conpute a derivative at point X by taking the difference of
the function at (X + step) and the function at X. In
sone cases, central difference approxi mati ons nay be
preferable. These use differences between the function at
(X + hstep) and (X - hstep). W have not included
nodi fications of our codes for central difference
approxi mations, and in our own work have tolerated possible
sl ower convergence or extra human effort rather than prepare
the necessary nodified prograns.

When the nunmber of paraneters is very large, either
conj ugate gradients or truncated Newton nethods are
appropriate. W suspect that the latter ought to be nore
efficient in general, but have provided both nmethods here so
that conparisons may be made. The structure of these nethods
is such that TN will usually require relatively nore gradient
eval uations than function eval uations, while CG generally
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uses several function evaluations for each gradi ent conputed
For a nodest nunber of paraneters and a | oss function
whi ch can be put in a sumof squares form the overwhel n ng
wei ght of experience suggests that a Marquardt mnethod
(Sections 11-4 and 11-5) is the nost efficient. Wen the
loss function is not a sum of squares form and the nunber of
paraneters to be estinated is nodest, the variable netric
met hod is the candi date of choice. |If problens are
wel | -scal ed, the variable netric nethod al so perforns
satisfactorily for sumof squares |oss functions. Therefore
sone users may find it to be the tool of choice for the bulk
of their nonlinear paraneter estimati on work

St eepest descents --> Apply conjugacy --> Conjugate gradients
(Cauchy, 1847) of search (1964) (Chapter 8)
directions

Newt on' s nethod --> Use sequential finite --> Variable netric
(c. 1690) difference approximtion met hod (1960)
of Hessi an
--> Use linear cg algorithm--> truncated

to solve sequentially Newt on
appr oxi mat ed Newt on nmet hod (1982)
equat i ons

--> Approxi mate Hessi an --> Gauss- Newt on
for sum of squared nmet hod
resi dual s by ignoring (c. 1809)
second derivatives

--> Conbi ne steepest --> Marquardt's
descents and Gauss- nmet hod
Newt on di rection (1963)

Figure 7-2-1. Rel ationships between various gradi ent nethods
for function mnimzation
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7-3. Masks and Bounds

In all the gradient minimzation nethods presented in this
book, we shall proceed at each iteration towards a m nimum of
a function f(B) fromsone starting point X using a search
direction t and sone stepsize. That is, trial points of the
form
(7-3-1) B =X+ stepsize * t
are generated and the function value f(B) eval uated

In a large nunber of real-world situations, bounds can
be provided on the parameters B so that
(7-3-2) | ower (k) < B(k) < upper (k)
for k =1,2,...,n. It is also compn that users may wish to
fix certain of the paraneters in sone estimation trials.
That is, one or nore of the paraneters may be masked so
that it is not changed during the iterations. This is a
useful possibility if there is reason to suspect that a
paranet er genui nely has some val ue whi ch can be provided from
information arising outside the data and esti mating | oss
function. It allows a nunber of "what if" scenarios to be
eval uated easily.

Masks can be incorporated in several ways

1. We could provide an index vector of "active"
paranmeters. |nactive paranmeters are |eft unchanged in each
iteration.

2. Aset of equality constraints could be inposed on
the |l oss function

3. Lower and upper bounds on the paraneters to be
masked could be set equal to each other

4. The paraneters to be masked coul d be chosen to be
those at the "end" of the vector of parameters. Suppose that
the general problemhas n paraneters, but there are severa
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masked paraneters, |leaving n' paranmeters to be varied to
mninize the loss function. Then paraneters B(n'+1),
B(n'+2),..... B(n) will not be altered if the minimzation
routine is applied to mininize a function of n' paraneters.
Note that the function sub-programstill needs to use all n
paraneters. Only n' gradi ent conmponents need to be conputed

5. If the gradient conponent is zero in the direction
of one parameter, say B(k), then B(k) coul d be nasked sinply
by altering the gradient sub-programto set g(k) to zero. In
practice, this may result in singularity of the Hessian
approxi mation for nmethods fromthe Newton fam |y of
al gorithms unl ess these have been coded so that such
situations cause no difficulty.

In this book, we will illustrate these methods, though
we strongly advise users NOT to use the approach of forcing
| ower and upper bounds together. Such approaches may lead to
a fal se convergence of gradient nethods which cannot find a
"downhi || " search direction because the search direction t
is parallel to one of the masked paraneter axes

Bounds are handl ed by noting that the stepsize can be
adj usted to avoid points B outside the bounds. W assune
that the search direction t is such that the stepsize is
positive. Consider the task of finding the maxi mrum stepsize
maxstep, from X along a search direction t which does not
viol ate the bounds. S nce
(7-3-3) I ower (k) < X(k) + stepsize * t(k) < upper(k)
we consi der each paranmeter in turn and note that there are
three possibilities:

1. t(k) =0, in which case there is no restriction on
the stepsize;

2. t(k) >0, in which case only the upper bound is
restrictive, and limts stepsize to
(7-3-4) stepsize < [upper(k) - X(k)] / t(k)

3. t(k) <0, in which case only the | ower bound is
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restrictive, limting the stepsize to
(7-3-5) stepsize < [lower(k) - X(k)] / t(k)

The maxi mum st epsi ze, maxstep, is therefore the smallest of
the stepsizes allowed for each set of paraneter bounds.

In the next section we provide a generalized paraneter
step subroutine incorporating masks and bounds.

7-4. A General Paraneter Step Algorithm

To inplement sone of the ideas of the previous section, we
need to define information storage nechani sns for the bounds
and masks. W have chosen to put this information, which is
not always required, in a single array |abelled by the letter
O (oh). This is used as foll ows:

1. The lower bound on paraneter k is

(7-4-1) a(k, 1) = lower(k)

2. The upper bound on paraneter k is
(7-4-2) Ak, 2) = upper (k)

3. A nmmsk on paraneter k is specified by setting
(7-4-3) ak,3) =0 (zero)

If (k,3) is positive, no mask is applied. Qk,3) may be
thought of as a scaling factor for gradi ent conponent k),
and coul d possibly be used in this way. W set k,3) =1
for unmasked paraneters. Wthin the gradient mnimzation
progranms, we also use the third colum of O , ) to store
i nformati on about active constraints. W do this by setting
A k,3)=-2 if B(k) is at its |ower bound. Qk,3)=-1if B(k)
is at its upper bound. This information is useful for
convergence testing when bounds constraints are active.

The generalized step procedure outlined bel ow has been
incorporated in all our gradient mnimzation nmethods, with

m nor changes in detail for progranm ng conveni ence.
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1. By testing each dinmension of the search vector,
determine if the stepsize needs to be reduced in order that

bounds are not violated. Reduce the stepsize if necessary.

2. Adjust each parameter by addi ng the stepsize
det erm ned above to the appropriate el enent of the search
vector. Note that masked paraneters are not altered.

3. Count the nunber of parameters which have been
changed so that (new_ paranmeter + E5) is different from
(ol d_parameter + E5), where E5 is a relative scaling factor
(we use a value of 10). Paraneters deened to be unchanged
are reset to the "old" value to avoid possible drift of the
paranmeters from val ues for which function val ues have been
cal cul at ed.

Note that other forms of the stepping procedure are
possi bl e, and sone authors provi de nore than one stepping
routine (Schnabel et al., 1985).

7-5. Finite Difference Approximation of the Gradient

I'n using gradi ent-based function mnimzation techniques, it
is usually up to the user to provide programcode for not
only the objective function but also its first partial
derivatives, that is, the components of the gradient vector
9B). This task is frequently tiresome and error-prone.

For the user not concerned with conputation time, it may be
|l ess work to enploy nurerical approxi mations to the gradient
conponents. Foll owi ng Nash (1979, page 179ff), we use the
followi ng sinple but quite effective forward difference
approxi mation for a single conponent of the gradient:
(7-5-1) 9(B); =[f(B+E~¢g) - f(B] /N

wher e gj is the j-th colum of a unit matrix of order n and

(7-5-2) E3 = E4 * (ABS(B(j)) + E4)
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and E4 is the square root of the machine precision for the
avai l abl e floating-point arithmetic times a heuristic scaling
value (we use 10). This idea is incorporated in the

foll owi ng program segment NUMCGRAD. BAS di spl ayed in Listing
7-5-1. Note that we do not increment the function evaluation
counter 19 in this code, since the gradient evaluation
counter 18 is increnented within the function mnimzation
net hods. The true nunber of function evaluations should be
conputed as the sumof 19 and N*18, while the nunber of

gradi ents eval uated analytically is zero.

Listing 7-5-1. NUMGRAD. BAS, a program segnent to cal cul ate
forward difference approxi mations to the gradient.
NUMGRAD. BAS 04-20-1986  12: 07: 56

2500 REM NUMGRAD- - NUMERI CAL CALCULATI ON OF GRADI ENT
2501 REM CALLS:

2502 REM FUNCTION F -- line 2000

2503 REM

2504 REM | NPUTS:

2505 REM E5 -- a nunber for relative equality tests
2506 REM E9 -- the machine precision

2507 REM B() -- the paranmeter val ues

2508 REM F -- the function value for the given B()

2509 REM N -- the nunber of paraneters

2510 REM Q(,) -- the parameter bounds and nasks (see Sect.
2511 REM

2512 REM QUTPUTS:

2513 REM &) -- the nunerical approximations to the gradient
2514 REM

2515 LET E4=E5*SQR(E9): REM step for nunerical gradient
2518 LET F4=F: REM store original fn

2520 FOR J9=1 TO N: REM | oop over B

2525 IF (J9, 3)=0 THEN 2580: REM check for masks

2530 LET DO=B(J9): REM save paraneter

2535 LET E3=E4*( ABS(DO) +E4)

2540 LET B(J9)=B(J9)+E3

2550 GOSUB 2000: REM fn eval uation (no check here for conputability)

2560 LET G(J9)=(FF4)/E3

2570 LET B(J9)=D0: REM restore paraneter
2580 NEXT J9

2590 LET F=F4: REMrestore original fn
2600 RETURN

Li sting 7-5-1 NUMGRAD Program Code 147
Li ne no. Ref erenced in line(s)
2000 2550 -- the loss function subroutine
2580 2525
Synbol Ref erenced in line(s)
B( 2530 2540 2570 -- the parameter vector
DO 2530 2535 2570 -- used to save paraneter val ue
E3 2535 2540 2560 -- stepsize for gradi ent approximation
E4 2515 2535 -- conmmon stepsize factor
E5 2515 -- relative change factor (usually = 10)
E9 2515 -- the machine precision
F 2518 2560 2590 -- the loss function val ue
F4 2518 2560 2590 -- to save function value on entry
e} 2560 -- the gradient vector
J9 2520 2525 2530 2540 2560 2570 2580 -- |oop counter
N 2520 -- the nunber of paraneters
o 2525 -- the mask and bound array
LI NES: 29 BYTES: 984 SYMBOLS: 14 REFERENCES: 31
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Chapter title: The conjugate gradi ents nmethod

John C. Nash Mary Wl ker-Smith
Faculty of Administration General Manager
University of Otawa Nash I nformation Services Inc

Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

THE CONJUGATE
GRADI ENTS METHOD

8-0. Overview -- Conjugate G adients

The conjugate gradients (cg) nethod first appeared in the
early years of automatic digital conputers as a nmethod for
solving sets of linear equations -- usually having a |arge,
sparse, symretric and positive- definite coefficient matrix
-- where the conputer to be used had a very limted nenory
capacity. Fletcher and Reeves (1964) applied the ideas of
earlier workers, notably Hestenes and Stiefel (1952), to the
m nim zation of a general nonlinear function by considering
that the general function could be |locally approxi mated by a
quadratic function which the cg nethod could minimze.

The linear cg algorithmis still inportant in a nunber
of situations where sets of |inear equations nust be sol ved.
In recent years, pre-conditioned variants of the method have
been shown to be highly efficient for solving extrenely |arge
sets of linear equations. In the present work, we shall
consi der sol ving approxi mate Newton equati ons by techniques
simlar to conjugate gradients to obtain the truncated New on
nmethod of S G Nash (1982, 1985).

In specifics, we wish directiont to be independent of
previous directions. Fletcher and Reeves (1964) showed that
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150 8-0 Overview -- Conjugate Gadients

the following sequence of operations should generate
conjugate directions for a function f(B) which is quadratic
in B, that is,

(8-0-1) f(p) =B"HB+V B

where V is a constant vector and His a constant matri x.
Di xon (1972, page 60) presents a flowchart of this method.

Fl et cher - Reeves net hod:
Step O: Set an initial point B
Step 1: Evaluate the gradient g; let t = g.

Step 2: Find (approxinmately?) a mninmmof f(B + s*t)
with respect to s. (Linear search)

Step 3: If no inprovenent can be nade in the function, then
stop. (Various termnation criteria can be applied.)
Under sone circunstances, goto Step 1 to "restart".

Step 4: let g = g(B + s*t)

| et beta=g'Tg' / ng

let t =g + beta * t
Then goto Step 2. (Generate next direction)

This algorithmis very simlar to that of Hestenes and
Stiefel (1952), used in TN.BAS to solve sets of I|inear
equati ons approxi mately, as discussed in the next chapter.
The algorithmis not restricted, however, to quadratic
functions. Indeed, though there are interesting theoretical
results for quadratic objective functions, conjugate
gradi ents can be applied to general nonlinear function. This
application to nonlinear function mnimzation results in
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quite short program codes and very small working storage
requi renents. In the code presented below, only four vectors
of length n are used for unconstrai ned problenms of order n.
The general approach is as follows.

1. GCenerate a search directiont. (Steps 1 or 4
above.)

2. Search along t fromthe lowest point found so far,
X, to find an approxi mate m ni mum al ong that
direction. (Step 2 above.)

Variants of the fornmulas used by Fletcher and Reeves
to generate conjugate directions (Step 4 above) have been
suggested by Pol ak and Ri biere (1969) and Powel | (1975a,

1975b) .

8-1. Conjugate G adient Source-code

The source-code for the conjugate gradient algorithmis

di splayed in Listing 8 1-1. To allow the user to nonitor the
progress of the nethod, synbols are displayed to indicate the
followi ng actions:

> - "uphill" search dirn

% - no progress in step

* - stepsize being reduced

\' - interpolation has failed
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Listing 8-1-1. The Conjugate Gradients Code. 1180 FOR I=1 TON. REMtop of steepest descent cycle

1184 LET T(I)=0

1192 LET &=0: REM "ol d" gradi ent norm
40 DIM T(25), &(25) . o . 1196 FOR 11=1 TO |2: REM main | oop
1000 PRINT "CG -- conjugate gradients mnimzer -- 851231 1200 PRINT "GRADS "-18 " FNS ":19:" FN VALUE=":FO:" CYCLE ":11:
1004 PRINT #3,"CG -- conjugate gradients mninizer -- 851231" 1204 PRINT #3. "GRADS "-18:" FNS ":19:" FN VALUE=":FO0:" CYCLE " |1
1008 REM CALLS: Ta- P C ot L .
1012 REM FUNCTI ON F(B) -- line 2000 i%gg S(CJ%UF:%G%%' NREM conput e gradient & check constraints
1020 REM ENVRON (conputing environnent) -- line 7120 1228 NEXT |( )=B(1): save best parameter values
1024 REM 1224 PRINT " G'2=": 0
1028 REM I NPUTS TO THE ROUTI NE: 1228 PRI NT #3." Gr2=":@9
1032 REM B() -- a vector of initial paraneter estimates 1232 GOSUB 1676: REM di spl ay parameters
1036 REM N -- the number of parameters in the function F(B) 1236 | F_GO<T9*T9 THEN 1344: REM done if gradient small
1040 REM Q , ) -- nmsks and bounds; assunme set on input 1240 LET G1=0
1044 REM 12 -- nunber of cycles before restart. 1244 |F &@>0 THEN Gl=®/ @
1048 REM Set to N-15+2 if 12=0 on entry. ) 1248 REMif not, conpute new search direction
1052 REM 15 -- the nunber of masked paraneters. Must be zero if 1252 LET G=G9: REM save "ol d" gradient norm
1056 REM masks are not used. -0 ; ; ; ;
1060 REM OUTPUT EROM THE ROUTI NE: }%gg I'Egl; Elo.TOREM proj ection of gradient on search dirn
1064 REM X() -- a vector of final paranmeter estimates for the 1264 |F O(J, 3)=1 THEN 1272: REM free paraneter
1068 REM val ues of the paraneters which ninimze the function. 1268 LET T(J)=0: REM nasked parameter or active constraint
1072 REM  FO ~ -- value of the function at the m nimum 1272 LET T(J)=T(J)*GL-G(J): REM QJ)=0 i f B(J) constr ained
1076 REM &) -- value of the gradient at the nininum 1276 LET T2=T2+QJ)*T(J)
1080 REM 18 -- the nunmber of gradient eval uations 1280 NEXT J
1084 REM 19 -- the nunber of function evaluations 1284 | F T2<0 THEN 1300
1088 REM " s > ol i es "uohill " -
1092 REM uses n-vectors B (parameters), T, A G X }%gg Es: m 43, o REM synbol > inplies "uphill” search dirn
1096 GCOSUB 7120: REM computing envi ronment 1296 GOTO 1344: REM don't uphill search in this version
1100 LET E8=.0001: REMfor acceptable function test 1300 LET S3=0
1104 LET C4=1.7: REM stepsize increase factor 1304 LET J5=19: REM marker to ensure a step i s taken
1108 LET C3= 3: REM stepsize reduction factor 1308 LET S1=S2: REM S2 contains initial stepsize fromlast iter'n
1112 LET T9=N*E9: REM convergence tol erance . 1312 GOSUB 1548: REM step al ong search direction
1116 LET J8=10: REM no of fn eval before parameter display 1316 IF 16<N-15 THEN 1360: REM check if any progress nade
1120 LET J7=1: REM counter for parameter display 1320 | F 19=J5 THEN 1352: REM al ways nmke step | arge enough on 1st pass
1124 LET S2=1: REMinitial step length _ 1324 PRINT "9% ;: REM symbol % neans no progress in step
1128 I F 12=0 THEN LET |2=N-15+2: REM nunber of cycles until restart 1328 PRI NT #3. "0 -
1136 PRINT "control s e8,c3,i2, c4"; E8; C3;12; G4 1336 LET B(J)=X(J): REM ensure B reset exactly
1140 PRINT #3,"controls e8,c3,i2,c4"; E8; C3;12; CA 1340 NEXT J: REM cannot proceed downhill
1144 GOSUB 2000: REM comput e function 1344 |F |1>1 THEN 1180: REM so try steepest descent
1148 | F 13=0 THEN 1164: REM functi on cannot be conputed 1348 GOTO 1540: REM el se conver ged
1152 PRINT * FUNCTI ON NOT COVPUTABLE" 1352 LET S2=S2*10+1/B9: REM 1/ B9 ensures eventual adequate size
1156 PRI NT #3, " FUNCTI N NOT COMPUTABLE 1356 GOTO 1308: REM and retry step
ﬁgg E-IE-'(I'PFO-F' REM save function val ue 1360 LET 1951 9+1
e o 1364 GOSUB 2000: REM conpute function
1168 PRINT 'N,I,TI AL FUNCTI ON VALLE = EO 1368 I F 13=1 THEN 1376: REM conput abl e function? No, then reduce step
1172 PRINT #3, "I NI TI AL_FUNCTI ON VALUE ="; FO 1372 | F F<FO+T2*S8*E8 THEN 1392: REM acceptabl e poi nt?
1176 LET T9=T9* SQR(1+ABS(F0)): REM adjust size of tol erance 1376 PRINT "*";: REM symbol * means stepsize being reduced
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1380
1384
1388
1392
1396
1400
1404
1408
1412
1416
1420
1424
1428
1436
1440
1444
1448
1452
1456
1460
1464
1468
1472
1476
1480
1484
1488
1492
1496
1500
1504
1508
1512
1516
1520
1524
1528
1532
1536
1540
1544
1548
1552
1556
1560
1564
1568
1572
1576
1580

Li sting 8-1-1 The Conjugate G adi ents Code
PRI NT #3,"*";
LET S2=C3*S8' REM reduce st epsi ze
GOTO 1308
LET S3=S8: REM save best stepsize in line search

LET S4=S1: REM stepsize on entry == s8 if no bound hit

LET F1=F: REM and save val ue

LET S1=2*((F1-F0)-T2*S3): REM quadratic inverse interpolation

I F S1=0 THEN 1460: REM cannot use interpol ation

LET S1=-T2*S3*S3/S1: REM i nterpol ati on poi nt

I F S1<=0 THEN 1460: REM ignore interpolation if step is negative
| F S1>S3 AND S8<$4 THEN 1468: REM no use in trying if bounds hit
GOSUB 1548: REM step to interp posn

IF 16=N-15 THEN 1468: REM any progress? (masks counted)
LET 19=19+1

GOSUB 2000

I'F 13=1 THEN 1460

| F F>=F1 THEN 1460: REM any | ower function val ue?

LET FO=F: REM save good val ue

GOTO 1480

PRINT "\";: REM symbol \ neans interpolation has failed
PRI NT #3,"\";

LET S1=S3: REM reset the stepsize

GOSUB 1548: REM and the paraneters

LET FO=F1: REM save best function val ue

LET S2=C4*S2: REMi ncrease stepsize

IF S2>1 THEN LET S2=1: REM but limt to 1

FOR J=1 TO N. REM check bounds

Q(J, 3) <=0 THEN 1528: REM nasked or constrai ned
(B(J)-Q(J,1))<=E9*(ABS((Q(J, 1)) +1) THEN LET ((J,3)=-2

- J)-Q(J, 2))<=E9*(ABS((Q(J, 2))+1) THEN LET ((J, 3)=-1
tolerance in this test may need adjustnent (??too snall)
3)=1 THEN 1528

3)=-1 THEN PRI NT " upper "; ELSE PRINT " |ower "“;
3)=-1 THEN PRI NT #3," upper "; ELSE PRI NT #3,"
"bound i nposed on paraneter ";J

PRI NT #3, "bound inmposed on paraneter ";J

NEXT J

NEXT 11: REM end of main |oop

GOTO 1180: REM restart with another main | oop

RETURN REM done

REM GENSTEP- - st eppi ng subroutine with masks and bounds
LET S8=S1: REM to save Sl

FOR J=1 TO N

IF QJ, 3) =0 THEN 1580: REM mask check

I'F T(J)=0 THEN 1580: REM zero test

LET K9=1: REM default | ower bound

I F T(J)>0 THEN K9=2: REM upper bound check

I F S8<=(Q(J,K9)-X(J))/T(J) THEN 1580: REMtest if w thin bound
LET S8=(O(J, K9)-X(J))/T(J): REM new naxi mum st epsi ze
NEXT J

REM !'!

| ower ";
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1584
1588
1592
1596
1600
1602
1604
1608
1612
1616
1620
1624
1628
1632
1636
1640
1644
1648
1652
1656
1660
1664
1668
1672
1676
1680
1684
1688
1692
1696
1700
1704
1708
1712
1716
1720
1724
1728
1732
1736
1740
1744
1748
1752
1756

LET 16=0: REM counter for paraneters unchanged in step
FOR J=1 TO N

I'F O(J,3)=0 THEN 1608: REM mask check

LET B(J)=X(J)+S8*T(J)

I F E5+X(J) <>E5+B(J) THEN 1608: REM scal ed conpari son
LET B(J)=X(J): REMreset to avoid "drift"

LET 16=] 6+1

NEXT J

RETURN

LET (9=0: REM gradi ent norm

LET 18=I8+1

GOSUB 2500: REM conpute gradi ent

FOR K=1 TO N

IF QK, 3)=0 THEN 1660: REM nasked

F O(K 3)>0 THEN 1664: REM free

F (K, 3)+1.5)*@ K)<0 THEN 1660: REM L. M non-negative
ET Q(K, 3)=1: REMfree paraneter

RI NT "freeing paranmeter ";K

RI NT #3,"freei ng parameter "; K

GOTO 1664

LET (K)=0: REM active constraint on paraneter B(Kk)

|
|
L
P
=]

LET @9=@+G K) * ¢ K)

NEXT K

RETURN

I F J8=0 THEN RETURN: REM no paraneter display

I F 19<J7*J8 THEN RETURN: REM check if to be printed

LET J7=INT(19/J8)+1: REM increnment parameter display control

PRI NT " par amet ers";
PRI NT #3, " paraneters";

FOR J=1 TO N

LET s=""

IF B(J)-O(J, 1) <=E9* (ABS(((J, 1)) +E9) THEN LET ="L": REM | ower bd
IF OJ,2)-B(J)<=E9*(ABS((Q(J,2))+E9) THEN LET ="U': REM upper bd
I F O(J, 3) =0 THEN LET ="M': REM masked

PRI NT ; B(J); QB;

PRI NT #3," "; B(J) &B;

I F 5% NT(J/5) <>J THEN 1744

PRI NT

PRI NT " "

PRI NT #3

PRI NT #3," "

NEXT J

PRI NT

PRI NT #3

RETURN

Li ne no. Ref erenced in line(s)

1164 1148

1180 1344 1536

1272 1264
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1300
1308
1344
1352
1360
1376
1392
1460
1468
1480
1528
1540
1548
1580
1608
1616
1660
1664
1676
1744
2000

2500
7120

Synbol

Li sting 8-1-1 The Conjugate G adi ents Code

1284

1356 1388
1236 1296
1320

1316

1368

1372

1408 1416
1420 1428
1456

1492 1508
1348

1312 1424 1472
1556 1560 1572
1592 1600
1208

1632 1640
1636 1656
1232

1724

1144 1364
function
1624 -- subroutine to calculate the gradient
1096 -- conputing environnent subroutine

1444 1448

1440 -- subroutine to calculate the |oss

Ref erenced in line(s)

1216 1336 1496 1500 1596 1600 1602 1704 1708
1716 1720 -- the paraneter vector
1352 -- a "large" number (supplied by ENVRON)

1108 1136 1140 1384 -- stepsize reduction factor
1104 1136 1140 1480 -- stepsize increase factor
1600 -- a value used for scal ed conparisons (= 10)
1100 1136 1140 1372 -- tolerance scaling

1112 1496 1500 1704 1708 -- the machine precision
1164 1372 1400 1448 1452 -- the loss function val ue
1164 1168 1172 1176 1200 1204 1372 1404 1452
1476 -- the | owest value found for the I oss function

1400 1404 1448 1476 -- a tenporary function value

40 1272 1276 1640 1660 1664 -- the gradient
1240 1244 1272 -- cg update paraneter
1192 1244 1252 -- "old" gradient norm
1224 1228 1236 1244 1252 1616 1664 -- gradi ent norm
1180 1184 1188 1212 1216 1220 -- a |l oop counter
1196 1200 1204 1344 1532 -- counter for steepest

descent | oop
1128 1136 1140 1196 -- nunber of cycles before restart
(set to N-I5+2 if 12=0 on entry)

1148 1368 1444 -- flag for function not conputable
1128 1316 1428 -- the nunmber of masked paraneters
1316 1428 1584 1604 -- a counter for the nunber of
paraneters which are unchanged in a step
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18 1200 1204 1620 -- counter for gradient evaluations
per f ormed
19 1132 1200 1204 1304 1320 1360 1436 1680 1684

-- counter for function evaluations perforned

J 1260 1264 1268 1272 1276 1280 1332 1336 1340
1488 1492 1496 1500 1508 1512 1516 1520 1524
1528 1552 1556 1560 1568 1572 1576 1580 1588
1592 1596 1600 1602 1608 1696 1704 1708 1712
1716 1720 1724 1744 -- a | oop control counter

J5 1304 1320 -- marker to ensure a step is taken

J7 1120 1680 1684 -- paraneter display control index

J8 1116 1676 1680 1684 -- paraneters are displ ayed
every J8 function evaluations (no display if J8=0)

K 1628 1632 1636 1640 1644 1648 1652 1660 1664
1668 -- a | oop control counter

K9 1564 1568 1572 1576 -- default |ower bound

N 1112 1128 1180 1212 1260 1316 1332 1428 1488
1552 1588 1628 1696 -- nunber of parameters in |oss
function

o 1264 1492 1496 1500 1508 1512 1516 1556 1572
1576 1592 1632 1636 1640 1644 1704 1708 1712
-- bounds and nasks informati on storage

(03 1700 1704 1708 1712 1716 1720 -- used to hold
di splay information regardi ng nasks and active bounds

S1 1308 1396 1404 1408 1412 1416 1420 1468 1548
-- the stepsize

S2 1124 1308 1352 1384 1480 1484 -- initial step length

S3 1300 1392 1404 1412 1420 1468 -- best stepsize in
l'ine search

sS4 1396 1420 -- stepsize on entry to inverse quadratic
i nterpol ation

S8 1372 1384 1392 1420 1548 1572 1576 1596 -- maxi mum
stepsize al l owed by bounds

T( 40 1184 1268 1272 1276 1560 1568 1572 1576
1596 -- the search direction

T2 1256 1276 1284 1372 1404 1412 -- projection of
gradi ent on search direction

T9 1112 1176 1236 -- convergence tol erance

X( 1216 1336 1572 1576 1596 1600 1602 -- storage for
the "best" paraneters found so far

LI NES: 192 BYTES: 7560 SYMBCOLS: 66 REFERENCES: 305
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8-2. Use of the Conjugate G adients Method

The CG met hod, because of its | ow working storage
requirement, is a candidate for problens involving many
paraneters. Like the truncated Newton net hod, however, it is
al so of use with smaller problens. |In our experience, it is
often very efficient on nost problenms, and suffers from sl ow
convergence only when extrene nonlinearities or singularity
of the Hessian cause the assunptions underlying the nethod to
be viol at ed.

Conti nui ng our use of the Hobbs weed infestation
exampl e, Listing 8-2-1 shows the progress of CGin mnim zing
the sum of squared residuals for this problem Here we note
that CG converges "early" to a sum of squares of 2.611886,
instead of the optimal val ue of approximately 2.587268 (taken
froma calculation with MRT, Chapter 11). The paraneter
val ues are

B( 1) = 1.992342 vs. 1.961851
B( 2 ) = 4.957549 vs. 4.90915
B( 3) = 3.12174 vs. 3.135703

The Hobbs problem as nmay be illustrated by plotting various
"slices" of the function in different paraneter dinmensions,
is quite badly scaled. Ratkowsky (1983, Chapter 4),
dermonstrates that the | ogistic nodel is often highly
nonlinear, both intrinsically and in the manner in which the
paranmet ers appear, using nmeasures devel oped by Bates and
Watts (1980) and Box (1971). Therefore, the perfornmance of
CG on this problem shoul d not be regarded as "poor", even
though it appears to do less well than the other nethods in
finding the mninumprecisely. As we shall point out in
Chapter 12, the results presented here are inproved slightly
by using a different BASIC interpreter. The present exanple
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was prepared using the Mcrosoft GABASIC interpreter (version
1.12.03, supplied with a Corona Data Systens PC-21 conputer).
There are slight but inportant differences in the arithnetic
used by the different Mcrosoft BASIC interpreters, including
the BASICA interpreter supplied on | BM PC systens. These

di fferences can be reveal ed by clever programm ng, such as
that in the program PARANO A (Karpi nski, 1985; Nash, 1986c).
As illustrated here, these differences nay occasionally be

i mportant.

Two test problenms which are nore suitable for
denonstrating the CG nethod are BALF, the Brown Al nost Linear
Function (Mré, Garbow and Hillstrom 1980) and the CAL4 test
function (Stephen Nash, private conmunication). These test
functions are anong those di scussed in Chapter 18.

BALF, as its nane inplies, is "alnmost" linear. It has
the property that it can be generated for a variabl e nunber
of paraneters. Here we shall use N = 10 paraneters. Table
8-2-1 gives the results of applying CGto this problem
These illustrate the inportance of details in the convergence
of function mnimzation nethods. The usual convergence test
on the current gradient norm as presented in CG BAS,
conpares the square of the gradient normw th a tol erance
equal to

N* N* E9 * E9 * sqrt(1 + ABS(F0))

where E9 is the machine precision and FO is the value of the
function at the initial point. Changing the tolerance to

N* E9 * sqrt(1 + ABS(F0))
results in nuch nore rapid convergence to a result which is

still satisfactory. Because we prefer that our prograns
attenpt to make progress in mninzing a function whenever
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possi bl e, we recommend that users | eave the tol erance at the
nore conservative value to avoid premature convergence,
unl ess there is sufficient understanding of the problemthat
the tol erance can be safely increased.

Because the gradient convergence tol erance is scaled by
the size of the initial function value, restarting the
m nimzation froma point to which CG has "converged" is a
mechani smfor refining the estimate of the mnimum This is
also illustrated in Table 8-2-1.

The CAL4 test function has a m ni num which is not zero,
and offers nore "realisnf. An edited output is given bel ow
in Listing 8-2-2.

Table 8-2-1. Performance of the conjugate gradi ents nethod
on the Brown Al npbst Linear Function. All computations
performed on the Maestro PC cl one (NEC V20 processor).

(1)
Not es Fns Grads Tine M ni mum

Si ngl e precision code,
fromstarting point B(i)=0.5 120 49 494/ - 2.39E-8

with gradient normtol erance
increased in size 12 5 53/ 6 2.99E-5 (a)

continued from (a) +14 +6 +62/ 8 8. 99E- 7

I nterpreted doubl e precision code,
fromstarting point B(i)=0.5 318 142 1572/- 9. 84E- 27

wi th gradi ent normtol erance
increased in size 68 28 342/ 39 1.44E-16(b)

continued from (b) +14 +6 +62/ - 8. 99E- 7

(1) Times are given in seconds for execution of the
m nim zation using interpreted/ compiled code. A hyphen
indicates that the timng was not avail able.
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Listing 8-2-1. Mninization of Hobbs probl em using conjugate
gradi ents.

DRI VER -- GENERAL PARAVETER ESTI MATI ON DRI VER - 851017, 851128
20: 35: 41 06-10- 1986

HOBBS 3- PARAMETER LOG STI C FUNCTI ON SETUP - 851017

FUNCTI ON FORM = 100*B( 1)/ ( 1+10*B( 2) * EXP(- 0. 1*B(3)*1))

HOBBS. RES 3 paraneter logistic fit

bounds on paraneters for problem

0 <= b( 1) <= 100

0 <= Db(2) <= 100

0 <= b( 3) <= 30

NI TI AL VALUES FOR PARAMETERS ( [cr] = Y)

ENTER |

B( 1)=2

B( 2 )=5

B( 3)=3

are masks or bounds to be set or altered ([cr] = no)
CG -- conjugate gradients nminimzer -- 851231

controls e8,c3,i2,c4 .0001 .3 5 1.7

I NI TI AL FUNCTI ON VALUE = 158. 2325

GRADS 0 FNS 1 FN VALUE= 158.2325 CYCLE 1 G‘'2= 9448660
***x%**CRADS 1 FNS 8 FN VALUE= 3.069547 CYCLE 2 G‘2= 19202.93
GRADS 2 FNS 10 FN VALUE= 2.787065 CYCLE 3 @G‘'2= 17.62927
paraneters 2. 057009 4. 984586 3.078698

\GRADS 3 FNS 11 FN VALUE= 2.78575 CYCLE 4 G‘\2= 17.45309
GRADS 4 FNS 13 FN VALUE= 2.686059 CYCLE 5 G‘2= 156.7835
*GRADS 5 FNS 16 FN VALUE= 2.678276 CYCLE 1 G‘2= 97.19409

\ GRADS 18 FNS 45 FN VALUE= 2. 624897 CYCLE 4 (‘2= 1.064196
GRADS 19 FNS 47 FN VALUE= 2.620261 CYCLE 5 G'2= 355.7879

par andvers 201 BYPosad N yH4E= 2. §199P8gsCYCLE 1 G'2= 542.9622
GRADS 21 FNS 55 FN VALUE= 2.611899 CYCLE 2 @G‘'2= .903874
**\GRADS 22 FNS 58 FN VALUE= 2.611896 CYCLE 3 G‘2= .8893222
GRADS 23 FNS 60 FN VALUE= 2.611886 CYCLE 4 G‘2= .8725742
paraneters 1.992342 4. 957549 3.12174

* % % 0 = _
BB NS, 43 NFNNAE RIS PPl O2= 8725742
CALCULATED FUNCTION M NI MUM = 2.611886

PARAMETER ESTI MATES

B( 1) = 1.992342

B( 2 ) 4. 957549

B( 3) 3.12174
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Listing 8-2-2. Mnimzation of the CAL4 test problemin 15
paraneters usi ng conjugate gradients.

DRI VER - - GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128 9
21:26:32 08-01- 1986
CAL4. FN SGN FUNCTI ON 860629
ORDER OF PROBLEM (2<=N<=25) 15 THE TRUNCATED
PROBLEM PARAMETER Z9=al pha (0.9 suggested) .9 NEWION METHCD
ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] =Y ) N
are masks or bounds to be set or altered ([cr] = no)
CG -- conjugate gradients minimzer -- 851231

controls e8,c3,i2,c4 .0001 .3 17 1.7

I NI TI AL FUNCTI ON VALUE = . 8935536

GRADS 0 FNS 1 FN VALUE= . 8935536 CYCLE 1 G‘2= 4.364896
*GRADS 1 FNS 4 FN VALUE= . 4727763 CYCLE 2 G‘2= .801379

*GRADS 33 FNS 77 FN VALUE= .154806 CYCLE 17 G'2= 2.133127E-06

GRADS gt 1 NRED SECEN Yob VERFTERA8855 aixCkEgsl (K 4Ev AL 239604E- 07 o0

CALCULATED FUNCTION M NI MUM = . 1548055
PARAMETER ESTI MATES

Qverview -- Truncated New on

EE % ; z g gigggi The truncated Newton nethod is one of the nore recently

B( 3 ) = 3.452917 devel oped function mnimzation techniques (Denmbo and

B( 4 ) = 3.033846 . . .

Bl 5) = 2. 654313 St ei haug, 1983; Nash, 1982, 1983, 1985a, 1985b) but it has
B( 6 ) = 2.309915 wel | -established antecedents. The fundanmental steps in this
B( 7 ) = 1.996708 . . . )

Bl 8) = 1. 711095 modi fication of the Newton iteration

B( 9 ) = 1.449772 (7-1-8) Ht = -g(X

B( 10 ) = 1.20987 1”

B( 11 ) = .9886648 (7-1-9) X=X+t

B( 12 ) = .7837026 are as follows.

EE ﬁ g - i?i?gié 1. The search direction t is devel oped by solving

B( 15 ) = .2454203 Equations (7-1-8) approximately by using the conjugate

gradients algorithm (Hestenes and Stiefel, 1952) with
pre-conditioning (Golub and Van Loan, 1983, p. 373ff). In
the algorithmwe present, this pre-conditioning is sinplified
to a scaling operation which is based on quantities conputed
during the iteration. To develop the full Hessian matrix H
woul d require the cal cul ati on of second partial derivatives
of the function f(B) to be minimzed, and woul d,

furthernore, require menory space for their storage.

However, the conjugate gradients algorithmfor the solution
of Equations (7-1-8) never needs Hitself, but only the

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



164 9-0 Overview -- Truncated Newton

result of matrix nmultiplication of Hwith a vector u. That
is, we nust supply a rule for conputing

(9-0-1) v=Hu

but do not necessarily require the full matrix H  Further
sinplifications arise fromthe observation that the k-th row
(or, by symetry, colum) of His the partial derivative of
g(X) with respect to X(k). A nunerical approximation to
this row (colum) using a stepsize s is sinply

(9-0-2) vo={a(X+s *e(k) - aX} /s

where e(k) is the k-th columm of the unit natrix of order n,
that is, a colum vector which has zero el enents except for

elenent k, which is 1. Inthe limt of s tending to zero
(9-0-3) limy' = He(k)
s->0

In a simlar fashion, we approxi mate the result of

nul tiplying u by Hwith

(9-0-4) Hu=-v={gX+sw-aX}/s

Thus the effect of matrix multiplication is achieved at a
cost of a single gradient evaluation. Note that

- no second derivative program code is required;
- no matrix must be stored.

2. Having devel oped a search direction, we nust update
the paraneter estimates X. However, it is possible that the

full step to X+t as in (7-1-9) will result in a point
where the function has a higher value. Various |line search
strategies are possible. Here we will be content with a

si npl e back-tracki ng techni que wherein the test point is
(9-0-5) B =X+ stepsize * t

and the stepsize is reduced until

(9-0-6) f(B) < f(X) + stepsize * tol * g' t

is satisfied, where tol is some tol erance used to judge if
the point is acceptable (Dennis and Schnabel, 1983,

9-0 Overview -- Truncated Newton 165

p. 188ff). More conplicated |ine search procedures can be
used (Nash, 1982), but here our enphasis on conpact program
codes has led us to inplenment the sinpler line search at the
possi bl e expense of extra conputational effort to mninze
functions.

The truncated Newton fam |y of algorithns all nake use
of the steps above, with possible extensions to the line
search. A particular nenber of this family will depend on
the follow ng choices:

- the pre-conditioning approach used in the |inear
conjugate gradients solution of the Newon equations;

- the organi zational variant of the |inear conjugate
gradi ents al gori thm used;

- the stepsize, s, used in estimting nunerical
derivatives for the "matrix nultiplication" (9-0-4);

- the choice of forward, backward or central difference
approxi mations for estimating the Hessian matrix product
(9-0-4), or even sone conbi nation of these

approxi mati ons;

- the maxi mum nunber of |inear conjugate gradients
iterations allowed in each najor (Newton) cycle of the
nmet hod,;

- convergence tolerances on the |inear conjugate

gradi ents sub-al gorithm the acceptable point test and
the overal |l method.

These choices allow for considerable diversity in the
i mpl enent ed programs. Furthernore, careful program
organi zati on can reduce the nunber of working vectors
required to inplement the method. It appears that the
m ni mum nunber of vectors of length n required for the
truncated Newton method is nine, which is the nunber required
in our program Thus, on the basis of working storage, the
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approach is suitable for problems in a | arge nunber of
paranmeters. |ndeed, the advantages of truncated Newt on
nmet hods are:

- small code | ength;
- small working storage;
- general Newton-like convergence properties.

The maj or di sadvantage we perceive is the necessity of
tuning the method to the conputer environnent at hand. A
poor choi ce of control paraneters such as tol erances and
iteration limts may degrade perfornmance. Despite this
concern, we are of the opinion that the truncated Newton
nmet hod will becone a najor tool for function mininmzation and
paraneter estimation, especially for problens where n is
large. At the time of witing (late 1985), nobre experience
is needed over a wi de range of problens to allow "good"

i mpl ement ati on choices to be made for different classes of
applications.

One inplementation decision we have made in the code
belowis to include a check if bounds on paraneters are
vi ol ated when the Hessi an approximation is generated by
nunmerical differentiation along a search direction. That is,
we consider that the derivative can only be conmputed if the
user has not placed a bound on one or nore paranmeters that is
breached by a step along the search direction. Cearly, we
must avoid a "large" stepsize if bounds exist. |If the
default stepsize violates a bound we reduce the stepsize
accordingly. This may nake the stepsize so small that a poor
estimate of the derivative is obtained. Should the step (D8)
be nade less than a lower linmt (E7), we halt the linear cg
process, and use the current solution as the TN step
direction. There are, however, cases where this approach may
be inappropriate.

9-1 Truncated Newt on Source-code 167

9-1.

Truncat ed Newt on Sour ce- code

The source-code for the truncated Newton algorithmis

di splayed in Listing 9-1-1. To allow the user to nonitor the
progress of the nethod, synbols are displayed to indicate the
followi ng actions:

A - warning conjugate gradient limt reached
* - stepsize is being reduced

Listing 9-1-1. The Truncated Newton Code.

TN. BAS 06- 15- 1986 09:42: 42

40 DI M H(25), &(25), T(25), E(25), W25), A(25), R(25)

1000
1004
1008
1012
1016
1020
1024
1028
1032
1036
1040
1044
1048
1052
1056
1060
1064
1068
1072
1076
1080
1084
1088
1092
1096
1100
1104

PRI NT "TN - TRUNCATED NEWION W TH BOUNDS CONSTRAI NTS -- 860101"
PRI NT #3,"TN - TRUNCATED NEWTON W TH BOUNDS CONSTRAI NTS -- 860101"
REM CALLS:

REM FUNCTION F(B) -- |ine 2000

REM GRADI ENT (B) -- line 2500

REM ENVRON ( COMPUTI NG ENVI RONMVENT) -- 1ine 7120

REM

REM | NPUTS TO THE ROUTI NE:

REM B() -- a vector of initial paraneter estinmates

REM N  -- the nunber of paraneters in the function F(B)
REM M) -- iteration limt (set to 6N if MI<=0 on entry)
REM I5 -- the nunber of masked paraneters. Miust be zero if
REM masks are not used.

REM Q() -- bounds and masks array, assuned already set

REM OUTPUT FROM THE ROUTI NE:

REM X() -- a vector of final paraneter estinates for the
REM val ues of the paraneters which mnimze the function.
REM FO -- value of the function at the m nimum

REM Q&) -- value of the gradient at the m ninum

REM 18 -- the number of gradient eval uations

REM 19 -- the nunber of function evaluations

REM @@ -- the final gradient norm

REM

REM uses 9 N-vectors apart from bounds () ( = 3*N)

REM DIM B(N), G N, X(N), H(N), E(N), T(N), WN) , R(N), A(N)

I'F MB>0 THEN 1108: REM MD i s maxi mum nunber of iterations
LET MB=6*N. REM choose a reasonabl e nunber if not pre-defined
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1108
1112
1116
1120
1124
1128
1132
1136
1140
1144
1148
1152
1156
1160
1164
1168
1172
1176
1180
1184
1188

Listing 9-1-1 The Truncated Newton Code

GOSUB 7120: REM conputing environment

LET E7=SQR(E9): REM epsilon for tests

LET E8=.0001: REM acceptabl e point test tol erance
LET J8=1: REM no of fn eval before display

LET J7=1: REM counter for paranmeter display

LET T9=N*E5*E9: REM gradi ent normtol erance

LET 14=INT(N 2)+1: REM nunber of cg iterations in inner |oop
PRI NT "strategy - nb,e7,e8,t9,i4 "; Md; E7; E8; T9; | 4
PRI NT #3,"strategy - nb,e7,e8,t9,i4 ";M; E7; E8; T9; 14
LET 19=19+1

GOSUB 2000: REM eval uate function

IF 13=0 THEN 1168

PRI NT " FUNCTI ON CANNOT BE COVPUTED"

PRI NT #3, " FUNCTI N CANNOT BE COVPUTED'

STOP

LET FO=F: REM function val ue

PRI NT "I NI TIAL OR RESTART FUNCTI ON VALWE = "; FO

PRI NT #3,"1 NI TI AL OR RESTART FUNCTI ON VALUE = "; FO

LET T9=T9*( 1+ABS(F0)): REMuse the initial function val ue for scaling

FOR J=1 TO N
LET H(J)=1: REMinitialize preconditioning

1192 LET E(J)=1

1196 LET X(J)=B(J): REM and save "best" paraneters

1200 NEXT J

1204 FOR 11=1 TO MB: REM nmmin | oop

1208 GOSUB 1772: REM conpute gradi ent and check constraints

1212 PRINT " CYCLE";11;" GRADIENTS ";18;" FNS ";19;" FN = "; FO;
1216 PRI NT #3," CYCLE";11;" GRADIENTS ";18;" ENS ";19;" FN = ", FO;
1220 PRINT " GNORM = "; (9

1224
1228
1232
1236
1240
1244
1248
1252
1256
1260
1264
1268
1272
1276
1280
1284
1288
1292
1296
1300
1304

PRINT #3," GNORM= "; @

GOSUB 1840: REM di spl ay paraneters

FOR J=1 TON REMinitialize vectors

LET T(J)=0

LET X(J)=B(J): REM save best paraneters

LET WJ) =0

LET R(J) =-QJ)

NEXT J

| F G®>T9 THEN 1268: REM done if snall gradi ent norm

IF 11>1 THEN 1172: REMrestart to save best paraneters in X()
GOTO 1760: REM end

LET E3=1/11: REMIinear cg convergence tol erance

| F E3>G9 THEN E3=(G9: REM use gradient normif smaller
FOR 1 7=1 TO | 4: REM conjugate gradi ents | oop

LET R2=0: REM RT * Z

FOR J=1 TO N

LET R2=R2+R(J)*R(J)/ H(J)

NEXT J

LET B2=0

IF 17>1 THEN LET B2=R2/Rl: REM cg update paraneter
FOR J=1 TO N
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1308
1312
1316
1320
1324
1328
1332
1336
1340
1344
1348
1352
1356
1360
1364
1368
1372
1376
1380
1384
1388
1392
1396
1400
1404
1408
1412
1416
1420
1424
1428
1432
1436
1440
1444
1448
1452
1456
1460
1464
1468
1472
1476
1480
1484
1488
1492
1496
1500
1504

LET WJ)=R(J)/H(J)+B2*WJ)
NEXT J

REM A * U

LET D8=E7*E5: REM changed from S. G. Nash code

FOR J=1 TO N. REM check stepsize for bounds viol ati ons
IF O(J,3)=0 THEN 1348

F WJ)=0 THEN 1348

ET K2=2: REM pointer to upper bound

F WJ)<0 THEN LET K2=1: REMor to | ower bound

F (Q(J,K2)-B(J))/WJ)<D8 THEN LET D8=(Q(J, K2)-B(J))/WJ)
J

| F D8<E7 THEN 1496: REM stepsize too snall

J=1 TON

(J)=0: REMinitialize

,3)<=0 THEN 1380: REM mask and active bound check
)=0 THEN 1380: REM no sense in trying

ET B(J)=X(J)+D8*WJ)

LET A(J)=G(J): REM not as in SGN code

NEXT J

GOSUB 2500: REM conpute gradient in )
LET 18=I8+1
LET D1=0

LET D2=0

FOR J=1 TO N
IF OJ,3)<=0 THEN 1432:
LET T8=A(J)

LET A(J)=(QJ)-A(J))/D8: REMderivative (Hessian) approxinmtion
LET ((J)=T8: REM save gradi ent at best point

LET B(J)=X(J): REM and reset paraneter

LET D1=D1+WJ)*R(J)

LET D2=D2+W J) *A(J)

NEXT J: REMend A * U

| F D2<=0 THEN 1496: REM UT* A * U

LET A2=R2/ D2

LET R9=0: REM norm of update

FOR J=1 TO N

IF O(J,3)=0 THEN 1476: REM nask

LET E(J)=E(J)-R(J)*R(J)/D1+A(J)*A(J)/ D2: REM UPDATE

I F E(J)<=0 THEN E(J)=1: REMensure positive definite

REM mask & bound check

LET T(J)=T(J)+A2*WJ): REM cg step
LET R(J)=R(J)-A2*A(J): REM residual update
LET R9=R9+R(J)*R(J): REM residual norm

NEXT J

LET R9=SQR(R9)/ X

| F RO<E3 THEN 1496: REM test if satisfactory cg soln
LET R1=R2

NEXT 17: REM end linear cg |loop

PRI NT 17;" CONJUGATE GRADI ENT STEPS"

PRI NT #3,17;" CONJUGATE GRAD ENT STEPS"

IF 17>14 THEN PRINT "~";: REMwarning cg limt reached
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_ ) ; . .
1508 IF 17> 4 THEN PRINT #3,"A";: REMwarning cg linit reached 1708 L Q3= 1 THEN PRINT fr?'pgrpgfét o SESEPRINT #3,"lower *:: REMU!
1512 | F D2<>0 THEN 1532: REM update norm UT * A * U 1716 PRI NT #3. "bound activated on parametei’ "y

1516 PRINT " UT AU =0 ": 1730 Ny ’

1520 PRINT #3," UT AU=0 ", .
1524 |F |11=1 THEN 1760: REM at sol ution? Check if steepest descent ﬂ%g ﬁ:)TPlﬂzi-?-HEﬁEgﬂlggd IRiEantﬁssggai n with steepest descent

1528 GOTO 1172 1732 GOTO 1760: REM done

1532 LET T2=0: REM proj ection of gradient on search dirn 1736 FOR J=1 TO N

1536 FOR 91 TO N - 1740 LET H(J)=E(J)

1540 I F O(J, 3)<1 THEN LET T(J)=0 1744 NEXT J

%gjg hg(TngTZJfG(J)*T(J) 1748 NEXT 11: REM end main | oop _

1552 | F - T2<E9*E9 THEN 1524: REMany sense in trying this direction? ggg EE: g #QB" ABNOIQM?CIDE;\II-D E?Ot ggn%agsj g;j g?.’dcga es”

1556 LET S1=1: REM step reduction |ine search . 1760 PRI NT "EXI TING WTH FUNCTI ON VALUE = ";FO;" GRADIENT NORM = "; GO
1560 LET S8=S1: REM find nmax-step and check new constrai nt 1764 PRI NT #3. "EXI TI NG W TH FUNCTI ON VALUE = " FO: " GRADI ENT NORM = " G9

1564 FOR J=1 TO N 1768 RETURN REM end tn proper

1568 | F (J, 3) <=0 THEN 1604: REM nmasked _ . ; ;

1572 | F T(J)=0 THEN 1604: REM no sense in checki ng I SoRUB 2b00, REM oo adreny, and 1ts norm

1576 | F T(J)>0 THEN 1592: REM check upper bound 1780 LET G9=0 ’

1580 LET S7=(Q(J, 1)-X(J))/T(J): REM distance to |ower bd. 1784 FOR J=1 TO N: REM adj ust gradi ent for bounds constraints

1584 | F S7>S8 THEN 1604: REM smaller step in effect

1588 GOTO 1600 1788 IF ((J, 3)=0 THEN 1816: REM nasked

1792 |F (J, 3)>0 THEN 1824: REM free

1592 LET S7=(Q(J, 2)-X(J))/T(J): REM di stance to upper bd. * . R ;
1596 | F S8<S7 THEN 1604: REM al ready snaller step in effect %88 :_ET(gj g; Zi P)*@J) <0 THEN 1816: REML.M non-negative
1600 LET S8=57 1804 PRINT "freeing paranmeter ";J

1604 NEXT J_ _ ) 1808 PRINT #3,"freeing parameter ";J

1608 LET |16=0: REM counter for paraneters unchanged in step 1812 GOTO 1824

1612 FOR J=1 TO N 1816 LET G(J)=0

1616 I'F O(J, 3) =0 THEN 1636: REM mask check 1820 REM PRI NT "constrai nt on paraneter ";J;" active"

1620 LET B(J)=X(J) +S8*T(J 1824 LET G=@+G J)*GJ)

1624 | F E5+X(J) <>E5+B(J) THEN 1636 1828 NEXT J: REM bounds constraints on G i nposed

1628 LET B(J)=X(J): REMto avoid drift 1832
1632 LET |16=16+1
1636 NEXT J: REM end of step

LET P®=SQR( @)
1836 RETURN
1840 | F J8=0 THEN RETURN: REM no paraneter display

1640 IF 16=N-15 THEN 1728: REM check if no unchanged paraneters 1844 |F 19<J7*J8 THEN RETURN: REM check if to be printed

1644 LET |9=19+1 . 1848 LET J7=INT(19/J8)+1: REMincrement paraneter display control

1648 GOSUB 2000: REM eval uate function 1852 PRI NT “par anet er s";

1652 I F 13=1 THEN 1660: REM check if function conputable 1856 PRI NT #3, " par aneters":

1656 | F F<FO+T2*S8*E8 THEN 1676: REM acceptabl e poi nt 1860 FOR J=1 TO N '

1660 LET S1=.2*S8: REMreduce stepsize 1864 LET QB=""

1664 PRINT "*".: REM synbol * means stepsize is being reduced 1868 | F B(J)-Q(J, 1) <=E9* (ABS( O(J, 1)) +E9) THEN LET Q§="L": REM | ower bd
1668 PRI NT #3, ;¢ REM synbol means stepsize is being reduced 1872 | F O(J, 2) - B(J) <=E9* (ABS( O(J, 2) ) +E9) THEN LET Q$="U': REM upper bd
1672 GOTO 1560 . 1876 |F Q(J, 3)=0 THEN LET Q="M : REM nasked

1676 LET FO=F. REM save new | owest value -- end |line search 1880 PRINT * ":B(J); G;

1680 FOR J=1 TO N: REMi npose bounds if necessary 1884 PRINT #3," ":B(J): Cb;

1684 I F (J, 3)<=0 THEN 1720: REM masked or al ready constrai ned 1888 | F 5*| I\I'I"(J/ 5)<>J THEN 1908

1688 1 F (B(J)-0Q(J, 1)) <=E9* (ABS( O(J, 1)) +1) THEN LET Q(J,3)=-2 1892 PRI NT

1692 IF (B(J)-Q(J, 2))>=E9* ( ABS(O(J, 2)) +1) THEN LET O(J,3)=-1 1896 PRI NT "

1696 REMthe tolerance in this test may be too snmall 1900 PRI NT #3

1700 I F Q(J,3)=1 THEN 1720: REM still free 1904 PRI NT #3. " .

1704 IF (J,3)=-1 THEN PRI NT "upper "; ELSE PRINT "lower ";: REM!! ' '
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1908
1912
1916
1920

NEXT J
PRI NT
PRI NT #3,
RETURN

Li ne no
1108
1168
1172
1180
1268
1348
1380
1432
1476
1496
1524
1532
1560
1592
1600
1604
1636
1660
1676
1720
1728
1736
1760
1772
1816
1824
1840
1908
2000
2500
7120

Synbol
A(

A2
B(

B2
D1
D2
D8

E(

Listing 9-1-1 The Truncated Newt on Code

Ref erenced in line(s)
1100

1152

1260 1528

1728

1256

1328 1332

1364 1368

1404

1452

1352 1436 1484

1552

1512

1672

1576

1588

1568 1572 1584 1596
1616 1624

1652

1656

1684 1700

1640

1724

1264 1524 1732

1208

1788 1796

1792 1812

1228

1888

1148 1648 -- subroutine to calculate the loss function
1384 1776 -- subroutine to cal culate the gradient
1108 -- conputing environment subroutine

Ref erenced in line(s)

40 1360 1376 1408 1412 1428 1456 1468
-- derivative (Hessian) approxi mation
1440 1464 1468 -- residual update paraneter in cg step
1196 1240 1344 1372 1420 1620 1624 1628 1688
1692 1868 1872 1880 1884 -- the paraneter vector
1296 1300 1308 -- cg update paraneter
1392 1424 1456 -- used to update preconditioning
1396 1428 1436 1440 1456 1512 -- as for D1
1320 1344 1352 1372 1412 -- stepsize in Hessian
approxi mation within cg step

40 1192 1456 1460 1740 -- preconditioning scaling
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factors

E3 1268 1272 1484 -- linear cg convergence tol erance

E5 1128 1320 1624 -- a value used for scal ed conpari sons
(= 10)

E7 1112 1136 1140 1320 1352 -- epsilon for tests

E8 1116 1136 1140 1656 -- acceptable point test tol erance

E9 1112 1128 1552 1688 1692 1868 1872 -- the mmchine
preci sion

F 1168 1656 1676 -- the |oss function val ue

FO 1168 1172 1176 1180 1212 1216 1656 1676 1760
1764 -- the |owest value found for the | oss function

(e} 40 1248 1376 1412 1416 1544 1796 1816 1824
-- the gradient

€] 1220 1224 1256 1272 1480 1760 1764 1780 1824
1832 -- the gradient norm

H( 40 1188 1288 1308 1740 -- preconditioning

11 1204 1212 1216 1260 1268 1524 1728 1748 -- mmin
| oop counter

I3 1152 1652 -- flag for function not conputable

|4 1132 1136 1140 1276 1504 1508 -- nunber of cg
iterations in inner |oop

15 1640 -- the nunber of masked paraneters

|1 6 1608 1632 1640 -- a counter for the nunber of
paraneters whi ch are unchanged in a step

17 1276 1300 1492 1496 1500 1504 1508 -- conjugate
gradi ents | oop counter

18 1212 1216 1388 1772 -- counter for gradient
eval uati ons perforned

19 1144 1212 1216 1644 1844 1848 -- counter for
function eval uations perfornmed

J 1184 1188 1192 1196 1200 1232 1236 1240 1244
1248 1252 1284 1288 1292 1304 1308 1312 1324
1328 1332 1340 1344 1348 1356 1360 1364 1368
1372 1376 1380 1400 1404 1408 1412 1416 1420
1424 1428 1432 1448 1452 1456 1460 1464 1468
1472 1476 1536 1540 1544 1548 1564 1568 1572
1576 1580 1592 1604 1612 1616 1620 1624 1628
1636 1680 1684 1688 1692 1700 1704 1708 1712
1716 1720 1736 1740 1744 1784 1788 1792 1796
1800 1804 1808 1816 1824 1828 1860 1868 1872
1876 1880 1884 1888 1908 -- a |loop control counter

J7 1124 1844 1848 -- paraneter display control index

J8 1120 1840 1844 1848 -- paraneters are displayed
every J8 function evaluations (no display if J8=0)

K2 1336 1340 1344 -- pointer to upper or |ower bound

M 1100 1104 1136 1140 1204 -- iteration limt

N 1104 1128 1132 1184 1232 1284 1304 1324 1356
1400 1448 1536 1564 1612 1640 1680 1736 1784
1860 -- nunber of paranmeters in |loss function

(o 1328 1344 1364 1404 1452 1540 1568 1580 1592

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



174

Listing 9-1-1 The Truncated Newton Code

1616 1684 1688 1692 1700 1704 1708 1788 1792
1796 1800 1868 1872 1876 -- bounds and nasks
informati on storage

9-2.

(03] 1864 1868 1872 1876 1880 1884 -- used to hold
display information regardi ng masks and active bounds

R( 40 1248 1288 1308 1424 1456 1468 1472

R1 1300 1488

R2 1280 1288 1300 1440 1488

R9 1444 1472 1480 1484 -- residual norm

S1 1556 1560 1660 -- the stepsize

S7 1580 1584 1592 1596 1600 -- distance to bound

S8 1560 1584 1596 1600 1620 1656 1660 -- maxi mum
stepsize all owed by bounds

T( 40 1236 1464 1540 1544 1572 1576 1580 1592
1620 -- the search direction

T2 1532 1544 1552 1656 -- projection of gradient on search
direction

T8 1408 1416 -- tenporary storage for gradi ent

T9 1128 1136 1140 1180 1256 -- gradient normtol erance

W 40 1244 1308 1332 1340 1344 1368 1372 1424
1428 1464 -- step direction in linear cg iteration

X( 1196 1240 1372 1420 1580 1592 1620 1624 1628 --
storage for the "best" paraneters found so far

LI NES: 233 BYTES: 8988 SYMBOLS: 78 REFERENCES: 423

Fol | owi

Use of the Truncated Newton Met hod

ng our established pattern, we first illustrate TN
An edited consol e

using the Hobbs weed infestation problem
output is presented in Listing 9-2-1. Once again, it should
be noted that different BASIC interpreters may give slightly
different results, due to the nonlinearity of this problem
(see Chapter 12).

Listing 9-2-2 shows the result of applying TN to the
Brown Al npst Linear Function (BALF) test problem This
output froma conpiled program has been heavily edited to
save space

Table 9-2-1 illustrates the eventual quadratic
convergence of the TN approach on the generalized Rosenbrock
probl em GENRCSE (see Chapter 18)
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For conparison with the perfornance of CG we note that
TN applied to the CAL4 test function finds a mnimum function
val ue of .1548055 after 511 seconds, 124 gradient and 31
function evaluations (interpreted BASIC on the Maestro PC
clone). This conpares to 200 seconds, 35 gradi ent and 85
function evaluations to the sane cal cul ated function m ni mum
with CG Paranmeters agree to four significant (decimal)
digits.

Listing 9-2-1. Solution of the Hobbs problem using the
truncated Newton nethod in interpreted BASIC

DRI VER - - GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128

21:34:22 06-17- 1986
HOBBS 3- PARAMETER LOG STI C FUNCTI ON SETUP - 851017
FUNCTI ON FORM = 100* B( 1) / ( 1+10* B(2) * EXP(- 0. 1*B(3)*1))

HOBBS. RES 3 paraneter |ogistic fit
bounds on paraneters for problem
0 <= b( 1) <= 100
b( 2) <= 100
0 <= b(3) <= 30
NI TI AL VALUES FOR PARAMETERS ( [cr] = Y)
2
5

B( 3 3
are nmasks or bounds to be set or altered ([cr] = no)
TN - TRUNCATED NEWION W TH BOUNDS CONSTRAI NTS -- 860101
strategy - nb,e7,e8,t9,i4 18 3.45267E-04
I NI TI AL OR RESTART FUNCTI ON VALUE = 158.2325

CYCLE1 CGRADIENTS 1 FNS 1 FN = 158.2325 G NCRM =
par aneters 2 5 3

1 CONJUGATE CGRADI ENT STEPS

CYCLE 2 GRADIENTS 3 FENS 2 FN = 71.54031 G NORM =
par aneters 2.01948 4.994733 3. 026811

1 CONJUGATE GRADI ENT STEPS

CYCLE 3 GRADIENTS 5 FNS 3 FN =
par anet ers 2.021125 4.967728

2.780728 G NORM =
3.105334

3 CONJUGATE CRADI ENT STEPS
N CYCLE 4 GRADIENTS 25 FNS 9 FN = 2.598165 G NORM=
paraneters 1.984252 4.93296 3. 123025

2 CONJUGATE GRADI ENT STEPS

CYCLE 5 GRADI ENTS 28 FNS 10 FN = 2.598144 G NORM=
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paraneters 1.984239 4.932903
3 CONJUGATE GRADI ENT STEPS
A* CYCLE 6 GRADIENTS 31 FNS 12 FN = 2.593379 G NORM = 4.156822
par anet ers 1.978018 4.924927 3.126092
1 CONJUGATE GRADI ENT STEPS
UT AU =0 INITIAL OR RESTART FUNCTI ON VALUE = 2.593379
CYCLE 1 GRADIENTS 33 FNS 12 FN = 2.593379 G NORM = 4.156822
1 CONJUGATE GRADI ENT STEPS
CYCLE 2 CRADIENTS 35 FNS 13 FN = 2.593081 G NCRM = . 6255055
par anet ers 1.978077 4.924908 3.1262
3 CONJUGATE GRADI ENT STEPS
N CYCLE 3 GRADIENTS 38 FNS 14 FN = 2.589023 G NORM = 2.052562
par anet ers 1. 970245 4.920717 3.131377

3.123049

1 CONJUGATE GRADI ENT STEPS
* CYCLE4 GRADIENTS 55 FNS 22 FN = 2.587437 G NORM= .9388936
paraneters 1.964402 4.912879 3.134416
1 CONJUGATE GRADI ENT STEPS
**%* CYCLE 1 CRADIENTS 57 FNS 26 FN = 2.587437 G NORM = . 9388936
par aneters 1.964402 4.912879 3.134416
1 CONJUGATE GRADI ENT STEPS
***EXI TI NG W TH FUNCTI ON VALUE = 2.587437 GRADI ENT NORM = . 9388936
ELAPSED SECS= 174 AFTER 58 GCRAD & 29 FN EVAL
CALCULATED FUNCTION M NI MUM = 2. 587437
PARAMETER ESTI MATES

B( 1) = 1.964402
B( 2 ) = 4.912879
B( 3) = 3.134416

Listing 9-2-2. Application of TNto the Brow Al nost Linear
Function (BALF) test problem

DRI VER -- GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128
22:47:22 08-01- 1986

BALF. RES BROWN ALMOST LI NEAR FUNCTI ON 860705

ORDER (N) 10

ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] =Y ) n
are masks or bounds to be set or altered ([cr] = no)
TN - TRUNCATED NEWION W TH BOUNDS CONSTRAI NTS -- 860101
strategy - nD,e7,e8,t9,i4 60 3.45267E-04 .0001 1.192093E-05 6
INI TIAL OR RESTART FUNCTI ON VALUE = 273.2481
CYCLE 1 GRADIENTS 1 FNS 1 FN = 273.2481 G NORM = 344.5425
1 CONJUGATE GRADI ENT STEPS
CYCLE 2 GRADIENTS 3 FNS 2 FN = 8.547947E-03 G NORM = 2.016328
1 CONJUGATE GRADI ENT STEPS
CYCLE 3 CRADIENTS 5 FNS 3 FN = 3.118196E-05 G NORM =
4.595544E- 03
2 CONJUGATE GRADI ENT STEPS
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* CYCLE 4 CRADIENTS 8 FNS 5 FN = 3.114266E-05 G NORM = .0017116
I'NI TI AL OR RESTART FUNCTI ON VALUE = 3.114266E-05
CYCLE1 CRADIENTS 9 FNS 5 FN = 3.114266E-05 G- NORM = .0017116

EXLTAPSEY SHASINGT! i “adan 1429 65RO ARAD ENT NORM = . 0017116

CALCULATED FUNCTION M NI MUM = 3. 114266E- 05

anot her set of starting parameters ( [cr] N) vy

ENTER I NI TI AL VALUES FOR PARAMETERS ( [cr] =Y ) n

are masks or bounds to be set or altered ([cr] = no)

TN - TRUNCATED NEWION W TH BOUNDS CONSTRAI NTS -- 860101

strategy - nb,e7,e8,t9,i4 60 3.45267E-04 .0001 1.192093E-05 6
I NI TIAL OR RESTART FUNCTI ON VALUE = 3.114266E-05

CYCLE1 GRADIENTS 1 FNS 1 FN = 3.114266E-05 G NORM = .0017116

EXI TING W TH FUNCTI ON VALUE = 2. 735857E- 07 GRADI ENT NORM =
1.161126E- 04
ELAPSED SECS= 20 AFTER 26 GRAD & 6 FN EVAL
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Tabl e 9-2-1.

CYCLE GRADS
1
15

OCoO~NOURAWNE
IS
N

180
184
190
195
209
214
215

'POONOUIDRWNE

=i/26.

VALUE

131.
111.
107.
96.
. 4187

. 68446

. 80776

. 4247

. 40703

. 05738

. 80037

. 31548

. 20983

. 72276

. 96716

. 87117

. 94146

. 31014
. 286

. 2531

. 0879

. 0879

. 83736

. 0301

. 5215

. 319121

3281
9527
0254
67805

1. 085504

. 006397
. 000684
. 000124
. 000124

107.

102.
98
71.
71.
20
19.

Table 9-2-1 TN on the GENROSE test function

M ni mi zati on of the GENROSE test function in

25 paraneters using the truncated Newton nmethod. A nonlinear
scaling factor QL=10 was used in the function.
paraneters were B(i)

GNORM

71

44.
64.
48
48
64.
120.
266.
51.
11.
1

. 14738
8159
103
60008
68604
15248
04004
91689
. 420466
. 92196
. 051223
. 67333
. 93863
. 4816

. 01245
. 81849
. 13652
. 39637
29461
40255
19069
19069
65436
216
6809
46633
18026
475724
. 9737218
. 1823202
. 1823202

The starting

10

THE VARI ABLE METRI C METHCD

10-0. Overview -- Variable Metric

The nane and original algorithmin this famly were suggested
by Davi don (1959). However, the inplenmentation of Fletcher
and Powel | (1963), often known as FLEPOM N, clearly
establ i shed the power of the approach.

The essential idea in this class of algorithm which is
known al so as the quasi-Newton nethod, is to build up an

approximation to the Hessian matrix H, or its inverse, using
only gradient and function value information gl eaned from
each stage of the minim zation process. This leads to an
iteration of the follow ng type:

1. Gven an initial approxinate Hessian H, and an
initial set of parameters X, conpute the gradient g(X),
and find a search direction t by solving
(10-0-1) H t =-a(X
(If H = H this is Newton's nethod.)

2) Using sone criteria for an "acceptabl e" new set of
paranmeters B, where
(10-0-2) B = X + stepsize * t,
choose a stepsize. Various "acceptable point" or
one-di nensional minimzation (linear search) methods may be
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used

3) Using the gradient at B, that is g(B), update the
approxi mation to the Hessian or its inverse.

The differences between different nenbers of the
variable nmetric / quasi-Newton fanmily of methods lie in the
diversity of possibilities for

- the initial Hessian approxi mation (or equivalently the
initial search direction);

- the linear search strategy

- the Hessian update fornula

- the choice of the Hessian or its inverse (or sone
matri x deconposition of either) as the object to
updat e;

- related to the previous point, the manner in which
Equation (10-0-1) is solved for the search direction
t

- the particular conbination of the above.

Here we shall consider an inplenmentation of a variable
metric nmethod which has used the foll ow ng choices.

- The inverse Hessian approxi mati on i s used

- The initial inverse Hessian is set to the unit natrix,
so that the initial search direction is the steepest
descent direction (the negative gradient). This
initialization is repeated if the update cannot be
performed or the linear search fails

- The inverse Hessian is updated by using a formula due
to four workers in the field, the Broyden-Fletcher-
Gol df ar b- Shanno or BFGS update formula (G I, Mirray
and Wight, 1981, page 119). Sonme workers believe
that the nunerical stability of this update can
conproni se the method (G 11 et al., 1981, page 122).

10-0 Overview -- Variable Metric 181

Whi le noting the existence of better variants of the
variabl e nmetric (quasi-Newt on) approach than the one
presented, we are reasonably satisfied that our code
of fers a reasonabl e balance of reliability and
efficiency for a wide range of paraneter estimation
probl ens.

- The linear search is performed by exam ning the points
generated by the stepsizes

(10-0-3)  stepsize = 0.2% | k=0,1,2. ...

in sequence until a point Bis found where the
function val ue

(10-0-4)  f(B) < f(X) + 0.001 * stepsize * g(X 't
Note that the inner product between the gradient g and and
the search direction t should be negative to ensure a
"downhill" search. Thus, the new point is only "acceptable"
if it is lower than the current iterate by some finite
amount. The tol erance 0.001 is chosen to ensure sone
progress is made in reducing the function. These choices
arose in discussions between one of the authors (JCN) and
Dr. Roger Fletcher of Dundee University. They are based on
Fl etcher's (1970) work and presented in nore detail in Nash
(1979, chapter 15).

The main strengths of the variable netric nethod as
i mpl emented here, are the follow ng

1. It shares with Newton's nethod quadratic convergence
to the mninumonce "sufficiently close". That is, once in
the region of the (local) mnimmof a function, so that X
is distance d<1 fromthe mnimum we find the sequence of
iterates which followto be d?, d* d® ... fromthe
mnimum This property is very advantageous when we can
provi de reasonable initial guesses for the paraneters

2. The particular inplenentati on presented uses very
little working storage -- only one array n by n for the

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com
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inverse Hessian, and 5 vectors of length n (paranmeters B and
X, gradient g, search directiont, and "old" gradient C.

3. The nethod inplemented al so has a very short program
code.

Weaknesses of this method are few It may, with badly
scal ed functions or those with constraints, be unable to find
an acceptabl e point satisfying (10-0-3), so the nethod may
termnate at a point which is not a |ocal mninumof the
function. Wth such functions a nore comon behaviour is
very slow progress towards the minimum since quadratic
convergence is only observed "near" a mninmm Functions
whi ch have a Hessian matrix which is singular at the mninum
may al so prove difficult to mininze. These correspond, for
exanpl e, to parameter estimation problens where a |inear
conbi nati on of two or nobre paraneters can be estinmated, but
the individual parameters nay take on arbitrary sets of
val ues satisfying the linear conbination. Exanples are
presented in Section 14-3.

10-1. Variable Metric Source-code

Li sting 10-1-1 presents the source-code VM BAS. As in CG and
TN we have used the convention that an asterisk (*) is

di spl ayed when the line search step length is reduced. O her
output is largely self-explanatory, though a brief note about
the gradient projection normis in order. WMdisplays the

i nner product between the current gradient g and the current
search direction t as the GRADI ENT PROJECTI ON NORM CG

di spl ays the inner product of g with itself, while TN

di spl ays the square root of this quantity. For steepest
descent steps, wheret = - g, VM and CG should therefore
give the same value for the nmeasure of the gradient size,
while TN will give the square root of this val ue.

10-1

Variabl e Metric Source-code 183

Listing 10-1-1. The Variable Metric Code.

VM BAS 06- 15-1986  09:43:44

40 DIM G(25), T(25), O(25), H( 25, 25): REM VM DI Ms
44 DIM A(25,25): REM POSTVM DI M to save Hessian

1000
1004
1008
1012
1016
1020
1024
1028
1032
1036
1040
1044
1048
1052
1056
1060
1064
1068
1072
1076
1080
1084
1088
1092
1096
1100
1104
1108
1112
1116
1120
1124
1128
1132
1136
1140
1144
1148
1152
1156
1160

PRI NT "VM -- VARIABLE METRI C W TH BOUNDS CONSTRAI NTS -- 851118"
PRI NT #3,"VM -- VARI ABLE METRI C W TH BOUNDS CONSTRAI NTS -- 851118"
REM CALLS:

REM FUNCTION F(B) -- line 2000

REM GRADI ENT G(B) -- line 2500

REM ENVRON (conputing environnent) -- |line 7120

REM

REM | NPUTS TO THE ROUTI NE:

REM B() -- a vector of initial parameter estinmates

REM N -- the nunber of paraneters in the function F(B)
REM Q , ) -- masks and bounds

REM I5 -- the nunber of masked paraneters. Must be zero if
REM masks are not used.

REM OUTPUT FROM THE ROUTI NE:

REM X() -- a vector of final paraneter estinates for the
REM val ues of the paranmeters which minimze the function.
REM FO -- value of the function at the m ninmm

REM Q&) -- value of the gradient at the m ninum

REM A() -- value of the Hessian at the mininum

(
REM 18 -- the nunber of gradient eval uations
REM 19 -- the nunber of function eval uations
REM
GOSUB 7120: REM conputing environnent
REM DIM B(N), X(N), & N), T(N), H(N, N, C(N) needed, A(N,N) in PCSTVM
LET J8=1: REM no of fn eval before paraneter display
LET J7=1: REM counter for paraneter display
GOSUB 1648: REM function in F
IF 13=0 THEN 1124
PRI NT " FUNCTI ON NOT COVMPUTABLE AT | NI TIAL PO NT"
PRI NT #3, " FUNCTI ON NOT COVPUTABLE AT I N TI AL PO NT"
STOP
LET 18=18+1: REM count gradient eval uation
LET 17=18: REM records |ast gradi ent=steepest descent count
GOSUB 2500: REM gradient in G
LET FO=F: REM save | owest val ue so far
FOR 1=1 TON
FOR J=1 TO N
IF 18>7 THEN LET A(l,J)=H(1,J): REM save di spersion information
LET H(1,J)=0
NEXT J
LET H(I,1)=1: REMinitialize Hessian inverse to unit matrix
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1164 NEXT | 1356 LET S7=(Q(J,2)-X(J))/T(J): REM distance to upper bd.

1168 LET 17=18: REM save itn count at |ast steepest desc. dirn. 1360 | F S8<=S7 THEN 1368: REM al ready smaller step in effect (<= not <)
1172 LET 13=0: REM ensure "non-conputabl e function" flag not set 1364 LET S8=S7

1176 PRINT I8;" GRADIENTS, ";19;" FNS, LOSS FN="; FO0 1368 NEXT J

1180 PRI NT #3,18;" GRADI ENTS, ":19;" FNS, LC8S FN=": FO 1372 LET 16=0: REM counter for paranmeters unchanged in step
1184 GOSUB 1664: REM di splay paraneters 1376 FOR J=1 TO N

1188 REM top of iteration 1380 I F O(J, 3)=0 THEN 1400: REM nask check (count as unchanged)
1192 FOR I=1 TO N 1384 LET B(J)=X(J) +S8*T(J)

1196 LET X(1)=B(l): REM save "best" paraneters 1388 | F E5+X(J) <>E5+B(J) THEN 1400

1200 LET C(1)=G(1): REM save | ast gradi ent 1392 LET 16=16+1

1204 NEXT | 1396 LET B(J)=X(J): REMto avoid "drift"

1208 FOR J=1 TO N. REM adj ust gradient for constraints 1400 NEXT J. REM end of step

1212 IF (J, 3)=0 THEN 1240: REM nasked 1404 I F I 6<N-15 THEN 1432: REM check if no unchanged paraneters
1216 IF Q(J,3)=1 THEN 1244: REM free 1408 I F 18=I7 THEN 1644: REM done if already steepest descent
1220 IF (O(J,3)+1.5)*@ J)<0 THEN 1240: REM L. M non-negative 1412 PRINT "Steepest Descent ";

1224 LET (J, 3)=1: REMfree paraneter 1416 PRINT #3, " St eepest Descent ";

1228 PRI NT "freeing paranmeter ";J 1420 GOTO 1140

1232 PRINT #3,"freeing parameter ";J 1424 REM note that this convergence test is sufficient if bounded
1236 GOTO 1244 1428 REM constraints are rel eased at start of each iteration
1240 LET G(J)=0: REM active constraint 1432 GOSUB 1648: REM eval uate function

1244 NEXT J 1436 | F | 3=1 THEN 1444: REM check if function conputable

1248 REMform H* G and GI' * H* G 1440 | F F<FO-D1*S8*. 0001 THEN 1460: REM accept abl e poi nt

1252 LET (8=0: REM gradient tinmes step 1444 LET Sl1=.2*S8: REMreduce stepsize

1256 FOR 1=1 TO N 1448 PRINT "*";: REM synbol * neans stepsize is being reduced
1260 LET S9=0: REM accumul ator for H* G row I 1452 PRINT #3,"*";

1264 FOR J=1 TO N 1456 GOTO 1324

1268 LET S9=S9-H(1,J)*G(J): REM note negative sign 1460 LET FO=F. REM save new | owest val ue

1272 NEXT J 1464 FOR J=1 TO N: REM check bounds

1276 LET T(1)=S9: REMso that T() solves Newt on egns. 1468 | F O(J, 3) <=0 THEN 1520: REM nasked or constrai ned paraneter
1280 IF Q(1,3)=1 THEN 1288 1472 | F (B(J)-0O(J,1))>E9*( ABS(Q(J, 1)) +1) THEN 1492: REMcheck | ower bound
1284 LET T(1)=0: REM constraint forces search conponent to zero 1476 PRINT "l ower ";

1288 LET G8=G8+T(1)*GQ(1): REM gradi ent projection on search direction 1480 PRINT #3,"| ower ";

1292 NEXT | 1484 LET Q(J, 3)=-2: REM | ower bound active

1293 IF 18=17 THEN PRINT " GRADI ENT PROJECTI ON NORME"; -G8 1488 GOTO 1512

1294 | F 18=17 THEN PRINT #3," GRADI ENT PRQJECTI ON NORME"; - GB 1492 | F ((J, 2)-B(J)) <=E9*(ABS( ((J, 2)) +1) THEN 1500: REMcheck upper bound
1296 I F G8<0 THEN 1316 1496 GOTO 1520: REM no constrai nt

1300 PRI NT "UPHI LL SEARCH DI RECTI ON' 1500 LET (J, 3)=-1: REM upper bound active

1304 PRI NT #3, "UPHI LL SEARCH DI RECTI ON' 1504 PRI NT "upper ";

1308 IF 17=18 THEN 1644: REMif dirn. is sd, can't continue 1508 PRINT #3, "upper *;

1312 GOTO 1140: REM otherwi se reset to steepest descent (SD) 1512 PRINT "bound activated on paraneter ";J

1316 LET D1=-&8 1516 PRI NT #3, "bound activated on paraneter ";J

1320 LET S1=1: REM step reduction |ine search 1520 NEXT J

1324 LET S8=S1: REM find max-step and check new constraint 1524 LET |18=18+1: REMprepare update -- get new gradient

1328 FOR J=1 TO N 1528 GOSUB 2500

1332 IF (J, 3)<=0 THEN 1368: REM masked or active constraint 1532 LET 13=0: REM & reset flag to indicate update failure

1336 | F T(J)=0 THEN 1368: REM no sense in checking 1536 LET D1=0: REM BFGS update of inverse Hessian approxi mation
1340 IF T(J)>0 THEN 1356: REM check upper bound 1540 LET D2=0

1344 LET S7=(Q(J,1)-X(J))/T(J): REM distance to |ower bd. 1544 FOR I=1 TO N

1348 | F S7>S8 THEN 1368: REM snmller step in effect 1548 LET T(1)=T(1)*S8

1352 GOTO 1364 1552 LET C(1)=G1)-C(1): REM change in gradient
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1553 IF Q(1,3)=0 THEN LET C(1)=0: REM FOR MASK Li ne no. Ref erenced in line(s)

1556 LET D1=D1+T(1)*C(I) 1124 1108

1560 NEXT | 1140 1312 1420 1640

1564 FOR I=1 TO N 1176 1624

1568 LET S9=0 1240 1212 1220

1572 FOR J=1 TO N 1244 1216 1236

1576 LET S9=S9+H( 1, J)*C(J) 1288 1280

1580 NEXT J 1316 1296

1584 LET X(1)=S9 1324 1456

1588 LET D2=D2+S9*C(I) 1356 1340

1592 NEXT | 1364 1352

1596 | F D1<=0 THEN 1628: REM test of positive definite-ness of H 1368 1332 1336 1348 1360

1600 LET D2=1+D2/ D1 1400 1380 1388

1604 FOR 1=1 TO N 1432 1404

1608 FOR J=1 TO N 1444 1436

1612 LET H(I,J)=H(1,3)- (T(1)*X(J)+X(1)*T(JI)-D2*T(1)*T(J))/ D1 1460 1440

1616 NEXT J: REM above is mmin update equation 1492 1472

1620 NEXT | 1500 1492

1624 GOTO 1176 1512 1488

1628 PRI NT " UPDATE NOT POSSI BLE" 1520 1468 1496

1632 PRI NT #3, " UPDATE NOT POSSI BLE" 1628 1596

1636 LET 13=1: REM & 1644 1308 1408

1640 GOTO 1140: REMreturn to try steepest descent 1648 1104 1432

1644 RETURN REM end of routine 1664 1184

1648 LET 13=0: REM I oss function evaluation -- reset flag 1732 1712

1652 GOSUB 2000: REM user function subroutine 2000 1652 -- subroutine to calculate the |oss function
1656 LET 19=19+1 2500 1132 1528 -- subroutine to cal cul ate the gradient
1660 RETURN 7120 1088 -- conputing environnent subroutine

1664 | F J8=0 THEN RETURN: REM no paraneter display

1668 I F 19<J7*J8 THEN RETURN: REM check if to be printed Synhbol Ref erenced in line(s)

1672 LET J7=INT(19/J8)+1: REM i ncrenent paraneter display control A 44 1148 -- value of the Hessian at the mininum
1676 PRI NT "paraneters”; B( 1196 1384 1388 1396 1472 1492 1692 1696 1704
1680 PRI NT #3, "paraneters"; 1708 -- the paraneter vector

1684 FOR J=1 TO N ( 40 1200 1552 1553 1556 1576 1588 -- change in
1688 LET ="" gr adi ent

1692 I F B(J)-O(J, 1) <=E9* (ABS(O(J, 1)) +E9) THEN LET Q$="L": REM | ower bd D1 1316 1440 1536 1556 1596 1600 1612

1696 | F Q(J, 2)-B(J) <=E9* (ABS(Q(J, 2) ) +E9) THEN LET ="U': REM upper bd D2 1540 1588 1600 1612

1700 IF Q(J,3)=0 THEN LET ®="M': REM masked E5 1388 -- a value used for scal ed conparisons (= 10)
1704 PRINT " ";B(J); (B; E9 1472 1492 1692 1696 -- the machine precision

1708 PRI NT #3," ";B(J); ; F 1136 1440 1460 -- the loss function val ue

1712 | F 5*INT(J/5)<>J THEN 1732 FO 1136 1176 1180 1440 1460 -- the |owest value found
1716 PRI NT for the | oss function

1720 PRINT " " g 40 1200 1220 1240 1268 1288 1552 -- the gradient
1724 PRI NT #3, G8 1252 1288 1293 1294 1296 1316 -- gradient

1728 PRI NT #3," " projection on search direction

1732 NEXT J H( 40 1148 1152 1160 1268 1576 1612 -- Hessian
1736 PRI NT inverse matrix

1740 PRI NT #3, | 1140 1148 1152 1160 1164 1192 1196 1200 1204
1744 RETURN 1256 1268 1276 1280 1284 1288 1292 1544 1548

1552 1553 1556 1560 1564 1576 1584 1588 1592
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Listing 10-1-1 The Variable Metric Code

1604 1612 1620 -- a loop control counter

13 1108 1172 1436 1532 1636 1648 -- flag for function
not conput abl e

15 1404 -- the number of masked paraneters

16 1372 1392 1404 -- a counter for the nunber of
paraneters which are unchanged in a step

17 1128 1148 1168 1293 1294 1308 1408 -- gradient
iterationn count at |ast steepest descent direction

18 1124 1128 1148 1168 1176 1180 1293 1294 1308
1408 1524 -- counter for gradient eval uati ons performed

19 1176 1180 1656 1668 1672 -- counter for function
eval uati ons perforned

J 1144 1148 1152 1156 1208 1212 1216 1220 1224
1228 1232 1240 1244 1264 1268 1272 1328 1332
1336 1340 1344 1356 1368 1376 1380 1384 1388
1396 1400 1464 1468 1472 1484 1492 1500 1512
1516 1520 1572 1576 1580 1608 1612 1616 1684

1692 1696 1700 1704 1708 1712 1732 -- a loop contro
count er

J7 1100 1668 1672 -- paraneter display control index

J8 1096 1664 1668 1672 -- paraneters are displ ayed
every J8 function evaluations (no display if J8=0)

N 1140 1144 1192 1208 1256 1264 1328 1376 1404
1464 1544 1564 1572 1604 1608 1684 -- nunber of
paranmeters in |loss function

q 1212 1216 1220 1224 1280 1332 1344 1356 1380
1468 1472 1484 1492 1500 1553 1692 1696 1700
-- bounds and nasks informati on storage

(0:3 1688 1692 1696 1700 1704 1708 -- used to hold
di splay information regardi ng masks and acti ve bounds

S1 1320 1324 1444 -- the stepsize

S7 1344 1348 1356 1360 1364 -- distance to bound

S8 1324 1348 1360 1364 1384 1440 1444 1548 -- meximum
stepsize all owed by bounds

S9 1260 1268 1276 1568 1576 1584 1588 -- accunul ator
for H* Grow I

T( 40 1276 1284 1288 1336 1340 1344 1356 1384
1548 1556 1612 -- the search direction

X( 1196 1344 1356 1384 1388 1396 1584 1612 -- storage
for the "best" paraneters found so far

LI NES: 193 BYTES: 7221 SYMBOLS: 58 REFERENCES: 307
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10-2. Use of the Variable Metric Method

Once again, we first illustrate the VM code on the Hobbs weed
infestation problem where it perforns respectably. The
edited output is presented in Listing 10-2-1

For a second exanple, we choose to illustrate how bounds
constraints may affect how the minimzation proceeds. For
this purpose, we apply VMto the Hock and Schittkowski (1981)
probl em nunber 25. This is listed as the Gulf Research and
Devel opnent probl em by Mré, Garbow and Hillstrom (1981),
whi ch has a minor typographical error in the residua
expression. Listing 10-2-2 presents an edited output. Note
that the bounds constraints only once becone active during
the minimzation process. In this exanple we use the Mré et
al . starting point, since we have found the suggested
starting point of Hock and Schittkowski to be such that our
met hods have great difficulty in making progress to mnimze
the function (the residuals are extrenely large, and we
suspect sone overflow underfl ow probl ens)

Listing 10-2-1. Mnini zation of Hobbs problem using variable
netric.

DRI VER -- GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128

20: 23: 57 06- 24- 1986
HOBBS 3- PARAMETER LOG STI C FUNCTI ON SETUP - 851017
FUNCTI ON FORM = 100*B( 1)/ (1+10*B(2) *EXP(- 0. 1*B(3)*1))

HOBBS. RES 3 paraneter |ogistic fit

bounds on paraneters for problem

0 <= Db( 1) <= 100

0 <= Db(2) <= 100

0 <= Db(3) <= 30

NI TI AL VALUES FOR PARAMETERS ( [cr] = Y)

ENTER |

B( 1)=2

B( 2)=5

B( 3 )=3

are nmasks or bounds to be set or altered ([cr] = no)

VM -- VARI ABLE METRI C W TH BOUNDS CONSTRAI NTS -- 851118
1 GRADIENTS, 1 FNS, LOSS FN= 158. 2325
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190 Li sting 10-2-1 VM on Hobbs Listing 10-2-2 VM on test problem HS25. 191

par anet ers 2 5 3 B( 2 )=2.5
GRADI ENT PRQIECTI ON NORME= 9448660 B( 3 )= .15
**x%% 2 GRADIENTS, 6 FNS, LOSS FN= 39. 92594 are masks or bounds to be set or altered ([cr] = no)
par anet ers 2. 029586 4.992 3. 040722 VM -- VARI ABLE METRI C W TH BOUNDS CONSTRAI NTS -- 851118
** 3 GRADIENTS, 9 FNS, LOSS FN= 39. 78583 1 GRADIENTS, 1 FNS, LOSS FN= 12.1107
par aneters 1.948403 4.982576 3.099941 paraneters 5 2.5 .15
* 4 @RADIENTS, 11 FNS, LOSS FN= 29.61903 GRADI ENT PRQIECTI ON NORM= 1578. 6
par anet er s 1.985641 4.654778 3.113797 ** 2 GRADIENTS, 4 FNS, LGCBS FN= 6.719496
**x 5  GRADIENTS, 15 FNS, LOSS FN= 28. 32154 par anet er s 4.989791 2. 499831 . 344
par anmet er s 1. 992316 4.75184 3.128635 3 CGRADIENTS, 5 FNS, LOSS FN= 6.647151
Lo paraneters 5. 214464 2.541513 . 4037432

4 CRADIENTS, 6 FNS, LOSS FN= 6.540985
17 GRADI ENTS, 27 FNS, LCBS FN= 2.587278

par anet er s 1.961862 4.909164 3.135698 10 QRADIENTS, 13 FNS, LCBS FN= 4. 286698
*St eepest Descent 17 GRADIENTS, 28 FNS, LOSS FN= 2.587278 paraneters 20. 74522 10.04146 . 8618659
par anet ers 1.961862 4.909164 3.135698 upper bound activated on paraneter 2
GRADI ENT PRQJECTI ON NORM= 8. 184759E- 05 11 GRADIENTS, 14 FNS, LCBS FN= . 2670283
**%% 18 GRADI ENTS, 33 FNS, LOSS FN= 2.587266 paraneters 45, 98727 25.6 U 1.422573
par anet er s 1.961853 4.909167 3.135687 freeing paraneter 2
** 19 GRADIENTS, 36 FNS, LOSS FN= 2.587259 * 12 GRADIENTS, 16 FNS, LOSS FN= . 1434541
par anet ers 1. 961855 4.909165 3.135686 paraneters 43. 71592 24.1648 1. 373266
*xxxxxk Gt geepest Descent 19 GRADI ENTS, 43 FNS, LOSS FN= 2.587259 .
paranet ers 1. 961855 4, 909165 3.135686 33 RADIENTS, 37 FNS, LGSS FN= 6.277097E-13
GRADI ENT PRQJECTI ON NORME= . 2152535 par aneters 50. 00004 25 1.5
¥xkxkxkkxx  F| APSED SECS= 110 AFTER 19 GRAD & 53 FN EVAL * 34 GRADIENTS, 39 FNS, LOSS FN= 5.475212E-13
par aneters 50. 00003 25 1.5
{the conparable results for CG and TN are ** St eepest Descent 34 GRAD ENTS, 41 FNS, LOSS FN= 5.475212E-13
G 12 paraneters 50. 00003 25 1.5
TN 174 58 29 } GRADI ENT PROJECTI ON NORM= 3. 311988E- 12
* ELAPSED SECS= 192 AFTER 34 GRAD & 42 FN EVAL
CALCULATED FUNCTION M NI MUM = 2.587259 CALCULATED FUNCTION M NI MUM = 5.475212E-13
PARANMETER ESTI MATES PARAMETER ESTI MATES
B( 1) = 1.961855 B( 1) = 50.00003
B( 2 ) = 4.909165 B( 2) = 25
B( 3 ) = 3.135686 Bl 3) = 1.5

Listing 10-2-1. Mnimzation of the test probl em HS25
using the variable netric method.

DRI VER - - GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128
23:23:25 07-04- 1986

HS25. RES -- HOCK AND SCHI TTKOWSKI PROB 25

bounds on paraneters for problem

.1 <= b( 1) <= 100

0 <= b( 2) <= 25.6

0 <= b( 3) <= 5

ENTER | NI TI AL VALUES FOR PARAMETERS ( [cr] = Y)

B(1)=5
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Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

11

METHODS FOR SUMS OF
SQUARED FUNCTI ONS

11-0. Overview -- Suns of Squared Functions

In this chapter we consider nethods designed to mininze
functions which can be expressed as the sumof squared terns
m

(11-0-1) f(B = > riz(E) =r'r

i=1
The elenents r are terned residuals, and, as we have noted
in Equation (2-6-1)
(11-0-2) r(i,B = 2(Y(i,2),Y(1,3),...,B - Y(i, 1)
where Z( ) is the nodelling function.

As we have pointed out in Chapter 7, this was recognized
very early (Gauss, 1809) as an inportant class of estimation
problem The traditional approach, follow ng Gauss' work is
to apply Newton's nmethod to find a root of the Equations

m

(11-0-3) 9B =0=2> 3 1, (®

i=1
wher e
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194 11-0 Overview -- Suns of Squared Functions

(11-0-4) Jij = Partial derivative of ri(g)
wth respect to B(j)
The mby n matrix J is the Jacobi an of the sum of
squares function f(B). To apply Newton's nethod, we need
the Hessian matrix H which for this problemhas the form

(11-0-5) ij = Partial of gk(g) with respect to B(j)
= Partial of gj(g) with respect to B(Kk)
m
=2 > iy i B Qi)
i=1
wher e

Partial derivative of Ji-

with respect to B(k)
Second partial derivative of ' (B)

with respect to B(j) and B(k)

The nmet hods to be discussed in Section 11-3 are all
based nmore or | ess on the approximation of Hby the first
termof the sumin (11-0-5),

T

(11-0- 6) Qjk

(11-0-7) H-2 J'J
gi ving the Gauss- Newt on Equati ons

Tot=-a"1

(11-0-8) J r

Gauss was able to justify the use of the "approxinate"
Hessi an by arguing that the terns invol ving second
derivatives were nmultiplied by residuals, which in his
probl em (orbit equations of astronom cal objects) were
expected to be small because of the relatively high precision
of the neasurenments used to gather the data for the problem
When the residuals are not small, this approxi mati on of the
Hessi an cannot be supported in this way. "Large residual"
probl ems, that is, problens where it is expected the residual
sum of squares at the minimumw Il never be small relative to
the size of observations, are frequently used as tests of
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nonl i near least squares prograns since they are expected to

be troubl esone to solve. |In practice, we have not found such
probl enms to be exceptionally difficult to solve, though
convergence may be slow. |In sone cases, we increased the

size of the stabilizing constant phi, presented below in
Equation (11-4-5), in order to speed-up convergence.

The many particular variants of the Gauss- Newton nethod
used to solve nonlinear |east squares problens differ in the
heuristics applied to overcone |inear dependence in the
colums of the Jacobian, J, or to safeguard the stepsize used
in searching along the search direction t.

11-1. Popularity of Nonlinear Least Squares

The nejority of nonlinear paraneter estimation problens we
have encountered have been fornulated using a | east squares
(L-2) loss function. The reasons why this should be
preferred over nore general maxi numlikelihood forrmul ations
or other loss functions such as naxi mum absol ute devi ati on
(L-infinity) or sum of absolute deviations (L-1) are several.

1. The loss function f(B) is continuous (in its
unconstrained form and has continuous first and second
derivatives with respect to the residuals
(11-1-1) r(i,B) = 2Z(i,B) - Y(i,1)

Such continuity elimnates some difficulties in the
conputation of gradients of f(B) with respect to the
paraneters using the chain rule.

2. Mich of the history and tradition of estimation has
relied on least squares. Even if a worker uses an
alternative |l oss function, conparison with the |east squares
estimates are likely to be conputed.

3. Frequently the calculations are easily and quickly
performed by standard or at |east avail able progranms. Sone
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196 11-1 Popul arity of Nonlinear Least Squares

of these have been adapted to a particular area of research

i n pharmacoki netics (e.g. Duggl eby, 1984)

11-2. Conversion of Problenms to Sums of Squares

Many probl ens present thenselves directly in the formof a
sum of squared terns. That is, we are able to express

(11-2-1) (B =r(B) r(B)
m

=> r2i,p
i1

Many situations do not have such an obviously "I east
squares" form |In Generalized Least Squares (GLS) nodelling
(Johnston, 1972), it is assuned that there is a variance -
covariance (or, in short, covariance) matrix V such that the
expected val ue of the product of the i-th and j-th residua
is
(11-2-2) Br(i.B, r(.B) = V;; (B

From the properties of expectations, the matrix V must
be non-negative definite. (A nunber of authors use "positive
definite", which is not strictly correct. The consequence of
an indefinite covariance matrix V is non-uniqueness of its
factorizations below ) The loss function to be nminimzed is

(11-2-3) (B =r(B) V(B
which is NOI, as it stands, a sumof squares. However, we
can define some new residuals, r', which restore the fanmliar
form

The tool to be used here is a matrix deconposition
(Nash, 1979, Section 2.5; Colub and Van Loan, 1983). The
Chol eski deconposition of a positive definite matrix Vis the

product of a lower triangular matrix L and its transpose

11-2 Conversion of Problens to Sums of Squares 197

(Nash, 1979, chapter 7)

(11-2-4) v =1L L'

The elements of L may be devel oped in several ways, of
whi ch we shall discuss only a columm-wi se variant. Because L
is lower triangular, we can wite

mn(i,j)
(11-2-5) Vij T > Lk bk
k=1

Thus
(11- 2-6) Lyq = SQRT (Vq,)
and
(11-2-7) Lig=Vig/! Lyg i=2, 3, ...n
For all other colums we have

j-1

2 > 2

(28 Ly =V -2 Hk

k=1

I n consequence of V being singular, one or nore of the
sunms derived via (11-2-8) should be zero (or even negative
conputationally). In this case we are free to set our entire
j-th colum of L to zero and proceed to conpute the (j+1)-st
colum. (See Nash, 1979, Section 7.2 for a nore conplete
expl anation.)

Once the Chol eski deconposition is available, a sinple
back-substitution allows us to find

(11-2-9) L'T L'T: LT \ LT: LT LLr
by sol ving
(11-2-10) ' = L'

O her deconpositions of V are possible. The square
root of V, denoted
V1/2

is computed by obtaining the eigenval ues E and
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198 11-2 Conversion of Problenms to Sums of Squares

ei genvectors X of V, so that
(11-2-11) VX=XE
(The colums of X are the eigenvectors and the di agona
matri x E has diagonal el enents which are the ei genval ues.)
Many met hods exist for the conputation of eigensol utions of
real - symmetric matrices. Nash (1979, Chapters 10, 11)
gi ves sone conpact algorithnms and includes a di scussion of
the current deconposition. Rice (1983, Section 6.7)
di scusses various sources of software for FCRTRAN conputi ng
environnents. Golub and Van Loan (1983, Chapter 8) give a
fairly conpl ete survey of the symetric matrix eigenval ue
probl em

If Vis non-negative definite, the diagonal elenments of
E are positive or zero. Thus we can take their square roots
and define a new diagonal nmatrix D so that

(11-2-12) D? = E
The square root of Vis then

(11-2-13) x DX = VM2
since
(11-2-14) XDX XxDXx' =xDDX =v

Here we use the fact that the eigenvectors of a symetric
matrix forman orthogonal matrix. Using this square root of
V, we can define another set of residuals

(11-2-15) r"(B) = vl2 (B

Ingenuity nmay permt nany other problens which are not directly

formul ated as | east squares problens to be sol ved using
nonlinear least squares prograns. W w |l content ourselves
with the brief suggestions given above, having provided
software for nore general problens el sewhere in the book
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11-3. Diverse Approaches

The Gauss- Newt on Equati ons (11-0-8) can be sol ved by any
met hod for the solution of a set of sinmnultaneous |inear
equations. However, it is worth noting that the matrix

(11-3-1) H =3T3

whi ch is an approximation to the Hessian, is non-negative
definite. The matrix H is always positive definite as |ong
as the colums of J are linearly independent. For many
practical problens, it is possible to denpnstrate that the
colums of J are linearly independent, so that H is positive
definite. This allows us to apply the Chol eski al gorithm
(Dahl qui st and Bjorck, 1974; Nash, 1979, Chapter 7), which is
well-suited to this class of problem Unfortunately, |inear

i ndependence in a conputational sense is nuch nore difficult
to ensure. Linear dependence of the colums of J, or the
consequent singularity of H, are equally difficult to

det ect .

At this point we would like to take up sone of our
readers' tinme to point out quite forcefully that the absence
of a diagnostic message to the effect that the coefficient
matrix is singular, when an attenpt is made to sol ve systens
of linear equations, does NOT nean that the solution is
satisfactory. As an exanple, consider the matrix defined by
t he Equati ons
(11-3-2) A(i, i) i

ACi,j) =mn(i,j) - 2 for j <>

However, this fanmly of matrices has |argest and

smal | est eigenval ues as given in Table (11-3-1), even though
t he Chol eski deconposition of these matrices has all the
di agonal elements equal to 1
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200 11- 3 Di verse Approaches

Table 11-3-1. Eigenval ues of the Mdler matrix for different
orders of the matrix

O der Maxi mum ei genval ue M ni mum ei genval ue
5 8.64627228E- 03 7.4874999
10 8. 58280692E- 06 31.5898097
15 8. 38190280E- 09 76.0920128
20 8. 18545232E- 12 140. 8991467
25 7.99360578E- 15 225.9864570
30 7.80625564E- 18 331.3457707
35 7.62329653E- 21 456.9736680
40 7.44462551E- 24 602.8684750
45 7.27014210E- 27 769. 0292779
50 7.09974815E- 30 955. 4555364

As a safeguard agai nst conputational singularity of H,
we could cal culate its eigenvalues. Jones (1970) uses the
ei genval ue / ei genvector deconposition of H explicitly in
his SPI RAL nethod. We believe a nore efficient approach is
to use the singul ar val ue deconposition (svd) of J and
solve the linear |east squares problem
(11-3-3)  Jt=r
for the search direction t. The singular val ue deconposition
allows a | east squares solutiont to be devel oped for (11-3-3)
even if J is singular. At the same time, singular values are
conputed which are the positive square roots of the eigenval ues
of H (Nash, 1979, Chapter 3; Colub and Van Loan, 1983, Section
2.3). Thus we are given the opportunity to alter the solution
strategy if the singular values indicate that the colums of J
are nearly linearly dependent (GIl, Murray and Wight, 1981,
Section 4.7.2).

The singul ar val ue deconposition has been incorporated
in nonlinear |east squares code by one of us (Nash, 1985;
Nash, 1984b (LEQBO05)). In general, however, we have
preferred to use the Choleski algorithmto solve the
Gauss- Newt on equations, though only in the context of
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Marquardt's nodification (see below), which generally avoids
the difficulty of the singularity of H. The svd generally
requi res much nore conputational effort per iteration than
t he Chol eski deconposition, though it offers considerably
greater flexibility in strategy and nmuch nore information
about the nature of the problem at hand.

Some brief time trials have al so suggested that in
interpreted BASI C the Chol eski deconposition of H into

(11-3-4) H =L L'
i s quicker than using

(11-3-5 H =LDL'

(that is, with the diagonal elenments of L fixed at 1).
However, we are convinced that other conputing environnents
may provi de exanpl es where the latter formof the Chol eski
algorithmis faster. Note that the Chol eski deconposition
and back-substitution code have been nodified to allowthe
progranms to handl e masks and bounds on the paraneters.
Once the search direction t has been found, various
li near search techniques can be applied. Hartley (1961)
chose to try to mininmze the sumof squares function f(B)
along the search direction t. He evaluated the function at
B=X+tand B =X+ 0.5t and used f(B), f(X) and
f(B') to provide three pieces of infornation to fit a
quadratic function in the stepsize. W have the situation

(11-3-6) f(X = a

f(B = a+b+c

f(B) = a+ 0.5b + 0.25¢c
The m ni mum of the parabola is at
(11-3-7) stepsize =- b/ 2c

Anot her schene uses the projection of the gradient g(X)
on the search direction t to provide the third piece of
information in (11-3-6), that is

(11-3-8)  g'(X t =b
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In any event, we either performan inner product and one

function evaluation or two function evaluations in order to

find an appropriate new test point

(11-3-9) B =X+ stepsize * t

The function nmust be evaluated at this point to ensure

(11-3-10)  f(B) < (X

Thus, Hartley's nmethod is quite costly in function

eval uations, and hence in potential conputational effort.
Mar quar dt (1963) suggested an alternative which

overcomes problens of singularity of H and steplength in a

single strategy. The fundanental idea is to replace the

Gauss- Newt on Equations (11-0-8) wth

(11-3-11) (3" J +lanbda * Q t = - J'

where | anbda is a technical paraneter used to nodify the
equations and Qis essentially a scaling matrix. Marquardt
(1963) suggested that Q either be a unit matrix or that it have
el ements equal to the diagonal elenents of H, that is, the
current Jacobi an inner product. Nash (1977) showed

how a linear conbination of a unit matrix and the di agona

el ements of H could be better than either in that it

- had the scaling properties of the diagonal elenents of
H when these were | arge

- avoided singularity in the solutions of Equations
(11-3-11) when conputationally some of the di agona
elenents of H are zero.

In practice, especially in conputing environnents with
limted precision floating-point arithmetic, zeroes on the
di agonal of H are a quite conmon cause of failure of
Mar quar dt' s net hods

There remains the i ssue of a choice of |anbda.

Mar quar dt suggested an initial value of 0.1, which is

11-3 Diverse Approaches 203

decreased by a factor of 0.1 after every successful step
(when the function value is lower at X + t) and increased
by a factor of 10 on failure. The new point B replaces X
if a new | owest point is found, but X is retained on
failure, which may include failure because of conputationa
singularity in solving the Equations (11-3-11). |Increasing
| ambda ensures that eventually

- the equations are non-singul ar

- the stepsize is small enough that a new | ower function
val ue can be found; or

- the stepsize is so snmall no further progress can be
made.

Details of this approach have been provi ded by Nash (1977) and
Nash (1979, Al gorithm 23, which has one small and obvi ous
msprint in a |looping variable).

In the present work, we have extended this code to
i nclude masks and bounds. The extension to enconpass nasks
and bounds adds considerably to the Iength of the code
particularly in the Chol eski deconposition of H. W now
avoid altering paraneters which are masked or which are
constrained by active bounds by explicitly zeroing
appropriate el enents of the Chol eski factors or the solution
vector t.

11-4. The Levenber g- Mar quar dt - Nash Appr oach

O the various approaches discussed in the previous section, we
have found the Nash (1977) variant of Marquardt's (1963) nethod
to be highly efficient over a wide class of nonlinear |east
squares problens. This approach augnents the di agonal el enents
of the Gauss-Newton coefficient matrix (11-3-1) with both an
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absolute and a relative size increment. This has nmerit in a
limted precision environnment such as M crosoft BASIC single
preci sion

The overall strengths of the Marquardt nethod are its
general reliability in solving nonlinear |east squares
probl ems. Even presented with very poorly scal ed functions
it will proceed steadily, if slowy, towards | ower suns of
squares |l oss function values. For reasonably scal ed probl ens
with good initial estimates of the parameters, it is
surprisingly efficient

The mj or weaknesses of the Marquardt approach are

- that the user nust provide correct program code for
the residuals and their first derivatives with respect
to the paraneters

- that the working storage for the nethod is at |east
one n by n array, and nmay be hi gher depending on

i npl ement ati on details;

- that small inplenmentation details can be quite
important to the success or efficiency of the nethod

The particul ar algorithmwe have chosen to include here
may not be the nost ideally suited for all applications. Qur
choices, and the justification for them are as follows

1. The Levenberg- Marquardt Equations (11-3-11) are
formed explicitly. |In the best of circunstances, any such
accunul ati on of inner products is best carried out in
doubl e-length arithnetic (CGolub and Van Loan, 1983, page 37),
whi ch not all BASICs provide. Furthernore, Equations
(11-3-11) are in essence normal equations for a |inear
| east squares problem The formation of explicit norna
equations can be a source of unnecessary nunerical error
(Nash, 1979, Chapter 5). Matrix transfornmation nethods
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i nvol ving either QR deconposition or the singular val ue
deconposition could be applied directly to the linear |east
squar es probl em

(11-4-1) At = - r

where Ais the matrix forned by appendi ng the square root of
the (diagonal) matrix | anbda*Q to the bottom of the Jacobi an
J, and r' is the residual vector r augnented by n zeros, that
is,

(J) (r)
(11-4-2)  A=( ) r = ( )
(E) (0)
wher e
(11-4-3) E% = lanbda * Q

We have considered this approach but deci ded not to use
it here because

- in advance we prefer to avoid having to declare
wor ki ng storage dependent on M the nunber of
observations (order of vector r) as well as the nunber
of parameters N

- in practice, such nethods have appeared sl ow under the
BASIC interpreters at our disposal

- we have over 10 years' experience with essentially the
code included below as applied to unconstrai ned

probl ens.

We intend to continue to seek nore efficient and
reliable | east squares problens, but at the time of witing
have found explicit formation of the nornmal equations and
their solution via the Chol eski deconposition to be as
efficient as any we have tested. This approach has al so not
denponstrated any particul ar weaknesses rel ative to the use of
matri x deconposition nmethods. There is anple evidence that
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the solution of the Marquardt Equations (11-3-11) or (11-4-1)
woul d be acconplished via a matrix deconposition with
predi ctabl e and smal |l er error bounds on the solution t.
However, the diagonal scaling | anbda*Q allows us to avoid a
singul ar set of linear equations. Furthernore, t is used as
a search direction and is not of itself the result we
seek.

2. The strategy we have chosen for controlling the
Levenber g- Mar quardt paraneter, |anbda, is as follows:

- before each newiteration, |lanbda is replaced by
0.4 * | anbda
- if the matrix (.JT J + lanbda * Q proves to be
conputationally singular in that a pivot element is zero
during the Chol eski deconposition, or if the sum of
squares of the residual functions at the new point
(b +t) is greater than that at b, then lanbda is
increased by the assi gnnent

(11-4-4) | anbda : = 10 * | anmbda + 1/B9
where B9 is a "large nunber" determ ned for the
conputi ng environment by subroutine ENVRON (see Appendi x
E). The term1/B9 is included in case | anbda has been
set to zero after many reductions.

3. The initial value of |lanbda (variable S9) used is
0. 0001, so that a value of 0.00004 enters the first

iteration. |If it is suspected that the problemis "easy" or
if all the paranmeters are linear, then setting an initial
val ue of zero will usually inmprove convergence. (For |inear

parameters, this is assured in one iteration.) This change,
whi ch converts the iteration to a Gauss-Newton step, may be
made by the assignment of variable S9 to zero in the code
MRT. BAS in Section 11-5.

4. Convergence is judged on the basis of essentially no
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di fference between the paraneter vectors (b + t) and b.
Conpari sons are nade relative to a scalar constant E5, for
whi ch we use the val ue 10.

5. The matrix Qin Equations (11-3-11) is chosen to be
a di agonal matrix whose el enents are the diagonal el ements of

JTJ plus lanbda times a scaled unit matrix. Thus, in MIT.BAS

the Gauss-Newton coefficient matrix is augnented in the j,j
position with

(11- 4-5) (JTJ)jj + lanbda * phi

where in this work we set phi = A8 =1 . For problens where
the solution has a |large residual sum of squares, we have on
occasion found that faster convergence nay be obtained with a
much | arger phi, which forces the search direction towards
the gradient, or steepest descents, direction.

11-5. Marquardt Source-code

In order to maintain simlarity to the other function

m nim zati on codes we have al ready presented, the follow ng
code uses the counters 19 and I8 to record the nunber of
times the loss function (sum of squares) and its gradient
(the right hand side of the Gauss-Newton equations) are
eval uated. However, to conpute the sum of squares, M
residual s nust be cal cul ated by the code at Iine 3500.

Li kewi se, there are Mrows of the Jacobian nmatrix (each
conputed by code at |ine 4000).

Listing 11-5-1. The Marquardt Code.

MRT. BAS 06-24-1986  21:26:05
40 DI M A(325), C(325), T(25), ¢ 25), D( 25)
1000 PRI NT " NRT - - MARQUARD /NASH -- 860412"

1004 PRI NT #3,"MRT -- MARQUARDT/ NASH -- 860412"
1008 REM CALLS:
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1012 REM RESI DUAL R1 -- line 3500 1212 GOSUB 4000: REM conpute |'th row of Jacobian in D()

1016 REM JACOBI AN D(B) -- line 4000 1216 FOR J=1 TO N

1020 REM ENVRON (computing environnent) -- line 7120 1220 LET (J)=G(J)+D(J)*R1l: REM accumul ate gradient (better in dbl)
1024 REM 1224 LET K2=3*(J-1)/2

1028 REM I NPUTS TO THE ROUTI NE: 1228 FOR K=1 TO J

1032 REM B() -- a vector of initial paraneter estimates 1232 LET A(K2+K) =A(K2+K) +D(J)*D(K): REM accunul ate sscp (better in dbl)
1036 REM N -- the number of parameters in the sumof squares 1236 NEXT K

1040 REM M  -- the nunber of data points 1240 NEXT J

1044 REM Q , ) -- masks and bounds 1244 NEXT |: REM end sum of squares and cross-products formation
1048 REM I5 -- the nunmber of nasked paraneters. Must be zero if 1248 LET |18=I8+1: REMcount evaluation of Hessian

1052 REM masks are not used. 1252 FOR J=1 TO N2

1056 REM OUTPUT FROM THE ROUTI NE: 1256 LET C(J)=A(J): REM save sscp matriXx

1060 REM X() -- a vector of final paraneter estimates for the 1260 NEXT J

1064 REM paramet er val ues which mininmze the sum of squares 1264 FOR J=1 TO N

1068 REM FO -- value of the sum of squares at the m nimum 1268 LET X(J)=B(J): REM save current best parameters

1072 REM 18 -- nunber of Jacobi an eval uations 1272 NEXT J

1076 REM 19 -- nunber of sumof squares eval uations 1276 FOR J=1 TO N REM adj ust gradi ent for bounds constraints
1080 REM 1280 | F Q(J, 3)>=0 THEN 1308: REM nasked or free

1084 GOSUB 7120: REM nachi ne environnent 1284 IF (Q(J,3)+1.5)*@ J)<=0 THEN 1304: REM Lagrange mul tiplier
1088 LET J8=1: REM no of fn eval before parameter display 1288 LET ((J, 3)=1: REMfree paraneter

1092 LET J7=1: REM counter for paraneter display 1292 PRINT "freeing paranmeter ";J

1096 LET A7=10: REM | anbda i ncrease factor 1296 PRINT #3, "freeing paraneter ";J

1100 LET A9=4: REM | anbda decrease factor = A9/ A7 1300 GOTO 1308

1104 LET A8=1: REM Nash phi factor 1304 LET (J)=0: REM constraint on paraneter j active

1108 LET S9=.0001: REMinitial |anbda 1308 NEXT J: REM bounds constraints on G inposed

1112 LET N2=N*(N+1)/2 1312 FOR J=1 TO N. REM augnent sscp matrix on di agonal

1116 REM DIM A(N2), C(N2), T(N), G(N), D( N) 1316 LET K2=J*(J+1)/2

1120 I F M>N THEN 1132 1320 LET A(K2)=C(K2)*(1+S9) +A8* S9

1124 PRINT "WARNI NG NO. OF DATA PO NTS <= NO. OF VARI ABLES." 1324 LET T(J)=-G(J): REMright hand side of equations

1128 PRI NT #3,"WARNING NO OF DATA PO NTS <= NO. OF VARI ABLES." 1328 I F J=1 THEN 1344

1132 LET 13=0: REM non-conputability flag 1332 FOR I =1 TO J-1

1136 GOSUB 1848: REM compute sum of ~squar es 1336 LET A(K2-1)=C(K2-1): REM of f-di agonal el enments

1140 I'F 13=0 THEN 1156 1340 NEXT |

1144 PRI NT "ERROR: FUNCTI ON NOT COVPUTABLE" 1344 NEXT J

1148 PRI NT #3,"ERROR  FUNCTI ON NOT COVPUTABLE" 1348 PRI NT "LAMDA = ";S9

1152 STOP 1352 PRI NT #3,"LAVDA = "; S9

1156 LET S9=A9* S9/ A7: REM decrease | ambda -- top of cycle 1356 LET | 3=0: REM use non-conputability flag for Chol eski deconposition
1160 LET FO=F: REM save | owest val ue of sumof squares 1360 GOSUB 1596: REM Chol eski deconposition

1164 PRINT "I TN';18;" EVAL'N';19;" SS=";F0 1364 IF 13=0 THEN 1380

1168 PRINT #3,"ITN';18;" EVAL'N';19;" SS=";F0 1368 PRI NT "SSCP MATRI X NOT COVPUTATI ONALLY POCSI Tl VE DEFI NI TE"
1172 GOSUB 1884: REM di spl ay paraneters 1372 PRI NT #3, " SSCP MATRI X NOT CQOVPUTATI ONALLY POSI Tl VE DEFI NI TE"
1176 FOR I1=1 TON2: REMformJT * J (sscp matrix) and JT * r (rhs) 1376 GOTO 1576: REM so we increase |anmbda and try again

1180 LET A(1)=0: REMinitialize sscp matrix 1380 GOSUB 1696: REM Chol eski back-substitution

1184 NEXT | 1384 LET G8=0: REM project solution (before step)

1188 FOR I=1 TO N 1388 FOR J=1 TO N

1192 LET (1)=0: REMinitialize gradient (JT * r) 1392 IF Q(J,3)=1 THEN 1400: REM free paraneter

1196 NEXT | 1396 LET T(J)=0: REM bound constraint or nask active

1200 FOR 1=1 TOM REM I oop over residuals 1400 LET GB8=G8+EJ)*T(J): REM gradient times step

1204 GOSUB 3500: REM & conpute |'th residual in Rl 1404 NEXT J

1208 REM this call not necessary if residuals have been saved 1408 |F G8>0 THEN 1576: REM uphill direction
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1412
1416
1420
1424
1428
1432
1436
1440
1444
1448
1452
1456
1460
1464
1468
1472
1476
1480
1484
1488
1490
1492
1496
1500
1504
1508
1512
1516
1520
1524
1528
1532
1536
1540
1544
1548
1552
1556
1560
1564
1568
1572
1576
1580
1584
1588
1592
1596
1600
1604

Listing 11-5-1 The Marquardt Code
LET S1=1: REMinitial step size is always 1.0
LET S8=S1: REM find nax-step and check new constraint

FOR J=1 TO N

I F T(J)=0 THEN 1460: REM no sense in checking

REM T(J) =0 when nask or bound is active

I'F T(J)>0 THEN 1448: REM check upper bound

LET S7=(Q(J,1)-X(J))/T(J): REM distance to | ower bd.

| F S7>S8 THEN 1460: REM smaller step in effect

GOTO 1456

LET S7=(Q(J, 2)-X(J))/T(J): REM di stance to upper bd.

| F S8<S7 THEN 1460: REM step smaller than limt (J7 may = 0 if
LET S8=S7

NEXT J

| F S8<S1 THEN PRINT "stepsize reduced to ";S8;" by bounds"

| F S8<S1 THEN PRINT #3,"stepsize reduced to ";S8;" by bounds"
LET 16=0: REM step al ong search direction

FOR J=1 TO N. REMI| oop over paraneters

IF (J,3)=0 THEN 1496: REM nasked paraneter?

LET B(J)=X(J)+S8*T(J): REM use restricted stepsize

I F B(J) +E5<>X(J) +E5 THEN 1496: REM test of difference

LET B(J)=X(J): REMreset to avoid "drift"

LET 16=16+1

NEXT J

IF 16=N-15 THEN 1592: REM convergence test -- note nasks
GOSUB 1848: REM conpute sum of squares

I'F 13=0 THEN 1524

PRI NT "SUM OF SQUARES NOT CQOVPUTABLE"

PRI NT #3, " SUM OF SQUARES NOT COVPUTABLE

GOTO 1576: REM so increase |lanbda and try again
I F F>=FO THEN 1576

FOR J=1 TO N REM check bounds on new paraneters
IF OJ,3)<=0 THEN 1568: REM masked or constrai ned
I F B(J)-QJ, 1) >E9* (ABS(Q(J, 1)) +E9) THEN 1552

PRI NT "I ower bound on paraneter ";J;" active"

PRI NT #3, "1 ower bound on parameter ";J;" active"
LET O(J, 3)=-2

IF OJ,2)-B(J)>E9* (ABS(Q(J, 2)) +E9) THEN 1568

PRI NT "upper bound on paraneter ";J;" active"
PRI NT #3, "upper bound on paraneter ";J;" active"
LET O(J,3)=-1

NEXT J

GOTO 1156: REM try anot her cycle

LET S9=S9*A7: REM i ncrease |anbda
IF S9>0 THEN 1312: REM safety check to ensure positive | anbda
LET S9=E9: REM set | anbda to machi ne precision (> 0)

GOTO 1312: REM augnent sscp matrix and repeat sol ution
RETURN REM converged -- finish of MRT

FOR J=1 TO N: REM Chol eski deconposition (Al g. 7 Nash, 1979)
LET K2=3*(J+1)/2

IF J=1 THEN 1640

<=)

Listi

1608
1612
1616
1620
1624
1628
1632
1636
1640
1644
1648
1652
1656
1660
1664
1668
1672
1676
1680
1684
1688
1692
1696
1700
1704
1708
1712
1716
1720
1724
1728
1732
1736
1740
1744
1748
1752
1756
1760
1764
1768
1772
1776
1780
1784
1788
1792
1796
1800
1804

ng 11-5-1 The Marquardt Code

FOR 1=J TON

LET Ki=I*(1-1)/2+]

LET S=A(K1)

FOR K=1 TO J-1

LET S=S- A(K1-K)*A( K2-K)

NEXT K

LET A(K1)=S

NEXT |

IF (J,3)<=0 THEN 1656: REM mask or acti ve bound
| F A(K2) >0 THEN 1668

LET 13=1: REM not conputationally positive definite
GOTO 1692: REMreturn with flag set

LET S=0: REM constraint active -- null out row
LET A(K2)=0

GOTO 1672

LET S=1/ SQR( A(K2))

FOR 1=J TON

LET Ki=I*(1-1)/2+]

LET A(K1)=A(K1l)*S

NEXT |

NEXT J

RETURN REM end of Chol eski deconposition

IF (1, 3)<=0 THEN 1708: REM mask or active bound
LET S=1/A(1)

GOro 1712

LET S=0

LET T(1)=T(1)*S: REM Chol back (Nash, 1979, Alg. 8)
REM Chol eski back-substitution -- L * G= X

I'F N=1 THEN 1776: REM 1 by 1 matrix

LET K2=1

FOR 1=2 TON

FOR J=1 TO I-1

LET K2=K2+1

LET T(1)=T(1)-A(K2)*T(J)

NEXT J

LET K2=K2+1

IF (1,3)<=0 THEN 1764: REM mask or acti ve bound
LET S=1/ A(K2)

GOTO 1768

LET S=0

LET T(1)=T(1)*S

NEXT |

I'F (N 3)<=0 THEN 1788: REM nask or active bound
LET S=1/ A(N2)

GOTO 1792

LET S=0: REM active constraint

LET T(NN=T(N)*S: REM begin LT * X = G solution

I F N=1 THEN 1844

FOR I=N TO 2 STEP -1

LET K2=I*(1-1)/2

211
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1808
1812
1816
1820
1824
1828
1832
1836
1840
1844
1848
1852
1856
1860
1864
1868
1872
1876
1880
1884
1888
1892
1896
1900
1904
1908
1912
1916
1920
1924
1928
1932
1936
1940
1944
1948
1952
1956
1960
1964

Listing 11-5-1 The Marquardt Code

FOR J=1 TO I-1

LET T(J)=T(J)-T(Il)*A(K2+J)

NEXT J

IF (1-1,3)<=0 THEN 1832

LET S=1/ A(K2)

GOTO 1836

LET S=0

LET T(1-1)=T(1-1)*S

NEXT |

RETURN REM end Chol eski back-substitution

LET F=0: REM sum of squares cal cul ation

LET 13=0

LET 19=19+1

FOR 1=1 TOM

GOSUB 3500

IF 13=1 THEN 1880: REMis function conputabl e?

LET F=F+R1*R1

NEXT |: REM PRINT "after sumsquares calcn f=";F;" i3=";13
RETURN

I'F J8=0 THEN RETURN: REM no paraneter display

I'F 19<J7*J8 THEN RETURN: REM check if to be printed

LET J7=INT(19/J8)+1: REM i ncrenent paraneter display contro
PRI NT " par anet ers”

PRI NT #3, "paraneters"

FOR J=1 TO N

LET =""

IF B(J)-Q(J, 1) <=E9*(ABS((Q(J, 1)) +E9) THEN LET ="L": REM | ower bd

IF QJ,2)-B(J) <=E9* (ABS( O(J, 2) ) +E9) THEN LET Q$="U': REM upper bd
IF O(J,3)=0 THEN LET ="M: REM nasked
PRINT * ~";B(J); C5;
PRI NT #3," ";B(J):Q8;

I F 5*INT(J/5)<>J THEN 1952
PRI NT
PRI NT " "
PRI NT #3
PRI NT #3," "
NEXT J
PRI NT
PRI NT #3
RETURN
Li ne no. Ref erenced in line(s)
1132 1120

1156 1140 1572

1304 1284

1308 1280 1300

1312 1580 1588

1344 1328

1380 1364

1400 1392

Li sting 11-5-1 The Marquardt Code 213

1448 1432

1456 1444

1460 1424 1440 1452

1496 1480 1488

1524 1508

1552 1536

1568 1532 1552

1576 1376 1408 1520 1524
1592 1500

1596 1360

1640 1604

1656 1640

1668 1644

1672 1664

1692 1652

1696 1380

1708 1696

1712 1704

1764 1752

1768 1760

1776 1720

1788 1776

1792 1784

1832 1820

1836 1828

1844 1796

1848 1136 1504

1880 1868

1884 1172

1952 1932

3500 1204 1864 -- subroutine to calculate the residua
4000 1212 -- subroutine to calculate the Jacobi an
7120 1084 -- conputing environnent subroutine
Synbol Ref erenced in line(s)

A( 40 1180 1232 1256 1320 1336 1616 1624 1632
1644 1660 1668 1680 1700 1740 1756 1780 1812

1824 -- sscp matrix

A7 1096 1156 1576 -- | anbda increase factor
A8 1104 1320 -- Nash phi factor
A9 1100 1156 -- | anbda decrease factor (A9/A7)
B( 1268 1484 1488 1490 1536 1552 1912 1916 1924
1928 -- the paraneter vector
( 40 1256 1320 1336 -- storage of sscp matrix
40 1220 1232 -- |-th row of Jacobi an
E5 1488 -- a value used for scal ed conparisons (= 10)
E9 1536 1552 1584 1912 1916 -- the machine precision
F 1160 1524 1848 1872 -- the |oss function val ue
FO 1160 1164 1168 1524 -- the |owest val ue found

for the |l oss function
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-gQ

I3

15
16

|8
19

J7
J8

K1

zZ

N2

S1

40 1192
1384 1400
1176 1180
1336 1340
1732 1740
1820 1836
1132 1140

1220 1284

1408
1184
1608
1752
1840
1356

Li sting 11-5-1 The Marquardt Code

1304 1324 1400 -- the gradient
- projection of solution

1188 1192 1196 1200 1244 1332
1612 1636 1672 1676 1684 1728
1768 1772 1800 1804 1808 1812
1860 1876 -- a loop control counter
1364 1508 1648 1852 1868 -- flag

for function not conputable

1500 -- the nunber of nmsked paraneters

1500 -- a counter for the nunmber of
paraneters which are unchanged in a step

1248 -- counter for gradient eval uations

1472 1492

1164 1168
per f orned
1164 1168
eval uati ons
1216 1220
1264 1268
1304 1308
1392 1396
1460 1476
1536 1540
1596 1600
1688 1732
1916 1920
count er
1092 1888
1088 1884

every J8 function

1228 1232
count er
1612 1616

el ement index for

1224 1232
1668 1724

1856 1888

1892 -- counter for function

per f or med

1224
1272
1312
1400
1480
1544
1604
1740
1924

1892
1888

1236
1624

1316
1736

1228
1276
1316
1404
1484
1548
1608
1744
1928

1232
1280
1324
1420
1488
1552
1612
1808
1932

1240 1252
1284 1288
1328 1332
1424 1432
1490 1496
1556 1560
1620 1640 1672 1676
1812 1816 1904 1912
1952 -- a loop contro

1256
1292
1344
1436
1528
1564 1568

1260
1296
1388
1448
1532

- paraneter display control index
1892 -- paraneters are displayed
eval uations (no display if J8=0)
1620 1624 1628 -- a |loop contro

1632 1676 1680 -- triangular array
Chol eski deconposition

1320 1336 1600 1624 1644
1740 1748 1756 1804 1812

1660
1824

-- triangular array el enent index
1120 1200 1860 -- the nunber of data points

1112 1120
1476 1500

1188 1216
1528 1596 1608 1672 1720 1728

1264 1276 1312 1388 1420
1776

1792 1796 1800 1904 -- nunber of paraneters in |oss

function

1112 1176 1252 1780 -- nunber of elenments in triangul ar

array = N*(N+1)/2

1280 1284 1288 1392
1564 1640
1916 1920 --

1548 1552

1436 1448 1480 1532 1536
1696 1752 1776 1820 1912

bounds and nasks informati on storage

1908 1912 1916 1920 1924 1928 -- used to hold
di splay information regarding masks and active bounds

1220 1872 --

1616 1624

1756 1764 1768 1780 1788 1792
-- tenporary accunul ator / factor in Chol esk

1412 1416

the residua

1632 1656 1668 1680 1700 1708 1712

1824 1832 1836

1464 1468 -- initial step size

al gorithm (BAGLI VO. RES) .
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S7 1436 1440 1448 1452 1456 -- distance to bound

S8 1416 1440 1452 1456 1464 1468 1484 -- nmaximum
stepsize all owed by bounds

S9 1108 1156 1320 1348 1352 1576 1580 1584 -- |anbda

T( 40 1324 1396 1400 1424 1432 1436 1448 1484

1712 1740 1768 1792 1812 1836 -- the search direction

X( 1268 1436 1448 1484 1488 1490 -- storage for the

"best" paraneters found so far

LI NES: 245 BYTES: 8689 SYMBOLS: 79 REFERENCES: 407

11-6. Use of the Marquardt Method

As with the other five nmethods, we first denonstrate MRT
using the Hobbs problem Listing 11-6-1 presents edited
out put .

As anot her exanple, consider a probl emwhich arose in
nmodel i ng the popul ation of soft-shelled clans (Mya arenasia)
on the Connecticut shoreline. This data was collected by Dr.
Di ane J. Brousseau and analyzed by Dr. Jenny A Baglivo
both of Fairfield University. Determ ning the age of the
clams is inmportant in any study of the population, yet this
is atinme-consunming activity, so that it is desired to
estimate age of the clans by sinply measuring their |ength
and applying a formula or table. Age (in nonths) and length
(in nmm were recorded for different sites. Here we wil
consi der just one site (near Westport CT), where data for 585
clams were gathered. The nodel proposed is a formof the Von
Bertal anffy growth function (Draper and Smith, 1981, page
512ff.), which we will wite in the formof a nodeling
function

(11-6-1) Z(B = B(1) * (1 - exp(-B(2) * (Y(i,2) - B(3))))

We will scale the paraneters in the probl em code

The functional formis an exponentia
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216 11-6 Use of the Marquardt Method

Listing 11-6-1.
Mar quar dt met hod.

Plots of the data and M ni nm zati on of Hobbs problem using the

fitted function(s) are instructive, and have been
carried out by Brousseau, Baglivo, and their collaborator,

approach to an asyntotic value B(2).

the final
DRI VER -- GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128
12:20:43 07-09- 1986

Dr. George Lang, whose work we anticipate will be published HOBBS 3- PARAMETER LOGQ STI C FUNCTI ON SETUP - 851017
in the near future. FUNCTI ON FORM = 100*B(1)/ (1+10*B(2) *EXP(-0.1*B(3)*1))
Here our use of this problemw |l be to illustrate the HOBBS. RES 3 paraneter |logistic fit

use of MRT in fitting the nodel. First, we select a subset

bounds

on paraneters for problem

b( 1) <= 100

of the 585 data points. Arbitrarily we select the first 41 0 <= b(2) <= 100
. . . L 0 <= Db( 3) <= 30
points, and this particular data set is included on the ENTER | NI TI AL VALUES FOR PARANETERS ( [cr] = Y ) y
di skette as BAGLI VO. DTA on the diskette. Dr. Baglivo B( 1)=
suggested B(3) = -0.5, so we masked B(3) at this value in our EE % g;

first trial run, using B(1) = B(2) =1 as initial values for

are masks or

MRT -- MARQUARDT/ NASH -- 860412

the unnasked paraneters. The output paraneters were B( 1) = I TN O EVAL' N 1 SS= 158. 2325
5.500696 and B( 2 ) = 7.47362. paraneters 2 5 3
Turning to the full set of data, we first conpiled the Il-él\NlDﬁ - EV,(A)\EOIC\)I42 SS= 2. 63402

programto shorten el apsed time for runs, then started MRT at par aneters 1.934047 4.844973 3.144204
R . _ . LAMDA = . 000016
an initial point B=( 5.5 7.5, -0.5), where the residual I TN 2 EVAL' N 3 SS= 2. 587501
sum of squares is 72199.23, 201 seconds, 7 gradient and 17 paraneters 1.960944 4.907519 3.135944
¢ . | . ired bt ai f LAMDA = . 0000064
unction eval uations were required to obtain a sum of squares ITN 3 EVAL'N 4 SS= 2. 587268
of 71831.29 at ( 5.625306, 7.187534, -0.5). Freeing B(3), par amet er s 1.961851 4.90915 3. 135703
S . LAMDA = 2.56E-06
but limting its |ower bound to -2 allowed the sum of squares LAMDA = . 0000256
to be reduced to 67080.95 after a further 223 seconds, 8 LAMDA = . 000256
. . . LAMDA = . 00256
gradi ent and 18 function eval uations. The paraneter LAMDA = . 0256
estimates were then B = ( 5.647857, 6.702821, -2). Later, LAVMDA = . 256

fromapproximately this starting point, and with the | ower

bound on B(3) relaxed to -100, we obtained a residual sum of

bounds to be set or altered ([cr]

ELAPSED SECS= 34 AFTER 4 GRAD & 9 FN EVAL

CALCULATED FUNCTION M NI MUM =

PARAMETER ESTI MATES

squares of only 44882.54 at B = ( 10.38152, 0.4719552, EE ; g s roossst
-100). A further relaxation of the bound to -1000 finally B( 3 ) = 3.135703

al |l oned an unbounded mninmumto be found of 44871.7 at B = (
12. 61953, 0.3265697, -114.9181 ).
plots show a pattern in the residuals when plotted against

age, and particularly when plotted agai nst |length, suggesting
nore work needs to be done, either in renmoving outliers from

the data or in altering the nodel. Such anal yses, which are
11-6 Use of the Marquardt Method 217

Unfortunately, residual

important to the overall success of nonlinear nodeling
efforts, are beyond the needs of our present discussion.

2.587268
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218 11-7 Other Approaches taken as the solution. If a newpoint with a smaller sum of
squares is found, then it becones a newb and the process is
repeated. Listing 11-7-1 shows the application of this nethod
to the Hobbs probl em

11-7. O her Approaches

We have already nentioned that other possibilities exist for

inplementing a nonlinear |east squares code. As an Listing 11-7-1. Application of the LEQBOS code (Nash, 1984b)

illustration of another approach, we will conpare the to the Hobbs problem
structure and performance of MRT with that of LEQ@BO5 (Nash, HOBBS FUNCTI ON - 3 PARAM LOd STI C
1984b; Nash, 1985). STARTI NG PARAMETERS

In that suite of BASIC program code, the nonlinear |east Eg % gz g
squares problemis but one task amobng several sol ved using B( 3 )=3

. - 12:37:49
the singul ar val ue deconposition (svd) as a tool. The AT 1TN O SS= 158. 2325 AFTER 1
approach is to solve the linear least squares problem END SWEEP 1 , 3 ROINS PERFORMED
(11-7-1) Jt = -t END SWEEP 2 , 3 ROTNS PERFORVED

= - END SWEEP 3 , 0 ROTNS PERFORVED
usi ng the deconposition 3 PR NCI PAL COWONENTS USED. 0 | GNORED
T TRI AL SS= 2. 642364

(11-7-2) J=USV 12:37:58

AT ITN 1 SS= 2.642364 AFTER 2

where S is a diagonal matrix of non-negative el enents and END SWEEP 1 , 3 ROTNS PERFORNVED

where the Mby N matrix U and N by N natrix V have the END SWEEP 2 , 2 ROINS PERFORMED
. . END SWEEP 3 , 0 ROINS PERFORMED
orthogonal ity properties 3 PR NCI PAL COMPONENTS USED. 0 | GNORED
T _\r _ T _ TRI AL SS= 2.587704
(11-7-3) Uu u=vVv VvV=VYV —1N 12: 38: 06
. . . . AT I TN 2 SS= 2.587704 AFTER 3
which is the identity of order NN The svd allows the END SWEEP 1 . 3 ROTNS PERFORMED
solution of (11-7-1) to be forned as END SWEEP 2 , 2 ROINS PERFORMED
+ T END SWEEP 3 , 0 ROINS PERFORVMED
(11-7-4) t=-Jr=-VS U r 3 PR NCI PAL COWONENTS USED. 0 | GNORED
wh TRI AL SS= 2.587279
ere 12:38: 15
T _ . AT I TN 3 SS= 2.587279 AFTER 4
(11-7-5) S = Us; it §; >0 END SWEEP 1 , 3 ROTNS PERFORMVED
= 0 if S. =0 END SWEEP 2 , 2 ROINS PERFORMED
H END SWEP 3, 0 ROINS PERFORVED
. + . . . . 3 PR NClI PAL COWONENTS USED. 0 | GNORED
The matrix J is a generalized inverse of the Jacobi an. TRI AL SS= 2. 587271
The particul ar formof generalized inverse generated in 12:38:23

(11-7-4) is the More-Penrose inverse (CGolub and Van Loan, AT ITN 4 SS= 2.587271 AFTER 5

1983, page 139), which yields the unique mninmumlength | east
squares solution (Dahlquist and B orck, 1974, page 203) of
(11-7-1). Wth the search direction t, a search is made for

a new point, such that the sum of squares |oss function
11-7 Ot her Approaches 219

(11-7-6)  f(b+ Kk O <f(b
for j =0, 1, 2,... and k is sone positive nunber smaller than
1. |If the search fails, then the algorithmis halted and b is
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220 11-7 Ot her Approaches

END SWEEP 1 , 3 ROINS PERFORMED
END SVEEP 2 , 2 ROTNS PERFORMED
END SWEEP 3 , 0 ROINS PERFORMED
3 PR NCI PAL COWONENTS USED. O | GNORED
TRI AL SS= 2.587268
12:38:31
AT ITN 5 SS= 2.587268 AFTER 6
END SVEEP 1 , 3 ROTNS PERFORMED
END SWEEP 2 , 2 ROINS PERFORMED
END SWEEP 3 , 0 ROINS PERFORMED
3 PR NCI PAL COWONENTS USED. 0 | GNORED
TRI AL SS= 2. 587265
12:38:39
AT I TN 6 SS= 2.587265 AFTER 7
END SWEEP 1 , 3 ROTNS PERFORMED
END SWEEP 2 , 2 ROINS PERFORMED
END SWEEP 3 , 0 ROTNS PERFORMED
3 PR NCI PAL COWONENTS USED. 0 | GNORED
TRI AL SS= 2. 587267
TRI AL SS= 2. 587265
CONVERGED TO SS= 2.587265 IN 9

12:38:49 <----- el apsed tine = 60 seconds
B( 1 )= 1.961861
B( 2 )= 4.909163
B( 3 )= 3.135698

In general this approach has the foll owi ng advant ages:

- the singular values informus of the condition of the
Jacobian at each iteration

- the deconposition allows us to conpute various
measures of convergence or nonlinearity (see Chapter
13);

- by means of the nmechani smindicated in Equation
(11-4-2), a Levenberg-Marquardt correction can be
applied, if desired.

The di sadvant ages are

- each iteration takes several tinmes as much
conputational effort in finding the search direction t
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as the Chol eski deconposition variant of the Marquardt
nmet hod,;
- because the diagonal elenments and the sum of squares
and cross-products matrix

it
require colum norns to be conputed, the scal ed
Levenber g- Marquardt correction requires extra effort to
apply and will probably not be used
- the entire matrix J nmay be stored in sone
impl enentations of the svd, requiring a relatively |arge
working store for problens having a | arge nunber of data
poi nts (observations).

In preparing this book, we were very tenpted to change
to the method di scussed here. However, our |ong experience
with MRT led us to keep the nore established nethod for the
present collection of BASIC code.

11-8. Nurmerical Approximation of the Jacobian

Using the sane principles as used in Section 7-5, where
nunerical approximations to the gradi ent were devel oped using
forward differences, the followi ng program code segnent
(NUMJAC. BAS, in Listing 11-8-1) can replace the code which
the user normally supplies in |lines 4000-4499 to conpute the
I-th row of the Jacobian in vector D(). While this saves
human effort, it generally increases the conputational tinme
by a factor of 4 or 5 for typical problens. Furthernore, in
| ow precision conputing environnments, false convergence nay
be observed. Once again, the function evaluation counter |9
is not altered in this code.
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Listing 11

J9

Listing 11-8-1 The NUMIAC Code

Listing 11-8-1 The NUMJIAC Code

4018 4060 4090 --
poi nt

223

residual delta away from original

R1

-8-1. The NUMIAC Code.

NUMJAC. BAS 06-24-1986  21:27:14 LI NES: 29
REM NUMJAC- - NUVERI CAL CALCULATI ON OF PARTI AL DERIV
REM CALLS:
REM RESIDUAL R1 -- |ine 3500
REM
REM | NPUTS
REM E5 -- a nunber for relative equality tests
REM E9 -- the nmachi ne precision
REM B() -- the paraneter val ues
REM R1 -- the I'"th residual for the given B()
REM N -- the nunber of paraneters
REM Q(,) -- the paranmeter bounds and masks (see Sect. 3-7)
REM
REM OQUTPUTS:
REM D() -- the numerical approximtions to the Jacobi an
REM
LET E4=E5*SQR(E9): REM step size for derivatives

LET RO=R1: REM store original res

FOR J9=1 TO N. REM | oop over B

IF O(J9, 3)=0 THEN 4080: REM check for masks

LET DO=B(J9): REM save paraneter (don't use X() - see CQ
LET E3=E4*( ABS( DO) +E4)

LET B(J9)=B(J9) +E3

@GOSUB 3500: REM res calcul ation

LET D(J9)=(Rl-R0)/E3

LET B(J9)=D0: REM reset the paraneter

NEXT J9
LET R1=R0: REM restore original fn
RETURN
no. Ref erenced in line(s)
4050 -- subroutine to calculate the residuals
4025
ol Ref erenced in line(s)
4030 4040 4070 -- the paraneter vector
4060 -- the nunerical approximations to the Jacobian
4030 4035 4070 -- tenporary storage of the paraneter
4035 4040 4060 -- the delta
4015 4035 -- step size for derivatives
4015 -- a value used for scal ed conparisons (= 10)
4015 -- the machine precision
4%%Q“n§925 4030 4040 4060 4070 4080 -- a loop contro
4020 -- nunber of paraneters in |oss function
4025 -- bounds and masks information storage
4018 4060 4090 -- original residua

BYTES: 986

SYMBCOLS: 14

REFERENCES: 31
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Faculty of Administration General Manager
University of Otawa Nash | nformation Services Inc.

Nonl i near Paraneter Estimation Methods
An Integrated Systemin BASIC

12

CHOOSI NG AN APPROACH
AND METHOD

12-0. The Choices Facing the User

In this chapter we attenpt to provi de sonme gui dance on the
strategic and tactical choices which are used in solving a
nonl i near paraneter estimation problem |In particular, we
wi Il point out which of the nethods we have presented, or
conbi nation thereof, are likely to be nost suitable for
solving a given type of problem W wll also suggest ways
to speed up the human cost of performing this work.

The nost obvious first choice facing the user of our
work is which of the six nonlinear estimation prograns to
use. For a "new' problem that is, one with which there is
little or no user experience, or for which the data is
suspected to result in unusual or poorly-defined paraneter
val ues, our strategy is to first decide the estimation
criterion. Having expressed this criterion as an objective
function, a skeleton of the program code to establish the
data (the "setup" Section 15-3) and to conpute the |oss
function or residuals (also Section 15-3) is witten.
However, at this stage, unless the problemis well-defined
and understood, we are unlikely to wite program code for
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226 12-0 The Choi ces Facing the User

derivatives. Nor are we likely to inpose constraints, except
perhaps by indicating that a constraint is violated by
setting a flag variable. (In our codes, this flag variable
is usually given label 13.)

At this stage, it is possible to test the loss function
code. Since analytic expressions for derivative cal culations
are not available, we do NOT use FGTEST, but invoke either
t he Hooke and Jeeves (HJ) or Nelder-Mead (NM codes in a
prelimnary exploration of the problem Generally our own
preference is for Hl at this stage, since it is easy to
visualize the progress, or lack thereof, of this algorithmin
exploring the loss function surface. Typically, sinmple
errors in programming the |oss function are di scovered and
corrected in this exercise, for which we recommend a BASIC
interpreter for user conveni ence, or at the very |east an
increnental conpiler which allows the user to avoid | ong
del ays during conpilation and |inkage of prograns.

Note that any correcti ons nmade nmust be SAVED in the
problemfile. The sinplest way to do this is by neans of the
DELETE instruction in nost BASICs. That is, the user nust
delete all of the consolidated program code EXCEPT the
Dl Mensions in |ines 30-39 and problemcode in |ines

2000-4499. In our own work, we have found it rather easy to
forget the DI Mension statenents while performing the
deletions. |In Mcrosoft BASIC, and the generally equival ent

BASI CA of the IBMPC, it is inportant to SAVE the problem
code as ASA | characters rather than in tokenized form This
is acconplished by entering the comand

SAVE "problent, A

In many cases, HJ or NMwill find a satisfactory
solution point, that is, one for which
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1. the loss function is acceptably snall

2. the parameters satisfy any constraints which exist,
whet her or not they have been explicitly included in
our codes

3. the paranmeters satisfy user expectations of their
likely or appropriate values, or can otherw se be
supported in the context of the application

What has been described is a "mninal effort" strategy.
The user only prepares enough program code to try out the
estimation problem and verifies whether constraints are
violated after a candidate solution has been devel oped

In a case where this succeeds, it is relatively easy to
obt ai n paraneter dispersion estinates by invoking the
Mar quar dt code (MRT) for nonlinear |east squares problenms, or
the variable netric method (VM for nore general |oss
functions. Nunerical approximation of gradient or Jacobi an
information will usually suffice, so that the user need not
prepare nore program code. Alternatively, the genera
post-sol ution anal ysis program PCSTGEN ( Section 13-6) nay
provide sufficient informati on about the paraneter
variability.

When a given problemis a nenber of a family of related
estimation tasks, it is usually worthwhile devel opi ng program
code to conpute derivatives fromanal ytic expressions
Furthermore, if many problens are to be solved, it is useful
to consider such possibilities as:

1. data entry and checki ng prograns;

2. specialized code to provide initial estimtes of the
paraneters;

3. specialized results-analysis code to verify and report
estimates in a manner of imediate inportance to end
users.
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12-1. Indicators for a G ven Method

From Section 12-0, it may seemthat we will use HJ or N\Mto
sol ve nost problens. In practice, these codes do get quite
heavy usage in our own work, with MRT as a foll ow up, since
a large proportion of problens are fornulated using the | east
squares |l oss function

For a great many probl ens, the variable netric (VM
method is areliable and efficient work-horse. |Its
particul ar virtues shine on problenms with a npdest nunber of
paraneters (<10), since the arrays which are used becone
qui te denmandi ng of both storage space and access tine as the
nunmber of paranmeters beconmes large. On highly nonlinear
probl ems, the notivations for the nmethod have dubi ous
justification, and we may expect poor perfornmance
Simlarly, problens which have a singular Hessian should
cause difficulty. Qur strategy of always restarting the
iteration with a steepest descent search whenever
difficulties are encountered does, however, render our code
reasonably reliable, though slow, in such situations

Neverthel ess, there are situati ons where conjugate
gradi ent and truncat ed- Newton nmethods have a role. In
particul ar, when there are a | arge nunber of paraneters, CG
and TN take a higher profile. GCenerally TN should be the
nmore efficient nethod of the two. However, we do not suggest
its use except when analytic derivative expressions are
avail abl e since nunerical approximation is already used in TN
for second derivatives. Both CGand TN have theoretica
limtations when the objective function to be mninmzed has a
singul ar Hessian at the solution (see Section 14-3), but CG
has fairly extensive heuristics which may allow it to make
better progress towards the solution than TN in such cases.
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(An alternative may be to switch back to HJ near the
solution. To save effort, the paraneters should be witten
to and read froma file for such exercises. Programcode to
carry out such file operations was considered for inclusion
in this book, but is needed rarely enough that we decided to
| eave the addition of necessary statenents to the user.)

O the two direct search techniques, we generally prefer
NMif seeking the minimumof a function, since it is usually
-- but not always -- nore efficient. HJ is preferred when
i nformati on about the |l oss function surface is to be
extracted, since it is easier to follow the axial search
points. HJ also uses much | ess working storage for probl ens
in a large nunber of parameters. |t may "converge" nore
qui ckly than NM when started near a sol ution point, since the
code does not conmpute the function if no change is nmade to a
paraneter during the axial search. Unfortunately, because
all of our methods for function ninimzation operate in
arithmetic which uses a discrete approximtion to the
continuous world, there will be nmany cases where a given
met hod denpnstrates startlingly "good" or "bad" perfornance

For nonlinear |east squares problens, MT has proved
extremely reliable and efficient. Wen a problemcan be cast
in nonlinear |east squares form we have found that MRT is
generally more likely to find a solution and nore likely to
find it quickly than any other nethod. However, errors in
the derivative cal cul ati ons severely disrupt MRT. Before it
is used, we recoment RITEST be invoked to ensure derivatives
are conputed correctly. Simlarly, FGIEST should be applied
before CG TN or VM (the gradi ent nmethods) are invoked, since
these suffer a simlar slowdown or failure if derivative
information is incorrect.

Whi | e anal ytic derivative expressions are generally
preferred over nunerical approximtions, there is a
reasonably wi de appreci ati on anong workers in the field that
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230 12-1 Indicators for a G ven Mthod

met hods using nunerical approximation may take | ess steps to
approach a minimumif the initial paranmeters supplied to
begin the iterations are "far" fromthe mninum Because of
the extra work in the evaluation of the derivatives, it is a
debatable point if |ess overall conputational effort is
required. Furthernore, the progress of nethods in which
nureri cal approximation is used may be sensitive to the
precision of floating-point arithmetic used or to smal
errors in the internal routines used to conpute specia
functions (sin, cos, exp, log, etc.). For the convenience
of users, ourselves included, we have provi ded program code
to allow nurerical derivative approxi mations to be used
with all the gradient mninization nmethods. NUMGRAD (Section
7-5) provides for gradient approxi mati on for general |oss
functions, while NUMIAC (Section 11-8) is for use with
| east squares problens, that is, where rows of the
Jacobi an need to be approxi mat ed

When the loss function used to estimate paraneters is
not a |l east squares form and gradient information is
avai |l abl e, the gradient methods W TN and GG are candi dates
For small nunbers of paraneters, our experience is that VMis
the nost reliable and efficient of the three. However, TN
has denonstrated remarkabl e performance on a nunber of
probl ens, though it is sonmewhat nore sensitive to the nachine
arithmeti c and convergence tol erances. As indicated above,
CG may have sonme advant ages when the Hessian is singular at
the solution point. S nce the presence of a singular Hessian
is unlikely to be obvious -- we probably do not know the
solution point yet -- the user will have to rely on other
i ndi cations, such as sl ow convergence. However, slow
convergence is also indicative of incorrect derivative
information or problens which are highly nonlinear. The
former possibility can be detected using FGIEST (if analytic
derivative code is present). Problens with extreme
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nonlinearity will slowthe progress of our nethods unless the
probl em can be changed in sonme way. Even transform ng or
re-paranetrizing the probl em cannot renmpove intrinsic
nonlinearity. Ratkowski (1983, Chapter 2) discusses the
assessment of nonlineraity in regression nodels, that is, for
a | east squares loss function, using the i deas of Bates and
Watts (1980). However, for nore general |oss functions
tools for discovering the degree of nonlinearity of a problem
are yet to be devel oped

Qur own practice is to stop a programif progress is
slow in order to switch to another nethod (after derivative
code, if present, has been checked). Wile sw tching nethod
is not guaranteed to give any nore rapid approach to a
solution, the change froma gradient nmethod to one of the
direct search nethods may allow us to discover sonme structure
in the problemso that the sl ow convergence may be better
understood. U timately, nore profound exam nation of the
problemis required if such understanding is inmportant. For
exanple, it is possible to compute the actual Hessian matrix
at a given point B and to compute its eigenval ues (for
exanpl e, with LEQO5, Nash, 1984b, or sone other progran), so
that singularity of the Hessian may be confirmed

12-2. General Perfornmance of Methods

In this section we present primarily tabular information
detailing the programsize, working storage requirenments, and
execution tinmes on different problens for each of our

met hods. UWnfortunately, it is not possible to sinply state
that one nethod is faster or better than another without

consi dering the way(s) in which they have been inpl enented
and programmed. |n particular, our approach has been to
include features in the progranms which nake the paraneter
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232 12-2 General Performance of Mt hods

estimation problem easier to solve, or which add to
information about the problem at hand. However, these
features add to the length of the programcode and to the
time required for its execution. Therefore, in this section
we include measures of |ength and conplexity and of the
execution time of stripped-down versions of our codes. These
"smal | " prograns have been created by

- renoving code to copy console output to a file

- elimnating the cal cul ation of dispersion neasures

for paraneter estimtes

- purging all REMark statements

- using a highly sinplified conputing environnment
subrouti ne ENVRON

- not allow ng mask and bound constraints to be included
- renoving the code to enter constraint information

In the tables which follow, the stripped-down or "small"
codes will be labelled with an S, while the prograns with
features, or which are "full" prograns, will be labelled with
an F. Tables 12-2-1 presents neasures of |ength and
conpl exity of the minim zation subroutines and the overal
progranms they generate when applied to a test problem In these
nmeasures, "lines" means nunber of l|ines of code. "Bytes" refers
to the nunber of bytes of source code actually read by a cross-
reference program while "storage" is the figure listed by a
directory as being taken up by the program code file. "Synbols"
are any variables, arrays or line |labels identified by the
cross-reference program while "references" are the count of
the nunmber of mentions of such itens. For the overall prograns,
we include the file size of the conpiled executable (.EXE file)
program

To illustrate performance, we have used test problens
whi ch usually have been devised to test function mnimzation
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software rather than to solve real problens. One of these is
the generalized Rosenbrock test function (GENROSE. FN or
GENRCSEJ. RES, Chapter 18). This test problem we would
stress, permits a fairly conplicated function to be created
with quite mniml programcode. Problens arising out of

real -world problens will generally involve nore extensive
progr ami ng

Table 12-2-2 attenpts to give sone idea of the
conparative sizes of the array and vector storage needed by
the various nethods to nminimze a function. Note that no
storage is included for the problem data which would conmonly
acconpany real problens.

Table 12-2-3 attenpts to illustrate the perfornmance of
our methods on the generalized Rosenbrock test problemusing
a BASIC interpreter. Table 12-2-4 gives simlar data for
conpil ed prograns. These tables al so show the genera
penalty paid for inclusion of bounds, masks, and paraneter
di spersion estimates. Here we see that CG is considerably
sl owed by these "extra" facilities, whereas it does not stand
out fromthe other codes fromthe point of view of code
I ength and conplexity (Tables 12-2-1 and 12-2-2).

Qur net hods' performance varies with the nunber of
paraneters to be estinated. In part, this reflects the
nmechani smused to carry out the mnimzation of the |oss
function. For exanple, NM VM and MRT all use arrays to
store informati on about the |oss function. Access to these
arrays, as conpared to the vectors used in HJ, CG and TN
may be time consuming. Therefore, we may expect the relative
timngs of our nethods to differ when the number of
paraneters changes. This is illustrated in Tables 12-2-5a
and 12-2-5b, and plotted for the tim ngs only in Figures
12-2-1 and 12-2-2. In Figure 12-2-2, we see the advantage of
CG and TN over VM for "many" parameters. From Table 12-2-5b
however, this is not only due to the nunber of gradient and
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function eval uations used. systemeffects, is shown in Table 12-2-6. Qur mmin reason
Tabl es 12-2-5a and 12-2-5b al so show results for the for presenting these tables is to provide the user with sone

St eepest Descents (SD) nethod. In the present case, the feeling for the variations in timng which arise due to

program for this nmethod was created by forcing CGto restart factors outside of the software provided in this book

EVERY iteration, that is, to always use the gradient as the

search direction. W include these results to point out that Tabl e 12-2-1. Code length for the nethods presented

while the local descent may be provably "steepest", the a. for subroutines only
overall progress to a minimum by SD may be hopel essly sl ow.

The Hobbs probl em further denonstrates this inefficiency

(Table 12-2-7) Subr out i ne: HJ NM CG TN VM MRT

We bave briefly mentioned in Chapters 8 and 9 that the

Met hod

l'ines F 142 218 192 233 193 245
BASI C | anguage transl ator used to run our prograns may alter lines S 78 130 102 134 95 152
ratio 1.82 1.68 1.88 1.74 2.03 1.61
the perfornmance. Table 12-2-7 conpares the performance of

our net hods using the Hobbs weed i nfestation problem bytes F 5688 8360 7560 8988 7221 8689
. bytes S 1434 2723 1913 2801 1849 2790
whi ch has been chosen as an example problemfor all the ratio 3.97 3.07 3.95 3. 21 3,91 3.11

met hods. At the same tine the differences in behavior of our
. . synbols F 44 56 66 78 58 79
progranms under two different BASIC interpreters are symbol s S 35 40 54 62 39 59
illustrated. It is widely assuned that since Mcrosoft is ratio 1.26 1.40 1.22 1.26 1.49 1.34
the author of both interpreters, the results should be references F 190 378 305 423 307 407
conparable in their arithmetic. The present results show references S 120 279 179 276 179 275
ratio 1.58 1.35 1.70 1.53 1.72 1.48

that this is not the case, which can be verified by running
speci al progranms such as PARANO A (Kar pi nski, 1985).

Anot her factor influencing performance is the
m croprocessor which is used in the conputer at hand. The
original I1BMPC uses an Intel 8088 nicroprocessor running at
a clock speed of 4.77 MHz. Later "conpatibles" chose to use
ot her nenbers of the Intel 8086 family of mcroprocessors
t aki ng advant age of wider data paths, higher clock speeds or
both. Mre recently, NEC has redesigned the operation of the
8088 (though Intel disputes this and |legal action is being
pursued at tinme of witing) so that the NEC V20 chip nmay
replace the 8088, run at the sanme clock speed, yet achieve
sone speed advantage by conpleting some instructions nore
qui ckly. This behaviour, along w th possible operating
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Tabl e 12-2-1. Code length for the nethods presented (cont.)
Tabl e 12-2-3. Performance on the generalized Rosenbrock test
b. for subroutines with sinplified driver, pr obl em ( GENRCSE. FN; or GENRCSEJ. RES wi th MRT) under a
general i zed Rosenbrock test probl em GENRCSE. FN (or program | anguage i nterpreter
CENROSEJ. RES for MRT) and timing statenents
Execution tine for n=10 (except NM n=5, initial stepsize=5)
HJ NM CG TN VM MRT Ti mi ngs on the Maestro | BM PC conpati bl e using the BASICA
interpreter and a NEC V20 mi cro- processor

lines F 491 567 549 590 569 713
lines S 166 218 198 230 189 256 HJ NV CG TN VM MRT
ratio 2.96 2.60 2.77 2.57 3.01 2.79
fn evals F 3538 631 295 52 167 30
bytes F 19111 21783 21196 22624 21578 25402 grads F 0 0 120 287 86 18
bytes S 4253 5542 4945 5833 4830 5930
ratio 4.49 3.93 4.29 3.88 4.47 4.28 seconds F 1363 592 528 801 879 817
seconds S 1090 417 275 611 655 712
storage F 20097 23041 22401 23809 22785 26881 ratio 1.25 1.42 1.92 1.31 1.34 1.15
storage S 4582 5976 5343 6295 5210 6444 mmmemmm—eeoeem
ratio 4.39 3.86 4.19 3.78 4.37 4.17
Tabl e 12-2-4. Performance on the generalized Rosenbrock test
synbol s F 126 138 143 159 140 172 probl em (GENRCSE. FN; or GENROSEJ. RES with MRT) using conpil ed
synbols S 73 79 88 99 76 98 prograns.
ratio 1.73 1.75 1.63 1.61 1.84 1.76
Execution tine for n=10 (except NM n=5, initial stepsize=5)
.EXE bytes F 33536 37504 36096 38528 36992 42752 Ti mings on the Maestro | BM PC conpati bl e using the M crosoft
.EXE bytes S 21120 25216 22784 24960 22784 25088 MS- BASI C conpi | er version 5.36 (NEC V20 mi cro- processor)
ratio 1.59 1.49 1.58 1.54 1.62 1.70
------------------------ HJ NM CG TN W MRT
Table 12-2-2. Working storage in terns of arrays or vectors fn evals F 5346 679 284 90 163 30
needed to operate programto estimate n paraneters grads F 0 0 116 52 167 18
HJ NM G TN VM MRT seconds F 281 102 68 117 126 75
seconds S 212 87 42 80 75 65
wor ki ng store ratio 1.33 1.17 1.62 1.46 1.68 1.10
el ements F 6n n"2+9n+2 n 12n 2n”2+8n n"2+9n mmmemmme—--o--o-o-o
elements S 2n n"2+5n+2 4n 9n n"2+5n  n"2+6n
value (n=10)F 60 192 70 120 280 190
val ue (n=10)S 20 152 40 90 150 160
ratio (n=10) 3.00 1.26 1.75 1.33 1.87 1.19
value (n=30)F 180 1172 210 360 2040 1170
val ue (n=30)S 60 1052 120 270 1050 1080
ratio (n=30) 3.00 1.11 1.75 1.33 1.94 1. 08
val ue (n=50)F 300 2952 350 600 5400 2950
val ue (n=50)S 100 2752 200 450 2750 2800

ratio (n=50) 3.00 1.07 1.75 1.33 1.96 1.05
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Tabl e 12-2-5a. Performance with varying nunbers of parameters. Tabl e 12-2-5b. Performance with varying nunbers of )
GENRCSE and GENROSEJ test problens mninized by stripped down parameters. QUADSN test problemmininized by full versions
versions of the mninization codes. Prograns conpiled by of the mnimization codes. Prograns conpiled by M crosoft
M crosoft BASCOM v. 5.36 and executed on a Maestro PC cl one BASCOM v. 5.36 and executed on a Corona PC-21 under M5 DCS
under PC DCB 3. 10 using a NEC V20 processor. 2.11 using an Intel 8088 processor. Note that since the test
problemis NOT a sum of squares, we do not have test results
Met hod O der Gradi ent Functi on Ti ne M ni mal for MRT.
Eval uations Evaluations (s) F val ue ) . i )
HI 5 0 590 20 1 Met hod Or der Gradi ent Function Ti me M ni mal
4 0 160 13 1 Eval uati ons Eval uations (s) F val ue
6 0 1680 50 1 R * %
8 0 1623 56 1. 000001 H 1(5) 8 1?2 12 _;'755 **
10 0 5346 212 1 15 '
NM 2 0 75 8 1. 000001 20
4 0 359 40 1.000014 25 0 439 52 -162.5 **
0.1 initial 6 0 852 123 1. 000003
st epsi ze 8 0 1812 334 1. 000022 NM 5 0 294 57 -7.5
10 0 1683 390 9.492024** 10 0 2275 768 -27.40122 ##
G 2 27 70 5 1.000003 >
4 40 102 10 1. 000005 25
6 67 171 19 1. 000005
8 86 211 27 1
CG 5 7 12 4 -7.5
10 116 284 42 1 10 12 35 10 -27.5
TN 2 28 13 4 1 15 15 43 14 - 60
4 95 32 12 1. 004218## 20 17 48 22 -105
6 221 55 32 1 25 19 53 30 -162.5
8 324 66 56 1
10 391 90 80 1 TN 5 21 6 7 -7.5
VM 2 19 36 3 1 10 27 16 13 :27. 5
15 32 16 20 60
4 25 56 8 1 )
20 39 16 28 105
6 28 81 a1 25 36 12 33 -162.5
8 55 97 35 1 '
10 85 163 75 1 WM 5 10 23 9 -7.5
MRT 2 8 15 3 1 10 15 31 28 -27.5
4 10 20 7 1 15 18 48 60 -60
6 13 23 17 1 20 24 59 121 -105
8 16 26 35 1 25 30 74 215 -162.5
10 18 30 65 1
St eepest 2 499 1176 132 1.000016 Sooepest 8 0 o o 5%
Descents 4 1625 3934 552 1. 000039 _5g
(SD) 15 40 104 30 59.99999 <<
(SD 6 1908 4627 817 1. 00004 R
8 2410 5839 1217 1.00004 20 a4 116 42 104.9999 <<
) 25 53 134 60 -162.5 <<
** agpparent failure, nmay be a plateau on the function surface o ) )
## abnormal end -- "too nany iterations" ** mnimum found after one axial search, all other work is

expended to recognize that m ni num has been found

## failed to find mnimumin reasonable tine; terninated

<< a |l ower function value was found in the axial search.
For n=25, this inplies that binary/decimal conversion in
the output display is inexact.
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240 12-2 General Performance of Mt hods

Table 12-2-6. Perfornmance on different PC cl ones

The perfornance of the methods may vary according to the
particul ar design of the conputer used, operating system and
BI OS (Basic Input/Qutput System). This is illustrated by the
following timng figures fromfour machi nes which attenpt to
imtate the | BM PC:

Corona: A Qorona Data Systens PC-21 (Intel 8088 processor)
MS-DOS 2.11. Pure Data 1464SP cl ock

Nonane: a nongrel |1BM PC conpatible (Intel 8088 processor)
M5-DOS 2.11. Pure Data 1464SP cl ock

Nonane V20: Nonanme with the Intel processor replaced with
a NEC V20 micro-processor. Pure Data 1464SP cl ock

Maestro: an | BM PC conpatible with NEC V20 processor
IBMPC DOS 3.10. I/OPlus Il clock board

The test prograns used the test problem HS25. RES (Appendi x A)
and the six mnimzation methods HI, NM CG TN, VM and MRT

Met hod System Fn Grad Tine (sec.) Ratioto
Nonanme V20

HJ Cor ona 3701 0 7858 1.33
Maestro 5872 1.00
Nonane 5890 1.15
Nonanme V20 6747

NM Cor ona 136 0 295 1.31
Maestro 218 0.97
Nonane 5890 1.13
Nonarme V20 6747

CG Cor ona 195 87 829 1.34
Maestro 617 1.00
Nonane 714 1.15
Noname V20 620

TN Cor ona 33 83 475 1.33
Maestro 354 0.99
Nonane 410 1.15
Nonane V20 356

VM Cor ona 42 34 258 1.33
Maestro 192 1.00
Nonane 223 1.15
Nonane V20 194

MRT Cor ona 18 11 58 1.32
Maestro 44 1.00
Nonanme 50 1.14
Nonarme V20 44
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Tabl e 12-2-7. Perfornance of the six nethods with the Hobbs
3-paraneter |ogistic function. GCalculations run under the
BASI CA interpreter on the Maestro | BM PC conpatible with NEC

V20 processor, unless denoted 'gw, in which case the

M crosoft GMBASIC interpreter was used, or 'c', in which case
M crosoft Ms- BASCOM conpi |l er was used

Method Tine G ads Fns F(B B(1) B(2) B(3)

HJ 346s 0 445 2.587576 1.960721 4.90423 3.135595
Hl gw 332s 0 455 2.587578 1.960722 4.90423 3.135595
H ¢ 51s 0 414 2.587335 1.962612 4.908446 3.134927
NM 0. 1) 135s 0 112 2.587285 1.961959 4.908759 3. 135553
NM gw  122s 0 110 2.587286 1.961601 4.909224 3.135929
NM ¢ 32s 0 129 2.587251 1.961705 4.909004 3.135799
CG 146s 31 75 2.587745 1.964355 4.915891 3.135098
CG gw 113s 25 64 2.611886 1.992342 4.957549 3.12174
CG c 29s 38 92 2.588032 1.963899 4.917044 3.135696
TN 128s 44 16 2.588178 1.968247 4.915642 3.131997
TN gw  161s 58 29 2.587437 1.964402 4.912879 3.134416
TN ¢ 30s 60 22 2.587258 1.962246 4.909766 3.135517
VM 94s 18 39 2.587269 1.961856 4.909156 3.135701
VM gw  102s 19 53 2.587259 1.961855 4.909165 3.135686
VM ¢ 19s 18 63 2.587256 1.96173 4.909112 3.135785
MRT 40s 5 10 2.587261 1.961861 4.909162 3.135698
MRT gw  32s 4 9 2.587268 1.961851 4.90915 3.135703
MRT ¢ 6s 5 10 2.587255 1.961862 4.909163 3.135698
SD 2366s 497 1193 2.60721 1.989319 4.95257 3.123068
SD gw 1082s 245 582 2.60465 1.986402 4.950441 3.124891
SD ¢ 383s 508 1218 2.611789 1.99253 4.957191 3.121476
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Figure 12-2-1. Performance of gradient mnimzation methods on

the Generalized Rosenbrock problem Figure 12-2-2. Perfornance of gradient ninimzation methods

on the QUADSN test problem
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Chapter 13 MEASURES AND CONSEQUENCES
OF NONLI NEARI TY

Chapter title: Measures and consequences of nonlinearity

John C. Nash Mary Wl ker-Smith
Faculty of Administration General Manager
University of Otawa Nash | nformati on Services |nc

13-0. Overview -- Consequences of Nonlinearity

Nonl i near Parameter Estimation Met hods We have al ready seen how "nonlinearity", as defined by the

An Integrated Systemin BASIC equations used to estinmate paraneters in nodels, generally
forces us to use iterative algorithms in the estinmation
process. In this chapter we explore sone of the other

implications of nonlinearity, which primarily concern the
variability of the paraneter estinmates with respect to the
"true" but unknown paraneters.

The variability or uncertainty in paraneter estimates is
presuned to be caused by errors or perturbations in the
observed data for the problemat hand. Even for
mat hematical |y exact problens, there are perturbati ons nade
in representing floating-point nurbers in a given machine
representation, so that the sensitivity of the conputed
paraneters to these representation errors may be useful to
calculate. In general, we will assune that we can describe
the distribution of observational errors or perturbations and
provide an estimate of their magnitude. We will then attenpt
to conpute the distribution and magni tude of the possible
paraneter estimates which may be conputed for the problem
Since the conputation of such parameter distributions is in
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246 13-0 Overview -- Consequences of Nonlinearity

general very difficult, we usually resort to approxinations
In linear |east squares regression, it is assuned that

the residual vector

(13-0-1) r(BXy =XB-y

ari ses because the observations y have errors in the vector

error fromthe true but unknown values y-true, that is

(13-0-2) y = y-true + error

It is further assumed that the errors are uncorrel ated and

are drawn fromthe sane distribution, a condition sumuarized

by the phrase "independent, identically distributed" or

i.i.d. If the distribution of errors is Gaussian (nornal)

then the paraneter estinmates thenselves are al so Gaussian

distributed. Mreover, if the true but unknown paraneters

forma vector beta, the mean of the distribution of the

paranmeter estimates B is beta. That is, if E( ) is the

expect ati on operator

(18-0-3)  E(B) = beta

Furthernore, the variance of the paraneter estimtes is

related to the underlying variance of a single element of vy,

which we shall |abel "sigma-squared", via the Equation

(13-0-4) Variance(gi) = (XT x);ﬁ sigma2

An estimate of signma-squared is provided by
(13-0-5)  r'(B.Xy) (B Xy) / (m- n)
where mis the nunber of observations and n is the nunmber of
paraneters

In the context of this book, this is aresult of linmted
utility, since the assunptions, nanely

- independence of errors
- identical Gaussian distribution of errors

- error-free X matrix

along with the Iinear formof nodel, are not applicable to
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many of the estimation tasks encountered in this book. For
exanpl e, many of the loss functions mnimzed in order to
estimate paranmeters reflect a belief that the distribution of
errors in the nodel is not Gaussian, and/or that they are not
i ndependent. Moreover, unlike observed data, constraints
have no variability thenselves, but limt the possible val ues
of the paraneters

Thi s book concerns software for nonlinear paraneter
estimation. The consequences of nonlinearity are clearly
i mportant to the developnment of such software. However, as
yet the subject is still an active area of research and
di scussion. Therefore, we nake no clains that our software
provides the only nmethod by which the consequences of
nonlinearity may be assessed. |ndeed, we have chosen to
i mpl ement rather sinple approaches to this topic. To
conpl enent this, we have tried to provide references to the
literature, along with some indication of the major opinions
and directions of research in the subject.

13-1. Wiy Nonlinear Estimation is Difficult

Nonl i near paraneter estimation problems are difficult to
sol ve because the scaling cannot be set, once and for all,
before a solutionis attenpted. |f we consider first the
case of |east squares problens, the properties of the problem
can be conpared with those of the well-known |inear |east
squares regression problem

Li near regression problens suffer fromtwo nain
categories of difficulty:

1. failure of the regression assunptions of
i ndependence and constant variance (honoskedasticity) of the
errors, and of zero correl ation between the predictor
vari ables and the errors
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248 13-1 Why Nonlinear Estinmation is Difficult

2. linear dependency of the predictor variables, giving
rise to poorly determined or non-uni que paraneter estinates
(multicollinearity). A related concern is that the paraneter
estimates may be highly dependent on just one or two
observations or points of high |everage
These issues are sufficiently inportant that a number of
books have been devoted to their exposition (exenplified by
Bel sl ey, Kuh and Wel sch, 1980, and Draper and Smith, 1981).

The traditional solution nmethod for finding the
paranmeters B which fit a natrix of data (predictor
variables) to a vector of dependent or explained values y is
to solve the normal Equations

(13-1-1) (X' x B=x"y
A nore reliable alternative is to formthe generalized
inverse of X and conpute

(13-1-2) B=Xx"y

where X* i's the general i zed inverse (Nash, 1979, Chapter 5
Nash, 1984b).

Equation (13-1-1) becomes the central iteration equation of
the Gauss-Newton nethod (see Sections 7-1, 11-0) if X is
replaced by the Jacobian J for a nonlinear |least squares
problem Indeed, if the residuals are defined by the
equati on

(13-1-3)  r= XB-y

it is clear that J is identical to X when the Gauss- New on
method is applied to a linear regression problem Since X
(i.e. J) does NOT involve B, the solution is obtained in one
iteration. When the residuals are such that the Jacobian

el enents are functions of the paraneters, the solution of the
iteration equation is regarded as a nodification to current
paraneter values, and is repeated until the nodification does
not alter the parameters. As we have seen, other iteration
schemes, such as the Newton iteration, may be preferred, and
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may be derived fromdifferent theoretical notivations.
Neverthel ess, all suffer fromthe basic consequence of
nonlinearity, that is, the dependency of the iteration
equations on the paraneters. Thus, besides the difficulties
whi ch may be present in |inear regression problenms, we no

| onger have the possibility of universally scaling the
problem If we regard the scaling to be described by a

di agonal matrix Z, then

(13-1-4) B =2z8B

(13-1-5) x =xz 1

and the linear regression normal equations are sinply
(13-1-1) with X and B prinmed. The scaling is usually chosen
to inprove the condition of the nornal equations. In
particular, it is comon to standardi ze each predictor
variabl e (colum of X) by subtracting its mean and dividing
by its standard deviation. (This reduces the dinensionality
of the problemby 1, and can only be used if the regression
predi ctor variables include a constant, which disappears in
the standardi zati on. Such a standardi zati on shoul d not be
applied, for exanple, to regression through the origin

probl ems, since there is then no constant in the nodel.)
Readers should note that this w despread practice i s not

wi t hout controversy. See, for exanple, the published debate
bet ween Hocki ng (1983, 1984) and Belsley (1984a), as well as
the foll owup paper by Bel sl ey (1984b).

In the nonlinear case, the el ements of the Jacobian vary
with the paraneters so that a scaling which nakes the
iteration equations "easier" to solve can only be applied
locally. Related obstacles to the estimation of nonlinear
paranmeters are the foll ow ng.

1. For some values of the paraneters, the iteration may
diverge, that is, the iterates do not tend toward a
sol ution

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



250 13-1 Why Nonlinear Estinmation is Difficult

2. There may be sets of paranmeters which give rise to
very large or very small values of the elements in the
iteration equations. This is especially compn when power or
exponential functions appear in the nodel.

3. There may be dommins in the paranmeter space over
whi ch the nodel function takes the same conputed val ue
This is conmon if there are logarithnms or very small powers
in the nodel function

As an exanpl e of some of the difficulties, consider the
probl em of m nini zing the sum of squared residuals
(13-1-6) r(i,B) = exp(B(1)*x(i)) + 3*exp(B(2)*x(i)) - y(i)

wher e

(13-1-7) y(i) = exp(0.1*x(i)) + 3 * exp(x(i))
and

(13-1-8) x(i) = (i - 1)/5 for i =1,2,3,4,5

It is relatively easy to conpute the quantities needed for
the iteration equation of different nmethods. At the solution
poi nt

(13-1-9) B =( 0.1, 1)
we find that the gradient is null and the Hessian (to 5
figures) is

(13-1-10) 7. 6133 43,028

and has eigenval ues 44.376 and 2.4070E-2. However, for the
paranmeter set (1,2), where the sum of squares is 122.617, the
gradient is

o= E 1.3719 7.6133 § B

(13-1-11) g = ( 24.176, 150.24 )"
and the Hessian is

(13-1.12) H= E 22.192 29.510 ;

29.510 295. 49

whi ch has ei genval ues 298.64 and 19.042. This matrix is no

| onger equal to the Jacobian inner product matrix. At the
intermedi ate point (0.55,1.5), at which the sumof squares is
20. 773,
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( 7.2365 42.836 )"

7. 6498 14.864
14. 864 119.53

with eigenvalues 121.476 and 5.7089. These exanples
illustrate the nonlinearity of this problem for which the
Newt on nmet hod converges in 25 iterations from (1,2) and 28
iterations from (0.55,1.5). The Gauss-Newton iteration is
slightly faster, using 17 and 22 iterations respectively.
These exanples were run in single precision Mcrosoft
GWBASI C. A fixed-strategy Marquardt al gorithmwas also tried
(i.e. with fixed Levenberg Marquardt |anbda factor), but
this took a great many iterations, npost of which were
circling the solution. Applying our methods to this problem
was also illumnating. While MRT and TN converged quite
rapidly to the expected solution fromboth starting points
CG and VM converged slowy to the point

(13-1-13) g

(13-1-14) H = E

(13-1-15) B = ( 1.351285, 0.5908801 )

whi ch has a sum of squares of 9.854645E-6. At this point,
which is hard to distinguish fromthe desired solution on
conput ed properties alone, we find

(13-1-16) g = ( -2.11E6, -3.34E-6 ) '

_( 7.9234 13.764 ) _ T
(13-1-10) H = E 13 764 24.175 ; =3
whi ch has ei genval ues 32.033 and 0. 065503

13-2. Measures of Nonlinearity

In order to assess the level of difficulty created by

nonlinearity in an estimation problem various authors have
attenpted to define measures of nonlinearity. For nonlinear
| east squares situations, one of the nmpbst useful approaches
to date has been that of Bates and Watts (1980). Rat kowsky
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252 13-2 Measures of Nonlinearity

(1983, Chapter 2) presents a readabl e di scussion of this and
sone ot her measures of nonlinearity, as well as a FORTRAN
program for conputing the Bates/VWtts intrinsic and
paraneter-effects nonlinearity nmeasures. Here we will
content ourselves with an outline of the spirit of these
neasur es

As we have seen above, the primary consequence of
nonlinearity is that the gradient of the I oss function being
used as a criterion for paraneter estimation is not a linear
function of the paraneters. |If we consider a Tayl or
expansi on of the nodel functions Z(B, X) in Equation
(2-3-1) about a point (paranmeter set) b, then we have to
second order, and ignoring the data matrix X

(13-221)  Z(B) =2Zb) +J (B-b) + (B- b)' A(B-b)
where J is the Jacobian at b and A is the acceleration
matrix of mby n by n second partial derivatives, eval uated
at b

(13-2-2) Aijk = Partial Z(i,b) wr.t bj and bk

If the nmodel function Z (i,B) is linear in the paraneters

B, then all elenents of A are zero. \Wen the nodel is
nonlinear, this is no |onger the case. Mreover, different
paranetri zati ons of the same essential nodel (for exanple
exp(- i * B) versus 10~ (- i * B) will give different val ues
to the elenents of A Bates and Watts (1980) observed that
the tangent plane to the npdel response surface (that is, the
plot of Z(i,B) versus B, requiring n + 1 dinmensions to
represent) nust be the same for all equivalent nodels. Thus
al | paranetrizations have the sane tangent plane at the point
on the surface currently referred to as b. The accel eration
normal to the tangent plane nust therefore be the sane for

all paranetrizations, and is referred to as the intrinsic
accel eration. This is converted to a curvature and scaled to
al | ow conpari son across a class of problens. The
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accel eration parallel to the tangent plane yields a
paraneter effects curvature which may be reduced by
appropriate reparanetrization of the nodel. A nunber of

wor kers suggest this approach; however, we feel that our
clientele my have difficulty enough with famliar functional
forms. Therefore, despite the advantages of
reparanetrizati on, we have not explicitly provided tools in
this book to carry them out.

Because we envi sage our work as being enployed with | oss
functions nore general than | east squares, we do not present
program code for the Bates/Watts nonlinearity measures. At
the tine of witing, we are aware of nonlinearity neasures
only for nonlinear |east squares, further restricted to the
unconstrai ned situation. Ratkowsky (1983, Sections 2.5 and
2.9) discusses a neasure of bias in nonlinear estimation as
wel |l as the sonmewhat nore conplicated nmeasure due to Box
(1971). Gven the current research activity in this area, it
seens probable that nore neasures of nonlinearity will be
devel oped, hopefully of wi de applicability.

13-3. Convergence Tests and Restarts

For each of the nethods we have presented, all of which are
iterative, convergence tests have been provided to stop the
program when a "satisfactory" point has been found. In
Sections 4-3 and 7-6 we have already presented sone ideas on
this matter, which will now be sumarized and extended.

The criteria for convergence of iterative function
m ni m zati on nethods include the foll ow ng

1. Paraneter change criterion: no change in paraneters
is observed during an iteration

2. Function change criterion: no change is observed in
the loss function during an iteration

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



254 13-3 Gonvergence Tests and Restarts

3. Gadient conditions: the gradient is essentially
zero, indicating that a stationary point has been found.
Since a stationary point may be a |l ocal maxinmum a | ocal
mnimumor a saddle point, this criterion nust usually be
strengt hened by the subsidiary condition that the Hessian
matrix (that is, the nmatrix of second derivatives of the |oss
function) is positive sem -definite.

VWhen constraints are i nposed, we nust al so include
conditions which test if all constraints are satisfied (GII,
Mirray and Wight, 1981, pp. 73-82). Since our nethods only
deal with bounds on paranmeters, it is relatively
straightforward to test whether a bound constraint is active,
since all conponents of the gradients g nust point "downhill
towards the active bounds". This can be stated nore
scientifically. The function of f(B) nust increase away
fromeach active | ower bound constraint. Thus, if
(13-3-1) = B(i)

s active, then the gradi ent conmponent
13-3-2) gj (B) > O

i
(
Simlarly, if the upper-bound

(13-3-3) B(k) < uy

is active,

(13-3-4) g (B <O

so that the function increases as we nove away fromthe
constraint.

In the gradi ent-method codes whi ch inplenent bounds
constraints, the convergence tests include these tests on the
contraints. For unconstrained mninzation, our principal
strategy has been to continue the iterative procedures until
no new set of paranmeters is found with a strictly |ower
conputed | oss function value. "New set of paranters" is
taken to inply that the paraneter sets B-old and B-new

"same", which for practical purposes (Equation 4-3-2)

are the
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requires either a tolerance or a scaling to avoid conparisons
of roundi ng-error noi se when snmall paraneter val ues are
encount er ed

This strategy has been nodified in certain instances:

1. In NM the pol ytope may "flatten" so that the
"hi ghest" and "l owest" points have essentially the same
function value. In such cases, we feel the iteration should
be halted. Thus the convergence test used halts the
mnimzation if the function values at the "hi ghest" and
"l owest" vertices of the current polytope differ by no nore
t han

E9 * E9 * fscale

where E9 is the machi ne precision (see Appendi x E, Conputing
Envi ronment) and fscale is a quantity used to adjust the
test value to the magnitude of the | oss function for the
problem W use one plus the absolute value of the function
at the initial set of paraneters, that is,

(13-3-5)  fscale = 1 + ABS(f(B(?))
The absol ute val ue allows functions which are negative to be
m nimzed. The constrant 1 avoids difficulties with
arithmetic underflow - when the function value is snall.
(This may easily arise, for exanple, when using NMto test a
function at the supposed minimum if the function has
zero-val ue at that point.)

2. In TN and CG a "small" gradient normmay neke it
i mpossible to conpute the next iterate, so a gradient norm
test is included in these codes. |In our experience, the
gradient normis quite sensitive to the scale of the |oss
function, and the gradient normtest is infrequently the
mechani sm whi ch term nates our prograns.

3. In CGand VM the final test for lack of progress is
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made with the steepest descent direction. This avoids the
possibility that the current search direction could be
"uphill" as a result of inperfectly conmputed updates to the
search direction.

This last point introduces restarts, that is,
re-initiation of the nmnimzation method. Qur experience is
that it is worthwhile re-starting gradient nethods with the
st eepest descent direction. The general post-solution
anal ysi s code POSTCEN perforns an axial search around the
supposed minimum |If a |ower point is found, it is clear
that the mininization should be restarted, and the code
segment DRIVER allows the user to do this. By choosing NOT
to enter a new set of initial paranter values, the progranms
will restart at the | owest point found, i.e. that found in
the axial search. W have observed (Nash, 1979, p. 148)
that this nay be useful in attenpting to minimze certain
loss functions with NM More generally, as we will nention
in Chapter 14, it may be useful to restart the mnimzation
from several points around a supposed m ninum especially if
multiple minima are present or if convergence to a | ocal
m nimumis suspected. W provide for manual (keyboard) entry
of new initial paraneters, but |eave automation of this task
to the interested user, since the choice of approach wll
depend greatly on the particular application and its context.

So far in this section, we have consi dered nechanisns
for halting iterative function mninization nmethods. As
poi nted out by Bard (1974) and Bates and Watts (1981a), these
shoul d be called term nation criteriarather than
convergence criteria. Unfortunately, a true convergence test
requires a fairly conprehensive understanding of the |oss
function. For unconstrained nonlinear |east squares
probl ens, Bates and Watts (1981a) have developed a criterion
whi ch halts the mnimzation of the suns of squares
mnimzation if the current point is sone small fraction of
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the confidence region radius away fromthe |east squares
point. They indicate both theoretically and algorithnmically
how this test may be applied. In our own limted trials,
based on the program LEQBO5 (Nash, 1984b; see al so Section
11-7), we have observed this test criterion to significantly
reduce the nunber of iterations taken before the iterations
halt, while the paraneter estimates are virtually identical
to those obtained with the nost stringent paraneter-change
criterion. That is, the termi nation criteria cause our

al gorithnms to expend a great deal of conputational effort
deciding that the current point is a mninmmof the |oss
function. This is illustrated in Table 13-3-1, which should
be conpared with Figure 11-7-1 illustrating the use of the
singul ar val ue deconposition for nonlinear |east squares.

Tabl e 13-3-1. Conparison of convergence under paraneter
change termnation criteria and Bates/Watts convergence test.
The Hobbs test problem (Section 3-3) is used

Met hod Starting point Ti nme Eval uati ons
(seconds) function gradi ent
MRT (2, 5 3 31 9 4
(1 1, 1) 71 19 10
LEQBO5 (2,5 3 60 9 7
(1, 1, 1) 236 56 26
LEQBO5 & (2 5 3 34 4 4
Bates/Watts ( 1, 1, 1) 227 53 25

The Bates-Watts criterion is recomended if the
application task involves unconstrai ned nonlinear | east
squares problens. In the nore general case, sinmilar criteria
remain to be developed. As far as we are aware, a
convergence criterion which halts a mininzation algorithm
using simlar "close enough" concepts has yet to be devel oped
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for general |oss functions or problens involving constraints.

Therefore, we have not used the Bates-Watts convergence test
in this book. Having so decided, there was | ess notivation
to use a Jacobian matri x deconposition approach to nonlinear
| east squares, and the MRT code was chosen. This code is
poorly suited to inclusion of the Bates/Watts test, but
appears overall to be efficient and reliable. However, we
anticipate that deconposition approaches will see

i nprovenents in speed shortly, at which point MRT should be
repl aced.

13-4. Estimates of Paraneter Dispersion

Having minim zed a loss function to determ ne estimates for
set of parameters B, we nay wish to know how "good" the

estimates are. |In particular, the dispersion of the
paraneter estimates nay be very inportant if the paraneter
estimates are to be used in decision-making. |If thereis a

statistical distribution of "errors" made in observing the
data, that is, if the "true" residuals have an unexpected
distribution of values, we would ideally like to know the
distribution of the parameters B. For a |inear nodel, where
(13-4-1) (B =XB-y

with the assunption that the errors in observation are
concentrated in the response vector y and are independent of
each other, then variances of the parameters B forma natrix

(13-4-2) v =s2 (X' x°1
wher e
2 _,. T
(13-4-3) s“ =(r )/(m- n)
because the estimate for Bis
(13-4-4) B = (X' 0t xTy
which is linear iny, the relationship can be discovered

a
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whi ch rel ates the variance of the "errors" in observation
with the variances of the estinmated parameters. Thus, for

i near nodel s, under the regression assunptions, estinates of
the dispersion of the paraneters can be conputed.

I'n the nonlinear |east squares case, simlar ideas can
be used. Since the locally linearized nodel gives riseto
the Gauss- Newt on Equati ons (11-0-8), it is tenptiong to
suggest di spersion estimtes

(13-4-5) VB =s2 (3" -1

where J is the Jacobian and 52 is defined as in (13-4-3) but
with the nonlinear residuals (2-6-1).

Traditionally, the matrix V(B) is not conputed, but
only the square roots of its diagonal elenments, which are
often referred to as the standard errors of the
corresponding paraneters. That is, the j,j elenent of V
gives the variance of B(j). Sone inplenentations of
Gauss- Newt on net hods conpute an inverse of the matrix V (or a
scal ed version thereof), and can proceed to conpute estimates
of the correlation matrix of the paraneters

(13-4-6) CORR(B) = AB)' V(B) QB
where Q(B) is the diagonal matrix whose non-zero el enments
are the reciprocals of the square roots of the correspondi ng
di agonal elements of M(B). An alternative view of the
operations to conpute CORR(B) is that the i,j elenent of
V(B) is divided by the square root of the product of the i,i
and j,j elenents. Active bounds and masks conplicate the
programming in detail, though not in concept. In POSTMRT we
build up the correlation estimates pieceneal, since we do not
have the entire matrix V(B) avail able at any one stage, but
only a single row (or colum).

Anot her |inearization which could be used is

(13-4-7) V(B = HB !
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which is the inverse Hessian at the solution point. These
and ot her approaches to conputing the dispersion are used to
estimate confidence regions, that is, regions in the
paranmet er space wherein the paraneters are found with a
certain probability. Linearization nethods give dispersion
measures, from which confidence intervals on the paraneters
may be cal cul ated using conventional statistical formulas
The | ack-of -fit nethod and likelihood nmet hod produce
confidence regions nore or less directly, though with

consi derable conputational effort. Donaldson and Schnabe

(1985) provide a readabl e account of all of these nethods
along with the results of a Monte Carlo study of the
coverage of five different methods. That is, they study
whet her the confidence regions produced by different nethods
contain the true intervals, i.e., cover them

The concl usi ons of the Monte Carlo study were that
Equation (13-4-5) perforned better than (13-4-7) and one
other linearization technique, particularly when nunerica
approxi mations to derivatives were used. However, none were
as good as the nore expensive and difficult lack-of-fit and
i kelihood nmethods. Donal dson and Schnabel conclude that "it
appears that there is a need for new nethods for estimating
confidence regions that are both reliable and easy to
report". VW& concur with this opinion, and regret that we are
able to offer the reader only a partial response to the need
for estimates of paraneter dispersion

It is also possible to obtain parameter dispersion
estimates fromthe information in the final polytope of the
Nel der - Mead net hod (see Spendl ey, 1969 for details). As this
adds to the length of the code required, particularly when
bounds and masks are all owed, we have not included this
approach in our software. By using the Marquardt nethod w th
nureri cal derivatives, we can obtain the parameter dispersion
estimates, even if the paraneter estinmates have been found by
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one of the direct search nmethods. Spendley's ideas are
directed to nonlinear |east squares problens, while the
approach in the next section deals with general |oss
functions.

13-5. A Genereal Post-Solution Anlaysis

For general |oss functions, possibly involving constraints,
we have chosen to use very sinple indicators of the paraneter
di spersion. In order to test the sensitivity of the |oss
function to small changes in each paraneter, we performa
sinmpl e axial search, evaluating

(13-5-1) f(B- step(j)), f(B + step(j))

for each j, where step(j) is a null vector except in its

j-th elenment, which has the val ue

(13-5-2) step(j)j = E8 * (ABS(B(J)) + E8

where E8 is a small nultiple of the square root of the machine

precision. W report the change in F for each such step, providing
two primary pieces of information about the loss function at the

supposed sol ution:

1. the relative sensitivity of the |oss function al ong
each paraneter axis;

2. the symetry of the loss function surface about the
supposed solution. (If the solution is on an active bound
constraint, a large value is assigned to the conputed
function.)

A quadratic nodel for the surface at the sol ution point
gives rise to a parabol a al ong each paraneter axis.

Label ling the function values for negative and positive steps
as f(-) and f(+), with the function value at the supposed
solution as f(0), we have
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(13-5-3) f(0) = a

f(-) =a- b * stepj + ¢ * step] * stepj

f(+) = a+b * stepj + ¢ * step] * stepj
using stepj from (13-5-2). The coefficients a, b, and c are thus
(13-5-4) a = f(0)

b= (f(+) - f(-)) / (2 * stepj)

c = (f(+) +f(-) - 2*1(0)) / (2 * stepj * stepj)
Since c is the second derivative of the parabolic
approxi mation, we easily convert it to a radi us of
curvature (Protter and Morrey, 1964, page 394)

(13-5-5) r. of curvature = (1 + b * b)3/2/ c

(The conventional radius of curvature uses the absol ute val ue
of this quantity. However, it should al ways be positive for
the present application, and a negative nunber is useful as
an indicator that a local mnimmhas not been found.)

For a loss function which is symmetric about the
solution, we will have b = 0. W therefore convert this
parameter to the tilt by conputing its arctangent in
degrees. Wper and | ower bounds will give tilts near -90 and
+90 degrees respectively.

O her nechani sms for the calcul ati on of nmeasures of
di spersion for the paranmeter estimates include the
jackknife and the bootstrap (Efron, 1982). These
techniques are call ed resanpling plans because one or nore
of the observations are omtted fromthe data and the
paranmeter estimates reconputed. |If the i-th observation is
omtted, we conmpute a set of estimated paraneters B(i).

The msets of estimated paranters, together with the set of
paranmeters B calculated with the entire sanple then give an
estimate for the variances of the n paraneters (in vector

form
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m
(13-5-6) VAR =(m- 1) > (B() - B/ m

i=1
According to Efron (1982), this dispersion estimate is due to
John Tukey. Note that the square roots of these nunbers
shoul d be conpared to the standard errors or radii of
curvature conputed in our codes. W do not provide code here
for the jackknife or bootstrap, as these techniques are
conputationally very demandi ng. Neverthel ess, our prograns
could easily be nodified to allow such conputations.
Furthernore, personal conputers such as the IBM PC and cl ones
provide a rel atively cheap conputing resource for such
calcul ations, especially if set up to run unattended at ni ght
or over weekends.

We thank Dr. Mrven Gentlenman for rem nding us of the

use of the jackknife as a possible dispersion estimte
met hod

13-6. POSTGEN - General Post-Solution Analysis

POSTGEN i s a program code which can be added to any of the
function minimzation algorithns. |Indeed, we include it

in POSTMRT and POSTVM (t hough with mi nor changes in line
nunbers). Because we do not know the structure of the

l oss function used in the estinmation, POSTGEN can only
provi de crude estimates of paraneter dispersion based

on a search along each paraneter axis to devel op the
radius of curvature and tilt measures di scussed above.

Wth the Nelder - Mead code (NM, POSTGEN is an integral
part of the minimzation (Nash, 1979, p. 189), since we
require the axial search to escape from situati ons where the
pol ytope may have "flattened" to such an extent that progress
cannot be made.
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The out put from POSTGEN has al ready been included in the
exanpl es given in Listings 5-2-1, 5-2-2, and 6-2-1, and is a
part of the POSTVM and POSTMRT exanpl es bel ow.

Listing 13-6-1. The POSTGEN Code.

POSTGEN. BAS 08-07- 1986 13:36: 04
6000 PRI NT "POSTGEN. BAS 851118 -- GENERAL PCST SOLUTI ON ANALYSI S"
6005 PRI NT #3, "POSTGEN BAS 851118 -- GENERAL POST SOLUTI ON ANALYSI S"

6010 REM CALLS

6015 REM FUNCTION F -- |ine 2000

6020 REM RESIDUAL R1 -- line 3500 (only if J6=1)

6025 REM

6030 REM | NPUTS TO THE ROUTI NE

6035 REM X() -- the vector of final paranmeter estinates

6040 REM N -- the number of paraneters in the function F(B)

6045 REM M -- the nunber of data points (0 for a .FN)
6050 REM Q , ) -- nmasks and bounds

6055 REM Y( , ) -- the data array for the problem

6060 REM I5 -- the nunber of masked (fixed) paraneters

6065 REM J6 -- flag which is 1 if residuals can be conputed
6070 REM FO -- value of the function at the supposed m ni mum
6075 REM

6080 REM B9, E5, E9 -- constants provided by ENVRON
6085 REM
6090 REM OUTPUT FROM THE ROUTI NE

6095 REM F1 -- lower function value than FO (if found, else a
6100 REM hi gher value to prevent a restart in the DRI VER)
6105 REM X() -- new paraneter values if a lower point is found
6110 REM

6115 REM need array T(N) to store tilt angles
6120 LET T5=1/E9: REMused for active bounds ('large' F(B))

6125 LET 16=0: REM flag for active bounds (-2=l.b.,-1=u.b., O=i nacti ve)

6130 I F M<=N-15 THEN 6155

6135 LET F9=F0/ (M N+l 5): REM PSEUDO SI GVA"2

6140 PRI NT "LOSS FUNCTI ON PER DEGREE OF FREEDOM (SI GwWAN2) ="; F9
6145 PRI NT #3,"LOSS FUNCTI ON PER DEGREE OF FREEDOM (SI GvWAt2) ="; F9
6150 GOTO 6160

6155 LET F9=-1

6160 FOR J=1 TO N

6165 LET E8=E5* SQR(E9): REM now conpute points left and right
6170 LET E8=E8*(ABS(X(J))+E8): REM stepsize

6175 PRINT "B(";J;")=";

6180 PRI NT #3,"B(";J;")="

6185 | F (J, 3)=0 THEN 6400: REM nasked

6190 LET B(J)=X(J)-E8

6195 | F B(J)<Q(J, 1) THEN 6225
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6200
6205
6210
6215
6220
6225
6230
6235
6240
6245
6250
6255
6260
6265
6270
6275
6280
6285
6290
6295
6300
6305
6310
6315
6320
6325
6330
6335
6340
6345
6350
6355
6360
6365
6370
6375
6380
6385
6390
6395
6400
6405
6410
6415
6420
6425
6430
6435
6440
6445

LET 13=0

GOSUB 2000: REM function val ue

I F 13=1 THEN 6230

| F F<FO THEN 6570: REM | ower function val ue

GOTO 6235

LET 16=-2: REM active | ower bound

LET F=T5: REM failure

LET F3=F

LET B(J)=X(J) +E8

IF B(J)>Q(J,2) THEN 6275

LET 13=0

GOSUB 2000: REM function val ue

I F 13=1 THEN 6280

I F F<FO THEN 6570: REM | ower function val ue

GOTO 6285

LET 16=-1: REM active upper bound

LET F=T5: REM failure

LET F4=F

LET B(J)=X(J): REMreset paraneter val ue

LET Cl=.5*(F4-F3)/E8: REM linear term-- should be zero
LET C2=(F4+F3-2*F0)/ (2*E8*E8): REM quadratic term

I F 1 6=-2 THEN LET C2=(F4-F0)/ (E8*E8): REM symetrized curvature
IF 16=-1 THEN LET C2=(F3-F0)/ (E8*E8): REM when bounds active
LET C0=1+C1*Cl: REM denomi nator for curvature

LET C2=C2/ ( CO* SQR(C0))

LET C0=B9: REM set |arge in case of singularity

I F C2<>0 THEN LET C0=1/C2: REM radi us of curvature for problem
LET T(J)=-45*ATN(C1)/ATN(1): REMtilt -- DiMension T in HJ, NM
PRI NT USI NG " ##. ##t#### """, B(J);: REM!!

PRI NT #3, USI NG " ##. ###### """ B(J);: REM!!

PRI NT " step=",

PRI NT #3," step=";

PRI NT USI NG " ##. ## """ ", E8;: REM!!

PRI NT #3, USI NG " ##. ## """, E8;: REM!!

PRINT " f-, f+";

PRI NT #3," f-, f+";

PRI NT USI NG " ##. #### """, F3; F4: REM !!

PRI NT #3, USI NG " ##. ####"" """ F3; F4: REM !!

LET X(J)=C0: REM save radius of curvature in x()

GOTO 6420

PRI NT USI NG " ##. ##t#### """ B(J);: REM!!

PRI NT " MASKED"

PRI NT #3, USI NG " ##. ######~ " B(J);: REM!!

PRI NT #3," MASKED

NEXT J
PRI NT " best function value found is ;
PRI NT #3," best function value found is "

PRI NT USI NG " ##. #### """, FO: REM !!
PRI NT #3, USI NG " ##. #### """, FO: REM !!
PRI NT
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6450
6455
6460
6465
6470
6475
6480
6485
6490
6495
6500
6505
6510
6515
6520
6525
6530
6535
6540
6545
6550
6555
6560

Li sting 13-6-1 The POSTGEN Code

PRI NT #3,
PRINT "radii of curvature for surface along axial directions"

PRI NT #3,"radii of curvature for surface along axial directions"”

PRINT " & tilt angle in degrees"

PRI NT #3," & tilt angle in degrees”

PRI NT

PRI NT #3

FOR J=1 TO N

IF OJ,3)=0 THEN 6535

PRINT "for B(";J;") R OF QURV. ="

PRI NT #3,"for B(";J;") R COF CURV. =",
PRI NT USI NG " ##. ###~\ " X(J);: REM!

PRI NT #3, USI NG " ##. ### A" X(J);: REM !

PRI NT * tilt =",
PRI NT #3," tilt =",
PRI NT USI NG " ####. #####"; T(J): REM !

PRI NT #3, USI NG " ####. #####" ; T(J): REM !!

NEXT J

I F J6=1 THEN GOSUB 6900: REM print residuals
FOR J=1 TO N

LET X(J)=B(J): REM reset paraneter for restart
NEXT J

LET F1=FO+ABS(F0)+1: REM to ensure no restart

6565 RETURN REM to DR VER

6570 PRI NT

6575 PRI NT #3

6580 PRINT "I ower function val ue found"

6585 PRI NT #3, "l ower function value found"

6590 | F J6=1 THEN GOSWB 6900: REM print residuals

6595 FOR K=1 TO J

6600 LET X(K)=B(K): REM reset paraneter values -- note, j included
6605 NEXT K

6610 LET F1=F: REMto indicate | ower function val ue

6615

RETURN

Li ne no. Ref erenced in line(s)

2000 6205 6255 -- the function subroutine
6155 6130

6160 6150

6225 6195

6230 6210

6235 6220

6275 6245

6280 6260

6285 6270

6400 6185

6420 6395

6535 6490

6570 6215 6265

6900 6540 6590 -- residual display
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Synbol Ref erenced in line(s)

B( 6190 6195 6240 6245 6290 6340 6345 6400 6410
6550 6600 -- the paraneter vector

B9 6325 -- a "large" nunber

Co 6315 6320 6325 6330 6390 -- denom nator for curvature

C1 6295 6315 6335 -- linear term

c2 6300 6305 6310 6320 6330 -- quadratic term

E5 6165 -- a value used for scal ed conparisons (= 10)

E8 6165 6170 6190 6240 6295 6300 6305 6310 6360
6365 -- stepsize

E9 6120 6165 -- the nmachine precision

F 6215 6230 6235 6265 6280 6285 6610 -- function
val ue

FO 6135 6215 6265 6300 6305 6310 6435 6440 6560
-- value of the function at the supposed m ni mum

F1 6560 6610 -- |ower function value than FO if found, else
a higher value to prevent a restart in the DRI VER

F3 6235 6295 6300 6310 6380 6385 -- function value mnus
st epsize from supposed mi ni num

F4 6285 6295 6300 6305 6380 6385 -- function val ue plus
st epsize from supposed mi ni mum

F9 6135 6140 6145 6155 -- loss function per degree of
freedom (si gma”2)

13 6200 6210 6250 6260 -- flag for conputable function
(=1 for failure)

15 6130 6135 -- the nunmber of masked (fixed) paraneters
16 6125 6225 6275 6305 6310 -- flag for active bounds
(- 2=l ower bound, -21=upper bound, O0=i nactive)

J 6160 6170 6175 6180 6185 6190 6195 6240 6245
6290 6335 6340 6345 6390 6400 6410 6420 6485
6490 6495 6500 6505 6510 6525 6530 6535 6545
6550 6555 6595 -- a |oop control counter
J6 6540 6590 -- flag which is 1 if residuals can be conputed
K 6595 6600 6605 -- a |oop control counter
M 6130 6135 -- the nunber of data points
N 6130 6135 6160 6485 6545 -- nunber of paraneters in
I oss function
(0} 6185 6195 6245 6490 -- bound/ masks i nformati on storage
T( 6335 6525 6530 -- tilt angles
T5 6120 6230 6280 -- a "large" nunber assigned to the
function val ue when constraints are violated. If T5 is too
large, the cal culation of dispersion estinmates gives rise
to "overflows".
X( 6170 6190 6240 6290 6390 6505 6510 6550 6600
-- the vector of final paraneter estimates
LI NES: 124 BYTES: 4660 SYMBOLS: 40 REFERENCES: 161
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13-7. POSTMRT - a Jacobi an Di spersion Estinate

Below in Listing 13-7-1 we present code which conputes the
di spersion neasures given by a linearization involving the
Jacobian as in Equation (13-4-5). The general post-solution
analysis is also performed for conparison purposes. In
displaying the results, standard errors for the paranmeters
are undefined if the estimte, SIGW'2, of the variance of
the "errors" in the data cannot be conputed. One such
situation occurs when MRT is used to sol ve nonlinear
equations and the nunber of "data points" Mis equal to the
number of parameters N A singular Jacobi an provides another
cause. We arbitrarily display the nunber -9999 in such
cases.

Listing 13-7-2 presents the output of POSTMRT applied to
t he Hobbs weed infestation problem This may be thought of
as a continuation of the output presented in Listing 11-6-1.

Listing 13-7-1. The POSTMRT Code.

POSTMRT. BAS 08-07-1986 13:36: 43

6000 PRI NT "POST-SOLUTI ON ANALYSI S FOR MARQUARDT- NASH NLLS"
6005 PRI NT #3, " POST- SCLUTI ON ANALYSI S FOR MARQUARDT- NASH NLLS"
6010 REM 860504

6015 REM CALLS

6020 REM RESI DUAL R1 -- |ine 3500

6025 REM CHOLESKY DECOWPCSI TION -- |ine 1596 (MRT)

6030 REM CHOLESKY BACKSUBSTI TUTION -- |ine 1696 (MRT)

6035 REM SUM OF SQUARES -- line 1848 (MRT)

6040 REM

6045 REM | NPUTS TO THE ROUTI NE

6050 REM X() -- the vector of final paraneter estimates

6055 REM C() -- the Jacobian matrix stored as a vector

6060 REM &) -- the gradient of the sum of squares loss function
6065 REM N -- the nunmber of paraneters in the function F(B)
6070 REM M -- the nunber of data points (0 for a .FN)

6075 REM Q , ) -- masks and bounds

6080 REM Y( , ) -- the data array for the problem

6085 REM I5 -- the nunmber of masked (fixed) paraneters

6090 REM FO -- value of the function at the supposed mi ni mum

Listi

6095
6100
6105
6110
6115
6120
6125
6130
6135
6140
6145
6150
6155
6160
6165
6170
6175
6180
6185
6190
6195
6200
6205
6210
6215
6220
6225
6230
6235
6240
6245
6250
6255
6260
6265
6270
6275
6280
6285
6290
6295
6300
6305
6310
6315
6320
6325
6330
6335
6340
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REM

REM B9, E5, E9 -- constants provided by ENVRON

REM

REM OUTPUT FROM THE ROUTI NE

REM F1 -- lower function value than FO (if found, else a
REM hi gher value to prevent a restart in the DRI VER)
REM X() -- new paraneter values if a lower point is found
REM

REM need array T(N) to store tilt angles

FOR J=1 TO N2

LET A(J)=C(J): REM use unweighted matrix

NEXT J

IF M>N- 15 THEN GOTO 6170

LET F9=-1

GOTO 6200: REM standard errors cannot be conputed
LET F9=FO/ ( M N+| 5)

PRI NT "SI G2 = LOSS FUNCTI ON PER DEGREE OF FREEDOM ="; F9
PRI NT #3,"SI GVW'2 = LOSS FUNCTI ON PER DEGREE OF FREEDOM ="; F9
LET 13=0

GOSUB 1596: REM (hol eski deconposition (unwei ghted matri x)
IF 13=0 THEN GOTO 6220

FOR J=1 TO N

LET D(J)=-9999: REMfIl ag singul ar sscp matrix or too few data points
NEXT J

GOTO 6360

PRI NT

PRI NT #3,

PRI NT " PARAMETER CORRELATI ON ESTI MATES"

PRI NT #3, " PARAMETER CORRELATI ON ESTI MATES"

FOR K9=1 TO N

PRI NT "ROW"; K9; " : "

PRI NT #3,"ROW"; K9;" : ";

FOR J=1 TO N

LET T(J)=0

NEXT J

LET T(K9)=1

GOSUB 1696: REM Chol eski backsubstitution

LET D(K9) =SQR( T(K9)* ABS( F9))

FOR J=1 TO K9

LET T1=D(K9) *D(J)

IF T1=0 THEN LET T1=1: REM to account for masks
REM note no explicit test for masks here

PRI NT USI NG " ###. #####" ; ABS(F9) *T(J)/ T1;

PRI NT #3, USI NG " ###. ##t###" ; ABS(F9) *T(J)/ T1;

I F 4*INT(J/ 4)<J THEN 6340

PRI NT

PRI NT " "

PRI NT #3,

PRI NT #3," "

NEXT J
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6345
6350
6355
6360
6365
6370
6375
6380
6385
6390
6395
6400
6405
6410
6415
6420
6425
6430
6435
6440
6445
6450
6455
6460
6465
6470
6475
6480
6485
6490
6495
6500
6505
6510
6515
6520
6525
6530
6535
6540
6545
6550
6555
6560
6565
6570
6575
6580
6585
6590

Li sting 13-7-1 The POSTMRT Code

PRI NT

PRI NT #3,

NEXT K9

PRI NT

PRI NT #3

PRI NT " SOLUTI ON W TH ERROR MEASURES AND GRADI ENT COF SUM OF SQUARES'
PRI NT #3, "SOLUTI ON W TH ERROR MEASURES AND GRADI ENT OF SUM OF SQUARES
PRI NT

PRI NT #3

FOR J=1 TO N

PRINT "B(";J;")=";B(J);" STD ERR=";D(J);" GF\’AD("'J ")— G(J)*Z
PRI NT #3,"B(";J;")=";B(J);" STD ERR="; D(J); GRAD("; J; ") ="; (J)*2
NEXT J

INPUT "HI T [CR] TO CONTI NUE"; X$

PRI NT: REM start of POSTGCEN. BAS

PRI NT #3,

LET T5=1/E9: REMused for active bounds ('large' F(B))

LET 16=0: REM flag for active bounds (-2=I.b
FOR J=1 TO N

LET E8=E5*SQR(E9): REM now conpute points left and right
LET E8= E8*(ABS(X(J))+E8) REM st epsi ze

PRI NT "B("; J;

PRI NT #3," B("'J ")—"'

IF OJ, 3) =0 THEN 6675: REM nasked

LET B(J)=X(J)-E8

I'F B(J)<Q(J,1) THEN 6500

LET |3=0

GOSUB 1848: REM function val ue

I F 13=1 THEN 6505

,-1=u. b., 0=i nacti ve)

| F F<FO THEN 6845: REM | ower function val ue
GOTO 6510

LET 16=-2: REM active | ower bound

LET F=T5: REM failure

LET F3=F

LET B(J)=X(J) +E8

IF B(J)>0(J,2) THEN 6550

LET | 3=0

GOSUB 1848: REM function value

IF 13=1 THEN 6555

| F F<FO THEN 6845: REM | ower function val ue
GOTO 6560

LET 16=-1: REM active upper bound

LET F=T5: REM failure

LET F4=F

LET B(J)=X(J): REMreset paraneter val ue

LET Cl=.5*(F4-F3)/E8: REM linear term-- should be zero

LET C2=(F4+F3-2*F0)/(2*E8*E8): REM quadratic term

IF 1 6=-2 THEN LET C2=(F4-F0)/ (E8*E8): REM symmetrized curvature
IF 16=-1 THEN LET C2=(F3-F0)/ (E8*E8): REM when bounds active
LET C0=1+C1*Cl: REM denominator for curvature

Listing 13-7-1 The POSTMRT Code

6595
6600
6605
6610
6615
6620
6625
6630
6635
6640
6645
6650
6655
6660
6665
6670
6675
6680
6685
6690
6695
6700
6705
6710
6715
6720
6725
6730
6735
6740
6745
6750
6755
6760
6765
6770
6775
6780
6785
6790
6795
6800
6805
6810
6815
6820
6825
6830
6835
6840

LET C2=C2/ ( C0* SQR( C0))
LET C0=B9: REM set large in case of singularity

| F C2<>0 THEN LET C0=1/C2: REM radi us of curvature for problem
LET T(J)=-45*ATN(C1)/ATN(1): REMtilt -- DIMension T in HJ, NM
PRI NT USI NG " ##. ###### ", B(J);: REM!!

PRI NT #S,USING "##.######““AA";B(J);' REM !'!
PRI NT " st ep=";

PRI NT #3," step— ;

PRI NT USI NG " ##. ##AAAA" ;E8;: REM!!

PRI NT #3, USI NG " ##. ##AAAA“;EB;: REM !'!
PRINT " -, f+";

PRI NT #3," f-, f+";

PRI NT USI NG " ##. ####" """, F3; F4: REM!!

PRI NT #3, USI NG " ##. #### """, F3; F4: REM ! !

LET X(J)=C0: REM save radius of curvature in x()
GOTO 6695

271

PRI NT USI NG " ##. ##t#### """ B(J);: REM!!

PRI NT " MASKED"

PRI NT #3, USI NG " ##. ###### " B(J);: REM!!

PRI NT #3," MASKED

NEXT J

PRI NT " best function value found is ;

PRI NT #3," best function value found is "
PRI NT USI NG " ##. #### """, FO: REM !!

PRI NT #3, USI NG " ##. #### " """ FO: REM !!

PRI NT

PRI NT #3

PRINT "radii of curvature for surface along axial directions"
PRI NT #3,"radii of curvature for surface along axial directions"”
PRINT " & tilt angle in degrees"

PRINT #3," & tilt angle in degrees”
PRI NT

PRI NT #3

FOR J=1 TO N

I F O(J 3)=0 THEN 6810

PRI NT "for B(" "y R OF QURV. =",
PRI NT #3,"for B("'J "y R CF CURV. ="
PRI NT USI NG " ##. ###AAAA" ; X(J); REM!!
PRI NT #3 USI NG " ##. ###AAAA"'X(J) REM !'!
PRI NT tilt =",

PRI NT #3," tilt =";

PRI NT USI NG " ####. #####"; T(J): REM !
PRI NT #3, USI NG " ####. #####" ; T(J): REM!!

NEXT J

GOSUB 6900: REM pri nt
FOR J=1 TO N
LET X(J)=B(J):
NEXT J

LET F1=FO+ABS(F0)+1: REM to ensure no restart
RETURN REM to DR VER

residual s

REM reset paraneter for restart
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6845
6850
6855
6860
6865
6870
6875
6880
6885
6890

PRI NT

PRI NT #3

PRI NT "I ower function value found"
PRI NT #3, "l ower function value found"

Li sting 13-7-1 The POSTMRT Code

GOSUB 6900: REM print residuals
FOR K=1 TO J
LET X(K)=B(K): REMreset paranmeter values -- note, j included
NEXT K
LET F1=F: REM to indicate |ower function val ue
RETURN
Li ne no. Ref erenced in line(s)
1596 6190 -- Chol esky deconposition in MRT
1696 6275 -- Chol esky backsubstitution in MRT
1848 6480 6530 -- sumof sqgares in MRT
6170 6155
6200 6165
6220 6195
6340 6315
6360 6215
6500 6470
6505 6485
6510 6495
6550 6520
6555 6535
6560 6545
6675 6460
6695 6670
6810 6765
6845 6490 6540
6900 6815 6865 -- residual display
Synbol Ref erenced in line(s)
A( 6145 -- the Jacobian matrix stored as a vector
B( 6395 6400 6465 6470 6515 6520 6565 6615 6620
6675 6685 6825 6875 -- the paraneter vector
B9 6600 -- a "large" nunber
( 6145 -- the Jacobian matrix stored as a vector
Co 6590 6595 6600 6605 6665 -- denom nator for curvature
Cc1 6570 6590 6610 -- linear term
c2 6575 6580 6585 6595 6605 -- quadratic term
D 6205 6280 6290 6395 6400 -- standard error
E5 6440 -- a value used for scal ed conparisons (= 10)
E8 6440 6445 6465 6515 6570 6575 6580 6585 6635
6640 -- stepsize
E9 6425 6440 -- the nmachine precision
F 6490 6505 6510 6540 6555 6560 6885 -- function
val ue
FO 6170 6490 6540 6575 6580 6585 6710 6715 6835

-- value of the function at the supposed mi ni num
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6835 6885 -- | ower function value than FO if found
a higher value to prevent a restart in the DRI VER

el se

F3 6510 6570 6575 6585 6655 6660 -- function value mnus
stepsize from supposed m ni num

F4 6560 6570 6575 6580 6655 6660 -- function val ue plus
st epsize from supposed mi ni num

F9 6160 6170 6175 6180 6280 6305 6310 -- |oss function
per degree of freedom (signma’2)

€ 6395 6400 -- the gradient at X()

13 6185 6195 6475 6485 6525 6535 -- flag for conputable
function (=1 for failure)

15 6155 6170 -- the nunber of masked (fixed) paraneters
16 6430 6500 6550 6580 6585 -- flag for active bounds
(-2=l ower bound, -1l=upper bound, O=inactive)

J 6140 6145 6150 6200 6205 6210 6255 6260 6265
6285 6290 6305 6310 6315 6340 6390 6395 6400
6405 6435 6445 6450 6455 6460 6465 6470 6515
6520 6565 6610 6615 6620 6665 6675 6685 6695
6760 6765 6770 6775 6780 6785 6800 6805 6810
6820 6825 6830 6870 -- a loop control counter

K 6870 6875 6880 -- a |oop control counter

K9 6240 6245 6250 6270 6280 6285 6290 6355 -- a |oop
control counter

M 6155 6170 -- the nunber of data points

N 6155 6170 6200 6240 6255 6390 6435 6760 6820
-- nunber of paraneters in loss function

N2 6140 -- nunber of elements in upper triangular matrix

(0 6460 6470 6520 6765 -- bound/ mask information storage

T( 6260 6270 6280 6305 6310 6610 6800 6805 -- tilts

T1 6290 6295 6305 6310 -- denoninator for paraneter
correlation estimte

T5 6425 6505 6555 -- a "large" nunmber assigned to the

function val ue when constraints are violated. If T5 is too
large, the cal cul ation of dispersion estinmates gives rise

to "overflows".

X$ 6410 -- tenporary variable for pause

X( 6445 6465 6515 6565 6665 6780 6785 6825 6875
-- the vector of final paraneter estimates

LI NES: 180 BYTES: 6289 SYMBOLS: 52 REFERENCES: 222

Listing 13-7-2. Qutput of POSTMRT. BAS for the Hobbs probl em

POST- SOLUTI ON ANALYSI S FOR NARQUARDT- NASH NLLS
SI GWA*2 = LOSS FUNCTI ON PER DEGREE COF FREEDOM =

PARAMETER CORRELATI ON ESTI MATES

ROW 1 1. 00000
ROW 2 0.72030 1.00000
ROW 3 -0.93651 -0.43731 1.00000

. 2874743
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SOLUTION W TH ERROR MEASURES AND GRADI ENT OF SUM CF SQUARES

)= 1.961851 STD ERR= . 1130657 GRAD( 1 )=-3.011704E-03
B( 2 )= 4.90915 STD ERR= .1688401 GRAD( 2 )= 6.756783E-04
)= 3.135703 STD ERR= 6. 863148E-02

. 961851E+00 step= 6. 79E-03

. 135703E+00 step= 1. 08E-02
best function value found is 2. 5873E+00
radii of curvature for surface along axial directions

& tilt angle in degrees

for B 1) R OF CURV. = 1. 580E-04 tilt = 0.37142
for Bl 2) R OF CURV. = 2 322E-03 tilt = 1. 88952
for Bl 3) R OF CURV. = 1. 114E-04 tilt = -16.69814

RESI DUALS

1.188707E-02 -3.276968E-02 9.201622E-02 .2087689 .3926239
-5.760002E-02 -1.105726 .7157936 -.1076355 -.3483925

. 6525726 -.2876206

13-8. POSTVM - a Hessi an Di spersion Estimte

Equation (13-4-7) gives another neasure for the paraneter

di spersions. In Listing 13-8-1, we present code to allow
this neasure to be used if VM has been enployed to ninimze
the loss function for the paraneter estimates. Note that
code has been added to VM to save the | atest inverse Hessian
approxi mation, since our strategy of termnating with a

st eepest descent search will reset the inverse Hessian to a
unit matrix. Listing 13-8-2 presents the output of POSTVM
when applied to the Hobbs problem This may be thought of as
a continuation of Listing 10-2-1.

GRAD( 3 )=-3.582001E- 03

B(1)=1 f-, f+ 2.8787E+00 2.8786E+00
B( 2 )= 4.909150E+00 step= 1.70E-02 f-, f+ 2.7119E+00 2.7108E+00
B( 3 )= 3 f-, f+ 3.7843E+00 3.7908E+00

Listi

Listi

6000
6005
6010
6015
6020
6025
6030
6035
6040
6045
6050
6055
6060
6065
6070
6075
6080
6085
6090
6095
6100
6105
6110
6115
6120
6125
6130
6135
6140
6145
6150
6155
6160
6165
6170
6175
6180
6185
6190
6195
6200
6205
6210
6215
6220
6225
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ng 13-8-1. The POSTVM Code

POSTVM BAS 08-07-1986 13:38:33

PRI NT " POST- SOLUTI ON ANALYSI S FOR VARI ABLE METRI C

PRI NT #3, " POST- SCLUTI ON ANALYSI S FOR VARI ABLE METR C'

REM PCBTVM BAS 860405

REM CALLS

REM FUNCTION F -- |ine 2000

REM RESI DUAL Rl -- line 3500 (only if J6=1)

REM

REM | NPUTS TO THE ROUTI NE

REM X() -- the vector of final paraneter estinates

REM N -- the nunber of paraneters in the function F(B)
REM M -- the nunber of data points (0 for a .FN)

REM Q , ) -- masks and bounds

REM Y( , ) -- the data array for the problem

REM A( , ) -- the Hessian inverse approximtion (fromVM
REM &) -- the gradient at X() (fromVvM

REM I5 -- the nunber of nasked (fixed) paraneters

REM J6 -- flag which is 1 if residuals can be conputed
REM FO -- value of the function at the supposed m ni mum
REM

REM B9, E5, E9 -- constants provided by ENVRON

REM

REM OUTPUT FROM THE ROUTI NE

REM F1 -- lower function value than FO (if found, else a
REM hi gher value to prevent a restart in the DRI VER)
REM X() -- new paraneter values if a lower point is found
REM

REM need array T(N) to store tilt angles

IF M>N-I5 THEN 6150

LET F9=-1

GOTO 6155

LET F9=FO0/ ( M N+l 5)

PRI NT "LOSS FUNCTI ON PER DATA PO NT (SIGW'2) =";F9

PRI NT #3,"L0OSS FUNCTI ON PER DATA PO NT (SIGwW*2) ="; F9

PRI NT

PRI NT #3,

PRI NT " SOLUTI ON, DI SPERSI ON MEASURES & GRADI ENT OF LOSS FUNCTI ON'
PRI NT #3, "SCOLUTI ON, D SPERSI ON MEASURES & GRADI ENT OF LOSS FUNCTI ON*
PRI NT

PRI NT #3,

FOR J=1 TO N. REMincl udes nasked paraneters

LET T(J)=SQR(A(J,J)*F9)

PRINT "B(";J;")=";B(J);" DI SPERSION =";T(J);" GRAD(";J;")=";J)
PRI NT #3,"B(";J;")=";B(J);" DISPERSION="; T(J);" GRAD(";J;")=";QJ)
NEXT J

PRI NT

PRI NT #3,
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6230
6235
6240
6245
6250
6255
6260
6265
6270
6275
6280
6285
6290
6295
6300
6305
6310
6315
6320
6325
6330
6335
6340
6345
6350
6355
6360
6365
6370
6375
6380
6385
6390
6395
6400
6405
6410
6415
6420
6425
6430
6435
6440
6445
6450
6455
6460
6465
6470
6475

Li sting 13-8-1 The PCSTVM Code

LET T5=1/E9: REMused for active bounds ('l arge'
LET 16=0: REM flag for active bounds (-2=l.b.,-1=u.b., 0=i nactive)

FOR J=1 TO N

F(B))

LET E8=E5* SQR(E9): REM now conpute points left and right

LET E8=E8* ( ABS(X(J))+E8): REM stepsize
PRINT "B(";J;")=";

PRI NT #3,"B(";J;")=";

IF Q(J,3)=0 THEN 6480: REM nasked

LET B(J)=X(J)-E8

IF B(J)<Q(J, 1) THEN 6305

LET 13=0

GOSUB 2000: REM function val ue

I F 13=1 THEN 6310

| F F<FO THEN 6650: REM | ower function val ue
GOTO 6315

LET 16=-2: REM active | ower bound

LET F=T5: REM failure

LET F3=F

LET B(J)=X(J) +E8

IF B(J)>Q(J,2) THEN 6355

LET 13=0

GOSUB 2000: REM function val ue

I F 13=1 THEN 6360

| F F<FO THEN 6650: REM | ower function val ue
GOTO 6365

LET 16=-1: REM active upper bound

LET F=T5: REM failure

LET F4=F

LET B(J)=X(J): REMreset paranmeter val ue

LET Cl=.5*(F4-F3)/E8: REMlinear term-- should be zero

LET C2=(F4+F3-2*F0)/(2*E8*E8): REM quadratic term

IF 16=-2 THEN LET C2=(F4-F0)/ (E8*E8): REM symetrized curvature

IF 16=-1 THEN LET C2=(F3-F0)/(E8*E8): REM when bounds active

LET C0=1+C1*Cl: REM denomi nator for curvature
LET C2=C2/ ( CO* SQR( C0))
LET C0=B9: REM set large in case of singularity

I F C2<>0 THEN LET C0=1/C2: REM radius of curvature for

pr obl em

LET T(J)=-45*ATN(C1)/ATN(1): REMtilt -- DIMension T in HI, NM

PRI NT USI NG " ##. ###### """, B(J);: REM!!
PRI NT #3, USI NG " ##. ###### " B(J);: REM!!
PRI NT " step=";

PRI NT #3," step=";

PRI NT USI NG " ##. ##""""", E8;: REM !

PRI NT #3, USI NG " ##. ## """, E8;: REM !
PRINT " f-, f+";

PRI NT #3," f-, f+";

PRI NT USI NG " ##. #### """, F3; F4: REM !!

PRI NT #3, USI NG " ##. ####" """ F3;, F4: REM !!

LET X(J)=C0: REM save radius of curvature in x()

GOTO 6500

Listing 13-8-1 The POSTVM Code

6480
6485
6490
6495
6500
6505
6510
6515
6520
6525
6530
6535
6540
6545
6550
6555
6560
6565
6570
6575
6580
6585
6590
6595
6600
6605
6610
6615
6620
6625
6630
6635
6640
6645
6650
6655
6660
6665
6670
6675
6680
6685
6690
6695

PRI NT USI NG " ##. ###### """, B(J);: REM!!
PRI NT " MASKED'
PRI NT #3, USI NG " ##. ######" """, B(J);: REM!!

PRI NT #3," MASKED'

NEXT J

PRI NT * best function value found is
PRI NT #3," best function value found is

PRI NT USI NG " ##. #### """, FO: REM !!
PRI NT #3, USI NG " ##. ####" """, FO: REM !!
PRI NT

PRI NT #3

PRINT "radii of curvature for surface along axial
PRI NT #3,"radii of curvature for surface al ong axial

PRINT " & tilt angle in degrees"”
PRINT #3," & tilt angle in degrees"
PRI NT

PRI NT #3,

FOR J=1 TO N

IF QJ,3)=0 THEN 6615
PRINT "for B(";J;")
PRI NT #3,"for B(";J;")

PRI NT " tilt =",

PRI NT #3," tilt =",

PRI NT USI NG " ####. #####" ; T(J): REM !!

PRI NT #3, USI NG " ####. ####4" ; T(J): REM !!

NEXT J

I F J6=1 THEN GOSUB 6900: REM print residuals
FOR J=1 TO N

LET X(J)=B(J): REM reset paranmeter for restart
NEXT J

LET F1=FO+ABS(F0)+1: REM to ensure no restart
RETURN REM to DR VER

PRI NT

PRI NT #3

PRI NT "l ower function val ue found"

PRI NT #3, "1 ower function value found"

I F J6=1 THEN GOSUB 6900: REM print residuals
FOR K=1 TO J

LET X(K)=B(K): REM reset paranmeter values -- note,

NEXT K
LET F1=F: REMto indicate | ower function val ue
RETURN

Li ne no. Ref erenced in line(s)

2000 6285 6335 -- the function subroutine
6150 6135

6155 6145

6305 6275

di rections"
directions”

i ncl uded
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6310
6315
6355
6360
6365
6480
6500
6615
6650
6900

Synbo

(&
ZzXxa

Li sting 13-8-1 The POSTVM Code

6290
6300
6325
6340
6350
6265
6475
6570
6295 6345
6620 6670 -- residual display
Ref erenced in line(s)
6200 -- the Hessian inverse approxi mation

6205 6210 6270 6275 6320 6325 6370 6420 6425
6480 6490 6630 6680 -- the paranmeter vector

6405 -- a "large" nunber
6395 6400 6405 6410 6470 -- denomi nator for curvature

6375 6395 6415 -- linear term

6380 6385 6390 6400 6410 -- quadratic term

6245 -- a value used for scal ed conmparisons (= 10)
6245 6250 6270 6320 6375 6380 6385 6390 6440
6445 -- stepsize

6230 6245 -- the nmachine precision

6295 6310 6315 6345 6360 6365 6690 -- function
val ue

6150 6295 6345 6380 6385 6390 6515 6520 6640
-- value of the function at the supposed m ni mrum
6640 6690 -- |ower function value than FO if found
a higher value to prevent arestart in the DRI VER
6315 6375 6380 6390 6460 6465 -- function val ue m nus
stepsize from supposed mi ni num

6365 6375 6380 6385 6460 6465 -- function value plus
stepsize from supposed mi ni num
6140 6150 6155 6160 6200 --
of freedom (signma’2)
6205 6210 -- the gradient at X()
6280 6290 6330 6340 -- flag for
(=1 for failure)
6135 6150 -- the nunmber of masked (fixed) paraneters
6235 6305 6355 6385 6390 -- flag for active bounds
(- 2=l ower bound, -21=upper bound, O0=i nactive)
6195 6200 6205 6210 6215 6240 6250 6255 6260
6265 6270 6275 6320 6325 6370 6415 6420 6425
6470 6480 6490 6500 6565 6570 6575 6580 6585
6590 6605 6610 6615 6625 6630 6635 6675 -- a |oop
control counter

6620 6670 -- flag which is 1 if residuals can be conputed
6675 6680 6685 -- a |oop control counter
6135 6150 -- the nunber of data points

6135 6150 6195 6240 6565 6625 -- nunber of paraneters

el se

loss function per degree

conput abl e function

Listing 13-8-1 The POSTVM Code 279

in loss function

o 6265 6275 6325 6570 -- bound/ mask i nfornation storage
T( 6200 6205 6210 6415 6605 6610 -- tilt angles
T5 6230 6310 6360 -- a "large" nunber assigned to the
function val ue when constraints are violated. If T5 is too
large, the calcul ation of dispersion estimtes gives rise
to "overflows".
X( 6250 6270 6320 6370 6470 6585 6590 6630 6680
-- the vector of final paraneter estimates
LI NES: 141 BYTES: 5206 SYMBOLS: 42 REFERENCES: 176
Listing 13-8-2. CQutput of POSTVM BAS for the Hobbs probl em

POST- SOLUTI ON ANALYSI S FOR VARI ABLE METRI C
LOSS FUNCTI ON PER DATA PO NT (SIGvAN2) = . 2874733

SOLUTION W TH DI SPERSI ON MEASURES AND GRADI ENT OF LOSS FUNCTI ON

ra

fo
fo
fo

RE!

. 961855E+00
. 135686E+00

)= 1.
2 )= 4.909165
)= 3

961855 DI SPERSION = . 1746728 GRAD( 1 )=-.2832031
DI SPERSION = . 2768867 GRAD( 2 )= 7.261706E-02
135686 DI SPERSION = .1116119 GRAD( 3 )=-.3602448

step= 6. 79E- 03 f+ 2.8805E+00 2.8767E+00

1)=1 f-,
2 )= 4.909165E+00 step= 1.70E-02 f-, f+ 2.7107E+00 2.7120E+00
3)=3 f-,

best function value found is

dii of curvature for surface along axia

step= 1. 08E- 02 f+ 3.7880E+00 3.7869E+00

2. 5873E+00

directions

& tilt angle in degrees

r B( 1)
r B( 2)
r B( 3)

S| DUALS

R OF CURV. = 1.774E-04 tilt = 15. 80547
R OF CURV. = 2.323E-03 tilt = -2.17667
R OF CURV. = 9.828E-05 tilt = 3. 00071
1.187134E-02 -3.280115E-02 9. 195804E-02 .2086706 .3924713
. 7153359 -.1082306 -.3491364

-5.782891E-02 -1.106058

. 6516876 -.2885971

13-9.

For the majority of nonlinear
the loss function will
problemfile will

RESSAVE -

Di splay of Residuals

paraneter estimation problens,
be defined in terns of residuals. The
have a fil ename extension '.RES in such
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280 13-9 RESSAVE - Display of Residuals

cases (see Section 15-3). An inportant step in analyzing the
results of paraneter estimation, whether |inear or nonlinear,
is to exanmne the values or plots of the residuals. Various
tool s have been devised by statisticians to do this (Belsley,
Kuh and Welsch, 1980). To nmake the data avail able for such
tools, and for our own sinple plotting program PLOT. BAS, we
provi de the program code RESSAVE.BAS which is |isted bel ow.
This al so displays the residuals on the screen as part of the
post-solution analysis. RESSAVE is automatically
consolidated into the paranmeter estinmation programif the
problemfile has the fil ename extension '.RES', but is
omitted if the extension is '.FN, since residuals may not be
defined in the latter case. RESSAVE creates files of data
suitable for PLOT.BAS. The structure of these files, which
have fil enane extension '.PLD, is described in Figure
15-7-1.

Listing 13-9-1. The RESSAVE Code.

RESSAVE. BAS 08-14-1986  21:59:44
6900 PRI NT

6902 PRI NT #3,

6904 PRI NT " RES| DUALS"

6906 PRI NT #3, " RESI DUALS"

6908 FOR I=1 TO M

6910 GOSUB 3500: REM no check for conputabl e point
6912 PRI NT R1;
6914 PRI NT #3, R1;
6916 | F 5*INT(I1/5)
6918 I F 5*INT(1/5)
6920 NEXT |

6922 PRI NT

6924 PRI NT #3,
6926 | NPUT "FI LENAVE TO SAVE DATA ([ CR]I =NO SAVE):"; F$

6928 PRI NT #3,"FI LENAME TO SAVE DATA ([ CR]=NO SAVE):"; F$

6930 | F F$="" THEN RETURN

6932 I F INSTR(F$,".")=0 THEN LET F$=F$+".PLD': REM!!

6934 OPEN F$ FOR OUTPUT AS #2: REM!!

6936 I NPUT "TITLE:"; T$

6938 LET T$=T$+" "+TI ME$+" "+DATE$: REM!! add tinme and date stanp
6940 PRI NT #2, T$

THEN PRI NT
THEN PRI NT #3,

Li sting 13-9-1 The RESSAVE Code 281
6942 PRI NT "VARI ABLES STORED I N MATRI X Y MAY BE | DENTI Fl ED BY COLUWN
NUMBER'
6944 PRI NT "RESI DUALS ARE | DENTI FI ED BY A O | NDEX ( VERTI CAL AXI S Q\LY)
6946 PRINT "A'TIME' SERIES 1,2,3,... | S|IDENTIFl ED BY 0 (HORI ZONTAL AXI S)
6948 | NPUT "I DENTI FY HORI ZONTAL AXI S VARI ABLE (INDEX OF Y(M?) ORO0):"; Tl
6950 | NPUT "HORI ZONTAL AXI'S VARI ABLE NAME: "; T$
6952 PRI NT #2, T$
6954 | NPUT "1 DENTI FY VERTI CAL AXIS VARI ABLE (I NDEX OF Y(M ?) OR 0):"; T2
6956 | NPUT "VERTI CAL AXI' S VARI ABLE NAME: "; T$
6958 PRI NT #2, T$
6960 FOR I=1 TO M
6962 | F T2=0 THEN 6974
6964 | F T1=0 THEN 6970
6966 PRI NT #2, Y(I,T1),Y(l, T2)
6968 GOTO 6984
6970 PRINT #2,1,Y(1,T2)
6972 GOTO 6984
6974 GOSUB 3500: REM determ ne residual
6976 | F T1=0 THEN 6982
6978 PRI NT #2,Y(l,T1),Rl1
6980 GOTO 6984
6982 PRINT #2,1,R1l
6984 NEXT |
6986 CLOSE #2
6988 GOTO 6922
Li ne no. Ref erenced in line(s)
3500 6910 6974 -- residual subroutine
6922 6988
6970 6964
6974 6962
6982 6976
6984 6968 6972 6980
Synbol Ref erenced in line(s)
DATE$ 6938 -- date stanp (machine function)
F$ 6926 6928 6930 6932 6934 -- nanme of file
| 6908 6916 6918 6920 6960 6966 6970 6978 6982
6984 -- a loop control counter
M 6908 6960 -- the nunber of data points
R1 6912 6914 6978 6982 -- the val ue of the residual
T$ 6936 6938 6940 6950 6952 6956 6958 -- tenporary
string variable for file information
T1 6948 6964 6966 6976 6978 -- tenporary variable for
file information
T2 6954 6962 6966 6970 -- tenporary variable for file
i nformation
TI VE$ 6938 -- time stanp (machi ne function)
Y( 6966 6970 6978 -- the data array for the problem
LI NES: 45 BYTES: 1384 SYMBOLS: 16 REFERENCES: 51
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14

DI FFI CULT PROBLEMS

14-0. Sone Difficult Problens

In Section 13-1 we consi dered why nonlinear paraneter
estimation problens are difficult in general. |In this
chapter, we | ook at sone especially difficult problens
-- nonlinear paraneter estinmation tasks which are

particularly hard to sol ve.

14-1. Mxtures of Exponentials

One of the npbst common nonlinear estimation problens is also
one of the nost difficult. This is the nultiple exponential
probl em defi ned by the residual function

n/ 2

(14-1-1) r(i,B = > B(2j-1) exp(B(2]) * Y,,) - Y,

j=1
The problem arises frequently in situati ons where we
desire to determne the rate constants of two or nore
si mul t aneous processes whi ch cause the production or
di sappearance of sone neasurabl e property. Exanples are

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



284 14-1 M xtures of Exponentials

- chemcal reactions (where two or nore mechani sns may
account for the di sappearance of a reagent;

- radioactive decay, where the production of neasurable
radi ati on may occur by spontaneous breakup of isotopes
having different half-1lives

- flows into and out of an underground aquifer

Thi s probl em has several features which cause trouble

First, many conbinations of paraneters will give simlar
val ues of the residual (14-1-1). Clearly, because each term
in the sumin (14-1-1) has the same form the residual wll
have the sane value for any pernutation of these terns.

However, even sets of ternms which are not equival ent may
yield simlar cal cul ated values of the residual. For
exanpl e, using our codes it is relatively easy to solve the
following linear fitting problem

Find the parameters B(j), j=1,2,...,n which mnimze the
sum of squared residuals
n

(14-1-2) r(i,B) = >

i=1
for i =1,2,...,10 where

BG) exp (-i * 20 ) -y,

(14-1-3) Vi1 = exp(-i) + 5 exp(-5i)

Tabl e 14-1-1 gives the results of such a fitting
exercise. Note that the sum of squares is explained by only
a few of the residual elements. |If data does not exist at
these points (i.e. these values of i) which dom nate the sum
of squares, we could easily obtain results which deviate
markedly fromthe "true" val ues

Because of its practical inportance, the multiple

14-1 M xtures of Exponentials 285

exponential problem has received a | ot of attention over the
years (Lanczos, 1956; GCsborne, 1975; Holt and Antill, 1977,
Ruhe and Wedin, 1980; Ruhe, 1980). Here we will present two
quite sinple approaches. The first, which is coded in
Listing 14-1-1, attenpts to inplenment Equation (14-1-1)
directly, and is called LANCZOS. RES. The second works only
with the nonlinear (i.e. exponential) paraneters in this
equation. The linear coefficients are found by a linear
regression cal culation inside the function evaluation. The
code for this problemis called LANCLIN. FN and is presented
in Listing 14-1-2. Note that in this listing the |inear
regression is perforned via the normal equations and the
Gauss-Jordan inversion, which have been chosen solely to keep
the code short. Better methods exist for solving the |inear
regression probl em (Nash, 1979, Chapters 3, 4 and 5).
Furthernore, the derivatives of the function with respect to
the exponential paraneters are nessy to conpute (see Section
14-5 and references therein), so we use nunerica

approxi mation of the gradient.

Sone results fromthe VM and MRT net hods applied to
these problemfiles are given in Table 14-1-2. Here the test
problemis generated by cal cul ating a sum of known
exponential factors with known |inear coefficients, then
roundi ng these to a specified nunber of decinmal places
(Lanczos, 1956, page 279). In all cases we noted quite slow
convergence. Wrse, there appear to be alternate sets of
paranmeters which mninze the |oss function, and even sone
reasonabl e approxi mations to the generated data in fewer
exponentials than were used to create the problem \\ere
possi bl e, we recommend that users NOT use our nethods to
sol ve problens such as these, where there is such an inherent
instability of the paraneters.
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286 14-1 M xtures of Exponentials

Table 14-1-1. Fits of sunms of fixed exponential functions to
a particular sumof tw exponential functions

fit 1*exp(-i)+5*exp(-5*i) to

sum (0,1,..,n-1) of b(j)*exp(-(27) * i) for i=1,2,...,10
nunber of fitting terns = 1
SUM OF SQUARES= 1.570065E- 04,
B( 1) = 1.079336 STD ERR = 1.055737E-02
RESI DUALS
-4.503727E-03

2. 675407E-03

S| GV 2= 1. 744516E- 05
GRAD( 1 ) = -1.575907E-08

1. 050992E- 02
9. 842267E- 04

3. 948365E- 03
3.620769E- 04

1. 453076E-03 5. 345606E- 04
1.332007E-04 4.900177E- 05

nunber of fitting terns = 2
SUM OF SQUARES= 8.983323E- 06, SIGQW'2= 1.122915E-06

B( 1) = .9574934 SIDERR = 1.094476E-02 GRAD( 1 ) = -6.988816E- 09
B( 2 ) = .3639704 STDERR = 3.170027E-02 GRAD 2 ) = 7.791571E-09
RESI DUALS

-6.901846E-05
2.375626E-03

6.86707E-04 -1.215617E-03 -6.564481E-04 -2.698826E-04
8. 734235E-04 3. 212443E-04 1.181697E-04 4. 347088E- 05

nunber of fitting terns = 3
SUM OF SQUARES= 7. 082429E- 06, SIGWA"2= 1.011775E-06

B( 1) = .9953701 STD ERR = 2.951649E-02 GRAD( 1 ) = -8.179242E-09
B( 2 ) = 1.480138E-02 STD ERR = . 2564747 GRAD( 2 ) = -2.641008E-09
B( 3 ) = 1.822997 STD ERR = 1.329834 GRAD( 3 ) = -3.344345E-10
RESI DUALS

-4.656613E-07 2.906087E-05 -1.841473E-04 -7.96395E-05 -3.051984E-05
2.467368E-03 9. 076722E- 04 3.339112E- 04 1.228387E-04 4.518976E- 05
nunber of fitting terns = 4

SUM OF SQUARES= 6.816415E-06, SIQWA"2= 1.136069E- 06

B( 1) = .9571055 STD ERR = .0730019 GRAD( 1 ) = 2.24537E-08

B( 2 ) = .9793414 SID ERR = 1.689179 @&RAD( 2 ) = 8.077948E-09

B( 3 ) = -36.06955 STD ERR = 65.59652 RAD( 3 ) = 1.091344E-09

B( 4 ) = 1721.703 STD ERR = 2980.376 GRAD( 4 ) = 1.98732E-11
RESI DUALS

0 -1.112116E-06 6.887024E-05 -4.611773E-04 -2.446329E-04
2.378444E-03 8. 735814E-04  3.211834E-04 1. 181312E-04 4. 345454E-05

number of fitting terns = 5
SUM OF SQUARES= 6.816415E-06, S| QWA"2= 1.363283E-06

B( 1) = .9570874 SID ERR = -9999 GRAD( 1 ) = 1.296875E-09
B( 2 ) = .9797934 STD ERR = -9999 GRAD( 2 ) = 4. 94307E- 10
B( 3) = -36.0872 STD ERR = -9999 GRAD( 3 ) = 7.024854E-11
B( 4 ) = 1722.504 STD ERR = -9999 GRAD( 4 ) = 1.250441E-12
B( 5) = .5660512 STD ERR = -9999 GRAD( 5 ) = 4.609342E- 16
RES| DUALS

4.096037E-09 -1.121647E-06
2. 378402E-03 8. 735653E-04

6.898071E-05 -4.613592E-04 -2.447349E-04
3.211774E-04 1.181289E-04 4. 345372E-05
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Tabl e 14-1-2.

The Lanczos nultiple exponential problem

a. generated problem data rounded to 10 deci mal places (full precision)

val ue
initial point (a) 2.058388E-06 .0951
MRT + LANCZCS
VM + LANCZOS

resul t function parameters

Per f or mance

I'u B(1) B(2) B(3) B(4) B(5) B(6)
1 8607 3 1.5576 5
2.357684E-14 . 095040 .999701 .860512 2.99959 1.55695 4.99985 C54/12/17

9.929036E-12 .095103 1.00001 .860444 2.99981 1.55695 4.99975 M2/9/15

b. generated problem data rounded to 2 deci mal places (Lanczos probl em

(i) fromLanczos start, initial point (a)

resul t function paramet ers Per f or mance
val ue B(1) B(2) B(3) B(4) B(5) B(6)
initial point (a) 1.377043E-04 .0951 1 . 8607 3 1.5576 5

VM + LANCZCS
MRT + LANCZOS

1.071565E-04 .095135 .976958 .857374 3.04174 1.55644 4.93946 MA9/20/30
1.046967E-04 .328311 1.65265 2.16720 4.45669 .014141 U 20 C833/ 184/ 259

(ii) froma "typical" initial point
resul t function paraneters Per f or mance
of val ue B(1) B(2) B(3) B(4) B(5) B(6)
initial point (b) 12.08321 1 1 1 2 1 3
VM + LANCZOS 1.114132E-04 .305933 1.65455 .392956 3.40809 1.80959 4.70645 MB8/39/67

MRT + LANCZOS

1.046983E-04 2.16720 4.45669 .328311 1.65265 .014141 U 20 C758/ 168/ 234

initial point (c) 6.777668E-03 * 1 * 2 * 3

VM + LANCLI N 1.083339E-04< . 119081 1. 14765 .662266 =2.91525 1.72733 4.80981 M.66/32/42
initial point (d) .367506 * 1 * 2

VM + LANCLI N 1.136305E-04 .411118 1.81417 2.09829 4.57487 MB8/ 23/ 50
initial point (e) 5.384428 1 1 1 2

WM + LANCZOS 1.136179E-04 .403236 1.80885 2.10510 4.57195 M43/ 28/ 33

Not es:

* or underlined paraneter is calculated fromlinear regression
< inplies the function value is not optinal and POSTGEN has found a | ower val ue
Performance is given as
(Machine)(time in seconds)/(gradi ent evaluations)/(function eval uations)
where Machine = C for Corona PC 21, Mfor Maestro PC (V20 processor)
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14-1 M xtures of Exponentials

Listing 14-1-1. LANCZCS. RES problemfile.

30 DIM Q(10, 3), B(10), X(10), Y( 100, 2)

3000
3010
3020
3030
3040
3050
3060
3070
3080
3090
3100
3110
3120
3130
3140
3150
3160
3170
3180
3190
3200
3210
3220
3225
3230
3240
3250
3260
3265
3270
3275
3280
3290
3300
3310
3320
3330
3340
3350
3360
3370
3380
3390
3400
3410
3420
3430

PRI NT "LANCZOS. RES -- multiple exponentials -- 851128"

PRI NT #3,"LANCZOS. RES -- nultiple exponentials -- 851128"

LET P$="LANCZCS. RES -- nultiple exponentials -- 851128"

PRINT " *** note that this is a very difficult problem*** "
PRI NT #3," *** note that this is a very di fficult problem**=* "
I NPUT "nunber of observations (e.g. 24)="; M

PRI NT #3, "nunber of observations (e. 9. 24) ="M

I NPUT "nunber of exponential terns=";NL

PRI NT #3, "nunber of exponenti al terrrs:"; N1
LET N=2*N1

PRINT "nodel is sumj=1,2,...,";N2

PRI NT

PRINT " B(2*j-1) * exp( - B(2*j) * Y(i,1))"
PRI NT

PRI NT * for i=1,2,...,"; M

PRI NT #3, "nodel is sumj=1,2,...,";N2

PRI NT #3,

PRI NT #3, " B(2*-1) * exp( - B(2*j) * Y(i,1))"
PRI NT #3,

PRI NT #3, " for i=1,2,...,";M

I NPUT "round to how nany decinmals "; L2

PRI NT #3,"round to how many decimals ;L2

LET z2=1
I F L2>15 THEN 3260
FOR L3=1 TO L2

LET Z2=72*10

NEXT L3

PRI NT " Lanczos dat a"

PRI NT X", "oyt

PRI NT #3," Lanczos dat a"

PRINT #3," x"," y"

FOR I =1 TO M

LET Z1= 05*(I-

LET Y(I, 2)=. 0951*EXP( - Z1) +. 8607* EXP( - 3*Z1) +1. 556 7*EXP( - 5* Z1)

LET Y(I,2)=INT(Y(l,2)*Z2+.5)/Z2
LET Y(I,1)=21

PRI NT Z1, Y(I, 2

PRI NT #3, 71, Y(1, 2)

NEXT |

FOR J=1 TO N 2

LET B(2*J-1)=1

LET B(2*J)=J: REMnote starting val ues
LET (2*J-1,1)=0

LET Q(2*J-1, 2)=1000

LET (2*J-1, 3)=1

LET Q(2*J, 1) =0

LET Q(2*J, 2) =20

Li sting 14-1-1 LANCZCS. RES problemfile.

3440
3450
3460
3500
3505
3510
3520
3530
3540
4000
4010
4020
4030
4040
4050

LET Q(2*J,3)=1

NEXT J: REM bounds on |inear and exponential coefficients

RETURN

LET RI=-Y(I,2)

LET z1=Y(I, 1)

FOR L=1 TO N2

LET R1=R1+B(2*L- 1) * EXP( - B( 2*L) * Z1)
NEXT L

RETURN

LET z1=Y(!, 1)

FOR L=1 TO N2

LET D(2*L- 1) =EXP(- B( 2* L) * 71)

LET D(2*L)=-D(2*L-1)*Z1*B(2*L- 1)
NEXT L

RETURN

Listing 14-1-2. LANCLIN. FN problemfile.

30 DI M O(10, 3), B(10), X(10), Y( 100, 2), Z( 110, 11)

2000
2015
2020
2025
2030
2035
2040
2045
2050
2055
2060
2065
2070
2075
2080
2085
2090
2095
2100
2110
2115
2120
2125
2130
2135
2140
2150
2155

LET 13=0: REMlanclin.fn -- renoves |inear paraneters

REM bui | d data matri x
FOR L1=1 TO M
FOR L2=1 TO N

LET Z(L1+N, L2)=EXP(-B(L2)*Y(L1,1)): REMwi Il change with fns

NEXT L2

LET Z(L1+N, N+1)=Y(L1,2): REMwi ||l change with situation
L1

NEXT

REM now conput e nornal equati ons
FOR L1=1 TO N

FOR L2=1 TO L1

LET Zz0=0

FOR L3=1 TO M

LET Z0=Z0+Z(L3+N, L1) *Z( L3+N, L2)
NEXT L3

LET Z(L1, L2)=20

LET z(L2,L1)=Z0

NEXT L2

NEXT L1

FOR L1=1 TO N

LET Z0=0

FOR L3=1 TO M

LET Z0=Z0+Z( N+L3, L1) *Z( N+L3, N+1)
NEXT L3

LET Z(L1, N+1) =20

NEXT L1: REM done accunul ation of nornal
FOR L1=1 TO N

I F Z(L1,L1)=0 THEN 2470

equati ons
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2160
2165
2170
2175
2180
2185
2190
2195
2200
2205
2210
2215
2220
2260
2265
2270
2275
2280
2285
2290
2295
2300
2470
2475
2480
2490
2500
2510
2520
3000
3005
3010
3015
3020
3025
3030
3035
3040
3045
3050
3055
3060
3065
3070
3075
3080
3085
3090
3095
3100

Li sting 14-1-2 LANCLIN. FN problemfile.

LET Z0=z(L1, L1)

FOR L2=L1+1 TO N+1

LET Z(L1,L2)=Z(L1,L2)/Z0

NEXT L2

LET Z(L1,L1)=1

FOR L2=1 TO N

I F L2=L1 THEN 2215: REM skip pivot row

FOR L3=L1+1 TO N+1

LET z(L2, L3)=Z(L2, L3)-2Z(L2, L1)*Z(L1, L3)
NEXT L3

LET Z(L2 L1)=0: REM el i m nation

NEXT

NEXT L1. REM done

LET F=0

FOR L1=1 TO M

LET R1=-Z(L1+N, N+1)

FOR L2=1 TO N

LET R1=R1+Z(L1+N,L2)*Z(L2, N+1)
NEXT L2

LET F=F+R1*R1

NEXT L1

RETURN

PRI NT "zero pivot in nornal
PRI NT #3,"
LET 13=1
RETURN

PRI NT "Nurerical gradi ent nust be used. Program stopped."
PRI NT #3, "Nunerical gradient nust be used. Program stopped."”
STOP

PRI NT "LANCLIN. FN -- nultiple exponentials -- 851128"

equations matrix"
zero pivot in nornal equations matrix"

I NPUT "nunber of observations (e.g. 24)="; M

I NPUT "nunber of exponential terms=";N

PRI NT "no check on positivi ty of linear coefficients"
PRI NT "nodel is sumj=1,2,. "iN

PRI NT

PRINT " a(j) * exp( - B(j) * Y(i,1))"

PRI NT

PRI NT * for i=1,2, "M

INPUT "round to how many decimals "; L2
PRI NT #3,"LANCLIN FN -- nultiple exponenti als -- 851128"
PRI NT #3, "nunber of observations (e.g. 24)="; M

PRI NT #3, "nunber of exponential terms=";N

PRI NT #3, "no check on positivity of |inear coefficients"”
PRI NT #3, "nmodel is sumj=1,2,...,";N

PRI NT #3,

PRI NT #3," a(j) * exp( - B(j) * Y(i,1))"

PRI NT #3,

PRI NT #3," for i=1,2, "' M

PRI NT #3,"round to how rrany decinmals ";L2

LET z2=1

Listing 14-1-2 LANCLIN. FN problemfile.

3105 I F L2>15 THEN 3125
3110 FOR L3=1 TO L2

3115 LET Z2=72*10

3120 NEXT L3

3125 PRINT " Lanczos dat a"
3130 PRI NT x"," oy

3135 PRI NT #3, "Lanczos dat a"
3140 PRINT #3," x"," y"
3145 FOR | =1 TO M

3150 LET Z1=. 05*(I -

3155 LET Y(I, 2) =. 0951*EXP( - Z1) +. 8607* EXP( - 3*Z1) +1. 556 7* EXP( - 5* Z1)
3160 LET Y(I,2)=I NT(Y(I, 2)*Z2+.5)/ 22
3165 LET Y(I,1)=71

3170 PRINT Z1, Y(I, 2)

3175 PRI NT #3, 71, Y(I1, 2)

3180 NEXT |

3185 FOR J=1 TO N

3190 LET O(J, 1)=0

3195 LET ((J, 2)=1000

3200 LET J,3)=1

3205 NEXT J: REM bounds on |inear and exponenti al
3210 LET 15=0

3215 LET P$="LANCLIN.FN -- multiple exponentials -- 851128"

3220 RETURN

4500 PRINT "linear paranmeters correspondi ng to exponential terms"
4505 PRI NT #3,"linear paraneters corresponding to exponential terns"
4510 FOR L1=1 TO N

4515 PRINT Z(L1, N+1);" ";

4520 PRI NT #3, Z(L1, N+1)'

4525 | F 5*INT(L1/5) =L1 THEN PRI NT

4530 | F 5*INT(L1/5)=L1 THEN PRI NT #3

4535 NEXT L1

4540 PRI NT

4545 PRI NT #3

4550 RETURN

coefficients

14-2. Constrained Problens with Ankward Feasi bl e Regi ons
Probl ens which are otherw se strai ghtforward may be nade
difficult because the paranmeters nust obey certain
constraints. In certain cases, these constraints may limt
the feasible region in such a way that our nethods -- which
attenpt to minimze a loss function -- may be unable to nake
progress fromcertain starting points. |In other situations,
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292 14-2 Constrained Problenms with Awkward Feasi bl e Regi ons

constraints may |lead to poor scaling of the loss function, or
may result in loss functions which are awkward to conpute

Qur exanples in this section will be mainly artificial
as real problens often arise in highly technical ways which
may obscure our exposition

As an exanple of a set of constraints which prevents our
met hods from finding the solution, consider the mnimzation
of the function
(14-2-1)  f(B) = (B+1)2
subject to the pair of constraints
(14-2-2) B<-1 or B> +2

Clearly, if we start with aninitial point to the right
of 2, a minimzation nethod should converge to a "sol uti on"
at B =2, which is not the mninum even though it is
locally minimal. The constraint B > 2 has introduced a
I ocal m ni mum which is not the desired sol ution point.
Indeed, this type of difficulty is related to that of
multiple mnim discussed in the next section

In Section 2-5, we presented an estimati on problemin
which a linear nodel was nonlinearly constrained. In
practice, we prefer to explicitly solve equality constraints
and thereby reduce the dinensionality of the problem
However, it is not always obvious how to proceed. We wll
use g to denote the full set of paraneters to avoid
confusion with the ultimte set of paranmeters B which arises
once all the equality constraints have been renmoved by
substitutions. Consider as an exanple a nodel in which we
wi sh to inpose a constraint
(14-2-3) ql* q3:q2* q4
(see Nash, 1979, page 184). There is an obvious substitution
(14-2-4) ay =dy, " du/ dg
but one can also elimnate any of the four paraneters by
simlar substitutions. Wich substitution should be used is

14-2 Constrai ned Probl ens with Ankward Feasi bl e Regi ons 293

by no means obvi ous

A slightly more awkward problemarises if we wish to
m nim ze sone function along a path or trajectory. For
exanmpl e, in planning energy consunption for a satellite, the
orientation for a satellite will be inmportant for radiative
heating and cooling and for solar panel electricity
generation. However, the orbit is also inmportant. If we
suppose that the minimzation is to be performed al ong the
orbit, then the spatial position coordinates x, y and z are
rel ated by the functions which describe the orbit. In a
highly sinmplified exanple, consider the orbit to be a circle
of radius R Then the equation of the orbit is

(14-2-5)  x2 + y2 = @2

and one of the orbital positions is required as a paraneter
in the loss function. W cannot i mediately solve (14-2-5)
for the other paraneter because, given x, the sign of y is
not determined from Equation (14-2-5). A better approach
uses pol ar coordinates to describe the circular orbit, but
this may introduce nore conplicated expressions into the |oss
function or its derivatives

14-3. Miltiple Mninm

Both the exponential fitting and awkward constraints
difficulties are in part due to the existence of nore than
one | ocal mninum of the |oss function which describes the
estimation criteria. It is our experience that many
nonlinear estimation problens suffer from such extraneous
"sol utions", but that these cause no nore than a nuisance in
nmost cases. In this section we will |ook at sone exanpl es
where the nultiple mninma may hinder the estimtion of
paraneters in some way.
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The first possibility is that our mnimzation solutions to the mininzation problem As an exanpl e,
t echni ques converge on a |local mninmmrather than a global consi der mnimzing the function
mnimum For certain nodels, it may be mathenmatically (14-3-1) f(B) = (B(1) - B(2))2
probabl e that there is only one mninmum-- both | ocal and This is clearly mininized for B(1) = B(2) and has a value of
gl obal -- for the loss function. This information, if zero anywhere along the line B(1) = B(2). Note that the
avai |l abl e, may be useful. However, the loss function, as

gradient is

(14-3-2) 9(B

conputed by the floating-point arithmetic of the machine at

T
hand may represent the function surface (over the domain 2 (B(1) - B(2)) (1-1)

of the parameters) as a sequence of very shall ow steps or and the Hessian 'f 1 1
pl ateaus. Al gorithnms may have difficulty in deciding if (14-3-3) HB = 2 E-l 1;
these plateaus are not "flat", thereby signifying that a which is singular. |Indeed, Newton's nethod cannot be
(local) mninmum has been found. Gradient nethods which use used for this problem and the direct search nethods are
anal ytic derivative information nay be able to use gradi ent preferred. Another problemof this type is the variable
information and avoid premature convergence. Direct search order test probl em NASHHARD gi ven bel ow, for which the
net hods or gradi ent net hods using nunerical approxi mation of Hessian is singular at the solution (see Table 14-3-2).
derivatives are less likely to continue. Anot her problemw th a singular Hessian is the Extended
A second possibility is that there are several equally Powel | Si ngul ar probl em (POASI NG RES, Section 18-8), for
good solutions. For exanple, in the nmultiple exponentials which the results of our nethods are given in Table 14-3-1.
probl ens, the paranmeter pairs Anot her m nim zation / paraneter estimation problem
which gives rise to a singular Hessian is that of m nimzing
B(2j - 1), B(2j) forj =1,2,...n/2 the Rayleigh quotient to find the extrene eigensolutions of a
synmetric nmatrix (Golub and Van Loan, 1983, page 308). The
are interchangeable in the nmodel function (14-1-1). |In fact program code ElIGV.FN, given in Section 15-3, allows us to
we Wi ll have conpute the eigensolutions of a variety of tridiagonal
matrices toillustrate this problem for which we would
(n/f2)t =(n/2) * (nf2- 1) * ... *2*1 caution that our mnimzation methods are far from optinal.
On the other hand, there are occasi ons when (nonlinear)
sets of parameters which will yield identical residuals. ei genval ue probl ens arise, and in such situations the
Simlarly, a nodel function in which a paraneter has been function mnimzation approach may be useful in obtaining a
squared to ensure non-negativity will give the sanme residual solution, even if the calculations are inefficient in terns
for each sign. These cases may give al gorithms of conputer tine.
difficulties, especially if paraneter val ues coal esce in Fol | owi ng Fl etcher and Bradbury (1966), but changing
situations such as nultiple exponentials. notation, we wish to mnimze the function

A third possibility is that there are infinitely many
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(14-3-4) (B =(8'A B / (8"
where Ais a symretric matrix. In EIGV.FN, we limt our
attention to two special classes of tridiagonal matrices,
both with super- and sub- diagonal elements which are all of
value 1. The diagonal elenents are either of constant val ue
(provided by the user), or take on integer values in a
pattern to give the WIkinson (1965) W and W series of
matrices (Nash, 1979, p. 210-211). Cearly, in (14-3-4),
the function f(B) has the sane value if we replace B wth
k*B, where k is any non-zero constant. This indetermn nacy
in Binplies that the Hessian of f(B) is singular. To
avoid the indeternminacy, it is common to apply a constraint
to the el ements of B, which eventually becone the
ei genvector corresponding to the smallest eigenvalue. (W
can also nmultiply the expression on the right hand side of
(14-3-4) by -1 to find the nost positive eigenvalue.) (ne
constraint is to fix one of the parameters at 1, which we
coul d acconplish with a mask. Unfortunately, it is possible
for the chosen parameter to be zero in the solution, which
could nmean that the rest of the paraneters would have to grow
very large. A nore desirable constraint is to have the
denom nator of (14-3-4) constrained to be 1, which
corresponds to the nost common nornalization of the
ei genvector. Qur software is poorly adapted to such
constraints. A conpronmise is to bound all the paraneters so
that gromh is limted to some pre-chosen maxi mum absol ute
val ue.

The results of applying the gradi ent nmethods CG TN and
VM to the problemof finding the eigensolution of a very
sinple tridiagonal matrix of order 5 are given in Table

14-3-3. It appears fromthese exanples, and is supported by
others that we have tried, that the use of a mask on one
paraneter gives inferior performance to noderate bounds. In

fact, relatively | oose bounds appear to result in faster

14-3 Multiple Mnim 297

convergence. Only occasionally do we see | arge paraneter
values resulting. Generally, we prefer to use CG and W for
such probl ens on account of their use of the steepest descent
direction whenever thay encounter difficulties. By so doing
they appear to escape sonme of the fal se convergence probl ens
experienced in TN due to the singularity of the Hessian.
Not e, however, that nore assiduous attention to detail in
designing either the mnimzation nethod or the mechanism for
constraining the loss function could result in a truncated
Newt on approach bei ng superior for these eigenval ue probl ens.
Once again, we rem nd the reader that this exanple is NOT a
desirable way to solve comon matri x ei genval ue probl ens, and
that such problens are used as a test of our nethods and as a
signpost to their application to nore general paraneter
estimation problens of the eigenval ue type

Overconming the nultiple minima difficulty often requires
judicious choice of starting values for iterations. Severa
aut hors, anong them Brenmermann (1970), use pseudo-random
nunbers to generate a sequence of test points in the
paranmet er space. These may be used in a direct search
fashion or as the initial points for descent nethods for
function mininmzation, such as those presented in this book
We recomrend t he use of randomy generated initial points
only as a last resort. Werever possible, good prelimnary
estimates of paraneters shoul d be used as starting points for
iterative methods to avoid encountering local minima and to
increase the probability of converging to mnim which are in
accord with our expectations
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Tabl e 14-3-1. Conparison of performance of gradi ent net hods
on the Extended Powel | Singular Function. S nce CG achieves
| ower function values than TN, data for the CGiteration at
which CG first attains a |lower function value than TN is
listed. Al results obtained on the Maestro PC (NEC V20
processor) using M crosoft BASCOM conpil er.

Met hod Order Eval uations Functi on Gr adi ent Ti me
Gr ads Fns Val ue Nor m (s)
CG 4 59 148 3. 069549E-6 1.377785E-4 ..
78 190 1. 186588E-7 2. 205398E-5 31
8 24 61 4.936417E-6 2. 751944E-4 L
65 165 1.441078E-7 2. 093374E-5 43
12 36 90 3.739169E-5 2.573315E-3 -
74 181 4.350753E-8 1.103766E-5 69
16 28 72 2.258942E-5 2. 624864E-4 C
56 137 5.672281E-10 1. 793615E-5 73
20 29 74 2.091766E-4 3. 487494E-2 -
63 152 7.313906E-7 5.927326E-5 106
24 29 74 2.001750E-4 0.023132 L
75 183 1. 236600E-9 6. 329030E-5 160
TN 4 89* 41* 5. 564290E-6 4. 151230E-3 22
8 28 9 2.739735E-5 2.530778E-3 14
12 34 8 4,.301756E-5 4.831269E-3 23
16 34 9 5.012974E-5 2. 293328E-3 33
20 21 7 3.638404E-4 1.471556E-2 29
24 20 7 4. 355455E-4 6. 094569E- 3 37
VM 4 14 21 7.589277E-8 ...
58 117 1. 462422E- 17 1. 337764E-12 32
8 17 29 1.126289E-7 ...
30 46 1.176533E- 13 4. 211352E-7 35
12 22 39 4. 322589E-08 ...
37 61 1.094024E- 13 4. 883697E-6 76
16 28 51 1. 790522E-10 ...
52 158 1. 354156E-13 6. 777129E-6 172
20 40 78 5. 708740E-11 4.927131E-6 182
24 43 81 1.441267E-13 4. 991723E-6 261
MRT 4 18 20 3. 090550E- 15 13
8 18 20 6. 181100E- 15 34
12 18 20 9. 271650E- 15 71
16 18 20 1. 236220E- 14 134
20 18 20 1. 545275E- 14 228
24 18 20 1. 854330E- 14 358

* exceeded the iteration limt inposed for the program

14-3 Multiple Mninm

Table 14-3-2. Results minimzing the NASHHARD test function

with gradient mninzation nmet

hods. All

resul ts obtained on

the Maestro PC (NEC V20 processor) using M crosoft BASCOM

299

conpi | er.
Met hod Order Eval uations Functi on G adi ent Ti me
Gr ads Fns Val ue Nor m (s)
CG 2 5 10 0 0 2
10 12 23 1. 049846E-9 1. 624888E-5 6 <
18 32 2. 134698E- 12 7.489684E-7 +4 <
20 50 115 9. 880319E- 6 8.092292E-4 49 <
TN 2 12 6 4.035367E- 10 1. 23095E-4 3 <
22 9 2.119672E- 12 8. 89055E- 6 +3 <
10 19 8 1. 063265E-5 1. 303466E- 2 10 <
27 10 1. 876464E- 10 4. 415456E-5 +4 <
29 11 1. 875446E- 10 4, 413037E-5 +2 <
20 27 8 0. 1567797 0. 9256471 19 <
120 22 1.198232E-8 1.033852E-3 +50 <
VM 2 9 12 3. 065856E- 14 2.571826E-7 3 <
10 16 29 3.276573E- 12 1. 096896E-5 23 <
20 26 53 2.666087E- 11 3.120621E-5 99 <

<
+ i
r

14-4. dobal Mnim

ndi cates a | ower function value was found by POSTGEN
n front of a timng indicates additional
e

tinme to reach the

sult indicated fromthe termnation point

i mredi atel y above

The techni que of random starting points is one of the

approaches to finding the gl obal

exercises is bound to be high.

m ni mum of these functions (for

ef fect

m ni mimof a function
(Di xon and Szegd, 1978). Another approach is to use grid
search, though clearly the computati onal

in such

For certain classes of
functions, other techniques may nake possible the

determ nation of a set of paranmeters which yield the global
exanpl e, M adi neo, 1986)
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Tabl e 14-3-3. Results of applying gradient methods to
finding the snall est ei genval ue and associ ated ei genvect or of
a symmetric tridiagonal matrix of order 5 having di agonal
el enents equal to 5 and superdi agonal and subdi agonal
el enments equal to 1. Paranmeters were bounded to have
absol ute value less than or equal to 1.
Method Initial Mask Tine Evaluations E genval ue Lar gest
B B( ?) (s) Grads Fns f ound Resi dual
CG a 1 98 25 63 3.267949192431123 1.72D 08
b 1 overfl ows encountered - nmethod fail ed
a - 59 3.267949192431123 8.68D 11
b - 63 14 38 3.267949192431123 3.14D 11
TN a 1 195 77 22 3.267949192431123 1.14D 08
b 1 10 2 1 5.572010346551897<
+10 4 2 5.572010341465459<
manual |y stopped + 9 6 3 5.572010336379021< 1.17
a - 45 16 5 3.291318779015936<
+129 56 37 3.267949192431123 8.10D 10
b - 10 2 1 5.572010346551897<
+10 4 2 5.572010342671636<
+10 6 3 5.572010338791375<
manual | y stopped +10 8 4 5.572010334911113< 1.17
VM a 1 136 23 46 3.267949192431123 3.18D 10
b 1 235 38 105 3.416291843543349 4.22D 01
a - 161 26 49 3.267949192431123 1.46D 11
b - 165 26 50 3.267949192431123 3.67D 12
a initial B=( 1, 0, 0, 0, 0)
b initial B by pseudo random generator, and is approximtely
( .21510, .18311, -1.78576E-2, .49929, .14651 )
< implies a | ower function value was found by POSTGEN

We have not found it necessary to be overly concerned
with global versus local mnina. Mst estination problens
which arise in real situations have fairly well-defined
conditions for "acceptability" of the paranmeters. VWhile it
may happen that one or nore paraneters is poorly defined,
which inplies that the | oss function changes very slowy with
respect to these paraneters or some conbinati on of them it
is relatively rare that a local mninmnumis close enough to
the global minimumin the paraneter space to cause us grave
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difficulties. That is, while alternative mninm may ari se,
all giving the same value for the loss function, |ocal nininm
whi ch have unsatisfactory val ues of the |oss function, and
whi ch are sufficiently near the global mninumgiving the
desired paraneter estimates, have not arisen in our
experience. Dixon and Szegd (1978) present sone test
probl ems having | ocal and gl obal minima. Sone of these are
not dissimlar to parameter estimation |oss functions.
Therefore, the possibility that a nmethod has converged to a
local mnimmnmust be kept in mnd. As a strategy for
det erm ni ng whet her a solution point is a local mninmm we
reconmend restarting the mnimzati on sone di stance away from
the convergence point to see if the second attenpt yields the
sane set of parameters. To this end, our DR VER code is set
up to allow for easy restarts. W also avoid exiting from
the BASIC interpreter on termnation, in part for this
reason, in part because the SYSTEM conmand in M crosoft BASIC
i s not standard.

The restart strategy we reconmend and use is clearly
I acking in any form of guarantee of success that the
appropriate global mininumw Il be found. Neverthel ess, we
are of the opinion that situations where the i ssue of local
versus gl obal mninmumare inportant in nonlinear paraneter
estimation are relatively uncormon. W would wel cone
correspondence with readers whose experience includes
probl ens which do invol ve questions of global mnim in order
that our nethods may be appropriately extended should such
matters becone nore prom nent.
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14-5. The Variabl e Projection Method

The multiple exponentials problemof Section 14-1 is but one
nmenber of a class of separabl e nonlinear |east squares
probl ens. These have the property that, if sone of the
paranmeters are given, the rest are determ ned as the sol ution
of a linear sub-problem [|f we define our residuals as

N

(14-5-1) ri(Ba.,y,.t;) = > 3 exp (-B(j) * t;) -y

j=1
for i =1, 2, ..., M then given B, we can conpute a as the
| east squares solution which mnimzes the norm of
(14-5-2) r=Xa-y
where X is the matrix defined by the el ements
(14-5-3) Xij = exp(-B(j) * t;)

To solve the nonlinear |east squares problem we note
that the residuals (14-5-2) are the sane as those in (14-5-1)
if the linear parameters a solve the linear |east squares
sub-problem This is easily arranged using a generalized
inverse of X, which we will label Xminus. This could be
the Mbore-Penrose inverse discussed in Section 11-7, but
ot her possibilities exist. The solution of the linear |east
squares problemis
(14-5-4) a=a(B = Xmnus y
where we include the functional dependence of a on B
explicitly to remnd us that nonlinear |east squares nethods
need the Jacobian to set up the Gauss- Newton or Marquardt
Equations (11-3-11). Substitution of (14-5-4) in (14-5-2)
gives the residuals (as functions only of B) as
(14-5-4) r=XXmnusy-y=(XXnmnus - 1) y

Note that y does not depend on B, and that the
dependence on B arises only through the matrix
(14-5-6) (X Xm nus - 1)

14-5 The Vari abl e Projection Method

so that the Jacobian requires derivatives of this matrix
product. Such derivatives are relatively troubl esone to
conpute, but the work can be sinplified by appropriate
choices for the algorithmto generate the variable
projection nmatrix (14-5-6). In this book, we do not propose
the include a variabl e projection nmethod because

- our experience with such nethods is limted;

- the various steps involved in conputing the projection
matrix (14-5-6), either explicitly or inplicitly, give
rise to progranms which are sonewhat nore conpl ex than
those included in the book

- inclusion of constraints on the linear parameters a
requi res different nechani sns than those so far

di scussed

A further consideration for this particular book is that
BASI C does not lend itself well to the type of programwhich
the variable projection nethod requires. The construction of
the generalized inverse, the projection matrix (14-5-6), its
derivatives and hence the Jacobian, and the solution to the
Gauss- Newt on- Mar quar dt Equations (11-3-11) all may be
acconpl i shed using simlar matrix operations which are nost
easily invoked as true subroutine calls which allow I oca
variables within the subroutine. Therefore, with some
reluctance, we nust refer the reader to published al gorithns
on the variable projection nethod, nanely, Glub and Pereyra
(1973), Krogh (1974), and Kaufman (1975). An interesting
revi ew was produced by Ruhe and Vedin (1974), unfortunately
only published in a technical report as far as we are aware
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15-0. Inplenmentation Details

In this chapter we exanm ne sonme of the decisions we have nmade
in building the software described in this book. These
deci sions color the use of the software. They concern such
matters as

Nonl i near Paraneter Estinmation Mt hods
An Integrated Systemin BASIC

- the rel ati onships between met hods

- how probl ens are converted to program code

- how data is provided to progranms

- how users should wite program code which interfaces
to the software

- tools for putting together the pieces of programcode
whi ch sol ve probl ens.

Most of these topics have already been nmentioned at
| east once, and our exanples have illustrated the use of the
different codes. However, we shall attenpt here to focus on
the overall nechanisns used to inplenment the particular
package of nethods we have put together. We shall repeat
important inplenentation information so that it is collected
into a single chapter.
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Section 15-1. Block Structure

The bl ock structure of the program segnents in this book is
outlined in Figure 15-1-1.

Narmes whi ch are capitalized are segnents which have been
included in this book. Code segnents such as GENSTEP
(Section 7-4), which have been included within other
prograns, are not explicitly nentioned here. Prograns to the
| eft-hand side of the figure call those which are to their
right.

Tabl e 15-1-1 gives a listing of the functions of the
program code segnents.

Tabl e 15-1-2 presents the nanes of sone of the exanple
problemfiles.
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DRIVER | HJ ENVRON
| N™ function
| SUMSQR | residual
| V™M ENVRON
| CG function
| TN gr adi ent
NUMGRAD
SUMSQR | residual
| jacobian
| NUMIAC
| MRT ENVRON
[ resi dual
jacobi an
NUMJ AC
| setup
| POSTMRT
| POSTGEN | RESSAVE
| POSTVM

| result-analysis

FGTEST set up

ENVRON

function

gradi ent

SUMSQR | residual
| jacobian

RITEST set up
ENVRON
resi dual
j acobi an

Figure 15-1-1. Rel ationship betwen programcode segnents.
Names in |ower case are generic (that is, functional)
segnments whi ch nust be supplied for a particular estimation
problem Program segnents call prograns listed to their
right and bel ow.
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15-1 Bl ock Structure

Tabl e 15-1-1. Purpose of programcode segnents presented

|.  Named segnents

CG

DRI VER

ENVRON

FGTEST

NM

NUMGRAD

NUMIAC

POSTGEN
POSTVRT
POSTVM

RESSAVE

RITEST

a conjugate gradients function mnimzer (Section
8-1)

to carry out the setup, solution, reporting and
anal ysis of paraneter estination problens (Section
15-2)

to determine the properties of the conputing
envi ronnent (Appendi x E)

to conpute the loss function at given points in the
paramet er space and to conpare the conputed
gradient with finite derivative approxi mations
(Section 3-7)

t he Hooke and Jeeves direct search function
m nim zer (Section 5-1)

the Marquardt-Nash nonlinear |east squares sol ver
(Section 11-5)

the Nel der- Mead pol ytope direct search function
mnimzer (Section 6-1)

to conpute nunerical approximations to the gradient
el ements of a loss function (Section 7-5)

to conpute nunerical approximations to the
derivatives of the I-th residual function in a
nonlinear | east squares problem i.e. the I-th row
of the Jacobian for this problem(Section 11-8)

to provide for reporting of results of paranmeter
estimation. Exanples are POSTGEN. BAS ( Section
13-6), POSTVM BAS (Section 13-8) and POSTMRT. BAS
(Section 13-7). These code segnents start at

I'i ne 6000.

to display residuals and to wite data to files
suitable for PLOT.BAS in Section 15-7
(Section 13-9)

to conpute the residuals for a nonlinear |east
squares problem at given points in the paraneter
space and to conpare the conputed Jacobi an el ements
with finite difference approximations (Section 3-8)
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SUMSQR to convert function mnimzation to sum of squares
form (Section 2-6)

TN the Truncat ed- Newt on function ninimzer (Section
9-1)

VM the Fletcher (1970) variable netric function

m nimzer (Section 10-1)
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Tabl e 15-1-1. Purpose of programcode segments presented
(continuation)

15-1 Bl ock Structure

311

Il. Generic code segments which nust be supplied by the user
Exanpl es of such code segnents are given in Table 15-1-2.

setup - to provide data, bounds, masks and ot her
information about a paraneter estimation problem
to our prograns. Exanples are contained in the
probl em code segnents starting at |ine 3000.

function - to conmpute the loss function at a given point B
in the paraneter space. Exanples are contai ned
in the code segnents having fil ename extension
".fn" starting at |ine 2000.

gradient - to conpute the gradient of the loss function at a
given point Bin the paraneter space.
Exanpl es are contained in the code segnents
having filenanme extension ".fn" starting at |line
2500.

residual - for nonlinear |east squares problens (or absolute
deviation criterion problens), conpute the I-th
residual at point B in the paraneter space.
Exanpl es are found in the code segnments havi ng
filenane extension ".res" starting at |ine 3500.

jacobian - for nonlinear |east squares problens, conpute the
I-th row of the Jacobian matrix at a given point
B in the paraneter space. Exanples are
contained in the program code segnments having
filenane extension ".res" starting at |ine 4000.

post - - to provide for reporting of results of paraneter
analysis estimation. Exanples are POSTGEN. BAS (Section
13-6), POSTVM BAS (Section 13-8) and POSTMRT. BAS
(Section 13-7) but the user may wi sh to supply
di fferent or additional neasures of dispersion of
or relationship between the paraneters. These
code segnents start at |ine 6000.

results- - to performcalculations or display of the results
analysis of an estimation task in the context of a
particul ar exanple problem Al ways starts at
| ine 4500. Exanples are noted in Table 15-1-2.

Table 15-1-2. Exanple problemfiles and di scussi on thereof

Nane Sections Not es

ABS FN 4-3,18-1 sum of absol ute val ues

CAL4 FN 8-2,9-2,18-2 contrived test problem

El GV FN 14-3,15-3 ei genprobl em of a cl ass of
tridi agonal symmetric matrices

GENRCSE  FN 9-2,12-2,18-2 generalized Rosenbrock problem

LANCLIN FN 14-1 mul ti pl e exponentials -- linear
paraneters separated

NASHEASY FN 18- 4 | arge test problem

NASHHARD FN 14-3,18-5 | arge test problem

QUADSN  FN 12-2,18-1 guadratic test function

RS FN 18-7 problem wi th general inequality
constraints

WOOD FN 18-3 classic test problem

BAGLI VO RES 11-6,18-9 nodel of popul ati on of
soft-shell ed cl ans

BALF RES 8-2,9-2,18-8 Brown Al npbst Linear Function

BARD RES 2-1,16-3 first-order chemical reaction

BMDP RES 16-4 radi oi mmunoassay cal i bration

BT RES 18-1 test for bounds and masks

CHEM RES 5-2,16-1, 16-2 chenical kinetic problens

CcOoBB RES 3-4,17-3 Cobb- Dougl as production function

GENROSEJ RES 12-2,18-2 general i zed Rosenbrock residual s

HOBBS RES 2-1,3-3,3-7,3-9,5-2, weed infestation

6-2,8-2,9-2,10-2, 11- 6,
11-7,12-2,13-3,13-7,13-8

HS25 RES 10-2,12-2,18-8 Hock & Schitt kowski probl em 25

KAPESTB RES 17-1 Kapsal i s Canadi an macr oeconom ¢
nodel estimation

KMENTALP RES 17-3 a nonlinear production function

LANCZOS RES 14-1 mul ti pl e exponentials problem

LI NTEST RES 18-1 linear |east squares regression

LONION  RES 1-3,18-6 yiel d/density nmodel (onions)

MARKMOD  RES 17-4 mar ket share Markov nodel

MHKI NX RES 1-3,16-5 net hyl iodi de deconposition in
aqueous al kaline sol ution

POASI NG  RES 14-3,18-8 ext ended Powel | singul ar
function

WOODR RES 18-3 classic test problem
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15-2. Main Driver Code

The structure of our software is such that we are able to use
one driver code to carry out all the estimation calcul ations
in this book. O course, we need a way to bring together
various pieces of programcode and to provide data to the
resulting program The tools to acconplish this are

di scussed in Section 15-5.

Belowis a listing of the program segnent DRI VER. BAS,
which is the first segnent in any program we run.

The REMarks within this code explain the functioning of
DRI VER in executing all the different routines needed to
performa nonlinear estimtion task. However, because the
wor ki ng storage requirements of various methods for
estimation and of the diverse problens nay be different, we
have included DI Mension statenents in the method and probl em
code segnents rather than in the driver program code.

Most of the BASICinterpreters used on personal
conputers allow for dynam c DI Mensi oni ng of working storage
providing the DIM statement is "executed" before the
vari abl es for which it allocates storage are used. That is,
wi thin the program segnents which need the working storage or
within the setup routine, we could include lines of the form

3020 LET M = 24: REM 24 DATA PO NTS
3030 LET N = 12: REM 6 PARAMETERS
3040 DM B(N), X(N), Y(M3)

However, conpilers generally require fixed di nensions.

whi ch generally nmust be established before any statenment is
executed involving variables, strings or arrays. Therefore,
we have reserved the followi ng |ine nunbers for the

DI Mensi oni ng of worki ng storage.

15-2 Main Driver Code 313

line 30 for arrays required by the problem
line 40 for arrays required by the estinmati on nethod

(If nore arrays are needed, lines 31, 32, etc. or 41, 42,
etc. may be used.)

A remai ni ng annoyance is that a choice is needed for the
amount of working storage to be allowed in our estimation
met hods. Wile it would be relatively straightforward to
create a programto recogni ze specially coded statenments in
the user-supplied problem-- for instance via some REMark
statements with special character sequences -- to find and
adj ust the DI Mensi ons appropriately, this would add anot her
step, with its attendant delays, to the consolidation
process. Therefore, we have chosen the crude alternative of
fixing the size of the working storage for the estinmation
met hods by setting a naxi mum value of N = 25 for all nethods.
Generally, we are satisfied that users will find these
al | ocati ons adequate, but they nmay be altered within the code
if necessary. Note that some alternative inplenentations of
the Marquardt nethod may require working storage dependent on
both the order (N) of the problemas well as the nunber of
data points (M in the problem The strategy we have chosen
for working storage allocation will not suffice in this
situation. (Note that the programs NM VM and MRT use
rectangul ar arrays, so require nore storage space.)

DRIVER is set up to allow users of the | BM PC and
simlar conmputers to record the tinme taken for the estimation
routines to carry out the mnimzation of the |l oss function.
Only the time within the minimzation routine is counted, and
if the post-solution analysis of the paraneters (for which no
timng is made) finds a | ower value of the loss function at
one of the axial search positions, then DRIVER will allow the
user to restart the minimzation fromthis new point. The
counts of function and gradient evaluations are cunul ative in
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such restarts (but do not include any eval uations used in the
post-solution analysis). However, the "stop-watch"
to zero on re-entering the function mnimzation.

is reset
Users may
easily change the programif these choices prove unsuitable.
DRI VER al | ows the user to set par anet ers and
al so to alter masks and bounds. Before such entry, existing
bounds and nmasks are reported to the user. After entry,
paraneter val ues are checked. Note that masked paraneters
may be assigned val ues outside of the given upper or |ower
bounds. This is useful in situations where one w shes to
exanm ne the |l oss function surface at points outside the usual
range of interest. Any non-masked paraneter which is
"out - of -bounds" is reset to the nearest bound. In the case
where a | ower bound has a value in excess of the
correspondi ng upper
this possibility), we mask the paranmeter and set
the given upper bound.

initial

bound (there are no explicit checks for
its value to

A final feature of the nain driver code is that it
allows the user to open a file (al ways channel nunber 3) to
whi ch copies of all program generated output lines are

"printed". Thus users should avoid using file #3 for
ot her purpose (see Section 15-4).

any

Listing 15-2-1. The nain driver code for nonlinear estimtion.

DR VER. BAS 08-28-1986 19: 47: 47

5 PRINT "DR VER -- GENERAL PARAMETER ESTI MATI ON DRI VER -
10 INPUT "FI LE FOR CONSCLE | MAGE = "; G$

15 | F G$="" THEN LET Gb="NUL"

20 OPEN G$ FOR APPEND AS 3: REM!! may be non-standard

25 PRI NT #3, "DRI VER - - GENERAL PARAMETER ESTI MATI ON DRI VER - 851017, 851128

30 REM |ine 30 reserved for dinmensions fromproblem (B, X Y, O
35 REMin case of extra |line

40 REM line 40 reserved for dinensions frommnimzer

45 REM in case of extra line

50 PRI NT #3, TI ME$, DATE$: REM !!

55 PRI NT TIMES$, DATE$: REM !!

60 REM CALLS:

15-2 Main Driver

Code

851017, 851128"

Li sting 15-2-1 DRI VER. BAS 315
65 REM FUNCTION MNM ZER -- |line 1000

70 REM SETUP -- line 3000

75 REM POST- SOL' N ANALYSI' S -- |ine 6000

80 REM RESULT ANALYSI S -- line 4500

85 REM

90 REM X$, T$ and U$ are used for responses and tine

95 GOSUB 3000: REM setup of user-specified problem

100 LET 18=0: REM count of iterations or gradi ent eval uations

105 LET 19=0: REM count of function or sum of squares eval uations
110 PRINT P$: REM di splay problemtitle (user supplied)

115 PRI NT #3, P$

120 GOSUB 500: REM di spl ay bounds

125 PRINT "ENTER I NI TIAL VALUES FOR PARAMETERS ( [cr] =Y ) ";
130 | NPUT X$

135 PRI NT #3,"ENTER I N TI AL VALUES FOR PARAMETERS ( [cr] =Y ) "; X$
140 | F X$="N' THEN 175

145 | F X$="n" THEN 175

150 FOR J=1 TO N

155 PRINT "B(";J;")=";

160 | NPUT B(J)

165 PRINT #3,"B(";J;")=";B(J)

170 NEXT J

175 INPUT " are nasks or bounds to be set or altered ([cr] = no) ";X$
180 PRINT #3," are masks or bounds to be set or altered ([cr] = no) "; X$
185 I F X$="y" OR X$="Y' THEN 195

190 GOTO 285: REM note that al ready nasked paraneters stay masked
195 FOR J=1 TO N

200 PRINT "b(";J;")=";B(J);" mask ([cr] = no) “;

205 | NPUT X$

210 PRINT #3,"b(";J;")=";B(J);" mask ([cr] = no) ";X$

215 LET O J, 3)=0: REM nasked par amet er

220 I F X$="y" OR X$="Y' THEN 280: REMif nmsked, no need for bounds
225 LET O J, 3)=1: REMfree paraneter

230 PRINT "l ower bound =";QJ,1);" ([cr] = no change) “;

235 | NPUT X$

240 PRINT #3, "l ower bound =";(Q(J,1);" ([cr] = no change) ";X$
245 | F X$="" THEN GOTO 255: REM no change

250 LET (J, 1) =VAL(X$): REM new | ower bound

255 PRI NT "upper bound =";Q(J,2);" ([cr] = no change) “;

260 | NPUT X$

265 PRI NT #3, "upper bound =";Q(J,2);" ([cr] = no change) ";X$
270 | F X$="" THEN GOTO 280: REM no change

275 LET (J, 2) =VAL(X$): REM new upper bound

280 NEXT J

285 LET S1=0: REM set steplength paraneters within mnim zer

290 LET S2=0: REM or change these |lines of code

295 GOSUB 560: REM nmask and bound check

300 LET T$=TIME$: REM!! SYSTEM DEPENDENT

305 GOSUB 1000: REM function mnim zation routine

310 LET U$=TI ME$: REM!! system dependent
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320
325
330
335
340
345
350
355
360
365
367
369
371
373
375
385
390
395
400
405
410
415
420
425
430
435
440
445
450
455
460
465
470
475
480
485
490
495
500
505
510
515
520
525
530
535
540
545
550

GOSUB 435: REM !'! system dependent tinme display routine
PRI NT "CALCULATED FUNCTION M NI MUM = "; FO

PRI NT #3, " CALCULATED FUNCTION M NI MUM = "; FO

PRI NT "PARAMETER ESTI MATES"

PRI NT #3, " PARAMETER ESTI MATES'

FOR J=1 TO N

PRINT "B(";J;") ="; X(J)
PRI NT #3,"B(";J;") = "; X(J)
NEXT J

GOSUB 6000: REM post -sol ution anal ysis

| F FO<=F1 THEN 375: REM no | ower point found

I NPUT "continue from!|ower point found ([cr] =Y) "; X$
PRI NT #3,"continue fromlower point found ([cr] =VY) ";X$
I F X$<>"N' AND X$<>"n" THEN 110

REM f i ni shed
INPUT " call problem dependent results-analysis ( [cr] = N) "; X$
PRI NT #3," call probl em dependent results-analysis ( [cr] = N) "; X$

I F X$="Y" THEN GOSUB 4500

I F X$="y" THEN GOSUB 4500

PRINT " another set of starting paranmeters ( [cr] = N) ";
I NPUT X$

PRI NT #3," another set of starting paranmeters ( [cr] = N) ";X$
I F X$="Y" THEN 100

IF X$="y" THEN 100

CLOSE #3

STOP

LET T1=VAL(LEFT$(T$,2)): REM!!
LET T2=VAL(M D$(T$, 4,2)): REM!!
LET T3=VAL(RI GHT$(T$,2)): REM!!
LET UL=VAL(LEFT$(U$, 2)): REM!!
LET W=VAL(M D$(US$, 4,2)): REM!!
LET U3=VAL(RI GHT$(US$, 2)): REM!!
LET T4=T3+60* T2+3600*T1: REM!!
LET U4=U3+60* U2+3600*UL: REM !!

LET T5=U4-T4: REM!!

| F T5<0 THEN LET T5=T5+24*3600!: REM !! ASSUME NEVER OVER 24 HRS
PRI NT " ELAPSED SECS="; T5;" AFTER';18;" GRAD &';19;" FN EVAL": REM!
PRI NT #3," ELAPSED SECS="; T5;" AFTER';18;" GRAD &";19;" FN EVAL"
RETURN: REM !!

PRI NT "bounds on paraneters for problent

PRI NT #3, "bounds on paraneters for problent

FOR J=1 TO N

IF O(J,3)=0 THEN 535

PRINT QJ,1);" <= b(":J;") <= ":0Q(J,2)

PRINT #3,0(J,1);" <=  b(";2;") <= *;Q3J,2)

GOTO 545

PRINT " **** p(":J:") WLL BE MASKED (FI XED) ****"
PRINT #3," **** b(":3;") WLL BE MASKED (FI XED) ****"
NEXT J

RETURN
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555 REM check bounds and set up indicator

560 LET 15=N: REM count masks set

565 FOR J=1 TO N

570 IF (J,3)=0 THEN 665

575 LET (0(J,3)=1: REMreset free or active bound (bel ow

580
585
590
595
600
605
610
615
620
625
630
635
640
645
650
655
660

LET 15=15-1: REM not a masked paraneter
IF B(J)>Q(J,1) THEN 610
PRI NT "paraneter B(";J;")

reset from";B(J);" to ";QJ,1)

PRI NT #3, "paraneter B(";J;") reset from";B(J);" to ";QJ,1)
LET B(J)=Q(J, 1)

LET O(J,3)=-2 : REM | ower bound active

IF B(J)<(Q(J,2) THEN 665

PRI NT "paraneter B(";J;") reset from";B(J);" to ";QJ,2)

PRI NT #3, "paraneter B(";J;") reset from";B(J);" to ";QJ,?2)

I'F Q(J, 3)>2 THEN 655: REM check i f | ower, upper bounds equal (nasked)
LET O(J, 3)=0: REM set mask on

LET 15=15+1: REM adj ust nmask count

PRINT " mask inmposed on paraneter B(";J;") at upper bound ";Q(J, 2)
PRI NT #3," mask i nposed on paraneter B(";J;") at upper bound "; Q(J,2)
GOTO 665

LET B(J)=Q(J, 2)

LET Q(J,3)=-1: REMupper bound active

665 LET X(J)=B(J): REMto ensure "best" paraneters are saved
670 NEXT J
675 RETURN
Li ne no. Ref erenced in line(s)

100 415 420

110 371

175 140 145

195 185

255 245

280 220 270

285 190

375 365

435 315

500 120

535 515

545 530

560 295

610 585

655 625

665 570 610 650
1000 305 -- the function ninimzer subroutine
3000 95 -- the problem setup code (user supplied)
4500 390 395 -- results-anal ysis code (user supplied)
6000 360 -- post-solution analysis subroutine
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Synbol Ref erenced in |ine(s)

B( 160 165 200 210 585 590 595 600 610
615 620 655 665 -- the parameter vector

DATES$ 50 55 -- the systemdate function (non-standard)

FO 320 325 365 -- the minimmvalue of the |oss function
found by the function mnimzation routine

F1 365 -- lower value of loss function, if any, found by
post - sol uti on anal ysis

G 10 15 20 -- console immge file

15 560 580 635 -- number of masked paraneters

18 100 485 490 -- nunber of gradient evaluations in
m ni m zation

19 105 485 490 -- nunber of function evaluations in
m nim zation

J 150 155 160 165 170 195 200 210 215
225 230 240 250 255 265 275 280 340
345 350 355 510 515 520 525 535 540
545 565 570 575 585 590 595 600 605
610 615 620 625 630 640 645 655 660
665 670 -- a | oop counter

N 150 195 340 510 560 565 -- the nunber of paraneters

o 215 225 230 240 250 255 265 275 515
520 525 570 575 585 590 595 600 605
610 615 620 625 630 640 645 655 660
-- bounds and masks informati on storage

P$ 110 115 -- the nanme of the problem

S1 285 -- initial stepsize for mninization routines

S2 290 -- additional initial stepsize information

T$ 300 435 440 445 -- used to store tinme-stanp

T1 435 465 -- used in conputing el apsed tine

T2 440 465 -- used in conputing el apsed tinme

T3 445 465 -- used in conputing el apsed tine

T4 465 475 -- used in conputing el apsed tinme

T5 475 480 485 490 -- el apsed seconds in ninimzation

TI ME$ 50 55 300 310 -- systemtine of day function

us 310 450 455 460 -- used to store time-stanp

Ul 450 470 -- used in conputing el apsed tine

u2 455 470 -- used in conputing el apsed tine

u3 460 470 -- used in conputing el apsed tine

U4 470 475 -- used in conputing el apsed tine

X$ 130 135 140 145 175 180 185 205 210
220 235 240 245 250 260 265 270 275
367 369 371 375 385 390 395 405 410
415 420 -- input response string

X( 345 350 665 -- to store 'best' paraneters found

LI NES: 138 BYTES: 5428 SYMBOLS: 49 REFERENCES: 206
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15-3. The ProblemFile

The problemfile provides all the information which is
specific to the user's problem This includes identifying
the problem entering required data; declaring storage for
i ntermedi ate cal cul ations; specifying the nodel and | oss
function and any adjustabl e weights, bounds, or other
constraints, as well as associated derivatives; and
descri bing any special analysis or display of the results
The user nust supply informati on and program code to
prepare for the estimation problem It is possible to
initialize a problemin DRI VER, except for data entry. For
conveni ence, though, it is generally preferable to provide
default settings of bounds, masks, and even initial paraneter
val ues via the setup portion of the problemfile. The
problemfile al so contains either function and gradi ent or
resi dual and Jacobian information to describe the nodel and
the loss function. Also, for sonme situations, it is
desirable to performcal culations with the estimated

parameters. W call this results-analysis and the user

must supply code for such calculations also, if required
Tabl e 15-3-1 presents the structure of the program code which
the user nust supply. |In the setup code, we nay enter data
via the BASI C statement READ usi ng DATA statenents or we may
INPUT information fromthe keyboard or froma file (Section
15-4).

VWhen the loss function or residual is conputed it is
possi bl e that inadmi ssible or undesirable arguments to
functions are derived fromthe current paraneters. For
exanpl e, we should not attenpt the square root of negative
nunbers or division by zero. Very large or very smnal
results of function evaluation may, in sone cases, lead to
overflow or underflowdifficulties, or sinply to very poorly
determ ned function or derivative values. Wen such
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situations arise, we recoormend that the code set the variable
I3to 1 and return to the mnimzation method, since our
codes are designed to handl e such exceptions in a nore or

| ess graceful manner. An exanple of a problemwhere this
mechanismis quite critical to success is the Brown Al nost

Li near Function (BALF.RES, Section 18-8).

Tabl e 15-3-1. Contents of the user-supplied problemfile

For general function mninization

Fil e name extension . FN

line 30 D Mensions for B( ), X( ), O ), and
optionally Y( )

(function) lines 2000-2499 conpute the function f(B) in
variable F. |If F cannot be conputed, set 13=1
and return.

(gradient) lines 2500-2999 conpute the gradient g(B) in
vector G This code segnent is optional when a
direct-search mninmization nethod is used (H or
NV, or when NUMGRAD is to be included in the
consol i dated program

(setup) lines 3000-3499 set up the problem N, the order
of the problem is set or input. |f appropriate,
M the nunber of observations is also provided.
P$, a string of character information describing
the problem nust be provided. The nunber of
variabl es (colums of the data matrix Y, which has
Mrows) is provided. |In Y( ) are placed the data
required to conmpute the function f(B) or residual
R1(B,1) for the problemat hand. Y( ) need not
be conpletely defined, that is, sonme el enents may
not have a val ue assigned. Bounds and nmasks are
set in the array O , )

J, 1) £B(J) £ AJ,2)
B(J) is fixed, or masked, if ((J,3) =0, and is

free, or unconstrained, if Oj,3) = 1. 15 is set to
the nunber of masked paraneters (it nust be set to
zero if there are no masks). |If desired, initial

val ues for the paraneters are set in B( ).

15-3 The Problem File

Tabl e 15-3-1. Contents of the user-supplied problemfile (cont'd)

321

(results- lines 4500-5999 provide problemspecific
anal ysi s) post-solution cal cul ati ons. For exanple, it may be
desired to convert the units in which the
paranmeters are displayed, or use the results to
derive further infornation.

For nonlinear |east squares

Fil e name extension . RES
(setup) I'i nes 3000-3499 setup, as above.

(residual) Iines 3500-3999 conpute the I-th residual r(B, 1)
in Rl. If we cannot do this, set 13=1 and return.

(j acobi an) |ines 4000-4499 conpute the partial derivatives
of r(B,1) with respect to the parameters B and
store the results in the vector DD Dis therefore
the I-th row of the Jacobian matrix. Qur programnms
have been witten so that this code is not called
unl ess the residual can be evaluated at B. Thus
no check is made on the "conputability" of the
Jacobi an el ement s.

(results- [lines 4500-4599 provide probl em specific
anal ysi s) post-solution cal cul ati ons.

Listing 3-3-1 has already presented the HOBBS. RES
program code for the Hobbs weed infestation problem Q her
exanmpl es are discussed in the chapters on the various methods
for parameter estimation, in Chapters 16 and 17 which present
applications in the areas of econom ¢ nodeling and chem cal
ki netics, and in Chapter 18, where a nunber of problens are
presented and di scussed. To provide an exanple which has all
features of a problemfile, including a results-analysis,
Listing 15-3-1 illustrates code to solve the ei genproblem of
a class of tridiagonal symetric matrices.
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Li sting 15-3-1.
ei genprobl em of a class of tridiagonal,

1 DEFDBL A-H, O Z: REM!!

Listing 15-3-1 EIGV.FN problemfile

Program code ElI G/. FN to solve the
symmetric matrices.

doubl e preci sion recommended

30 DI M Y(25, 3), B(25), X(25), O( 25, 3)

2000
2010
2020
2030
2040
2050
2060
2070
2080
2090

2500
2505
2510
2520
2525
2530
2540
2550
2560

3000
3010
3020
3030
3040
3050
3060
3070
3080
3090
3092
3100
3101
3102
3104
3106
3110
3112
3114
3115
3116
3120
3130

LET Z4=0: REM ElI GV/. FN - Raylei gh quotient for
LET Z9=0: REM for denoni nat or

FOR L1=1 TO N

LET Z9=79+B(L1)*B(L1)

LET Z4=Z4+Y(L1, 1)*B(L1)*B(L1)

IF L1>1 THEN LET Z4=Z4+B(L1)*B(L1-1)*Y(L1, 2)
I F L1<N THEN LET Z4=Z4+B(L1)*B(L1+1)*Y(L1, 2)
NEXT L1

LET F=28*Z4/79: REM Z8 negative allows for
RETURN

matri x ei genprobl em

maxi mal ei genval ue

GOSUB 2000: REM derivatives for ElIGV; ensure Z4, Z9 defined

FOR L1=1 TO N
LET Z6=2*Y(L1, 1)*B(L1): REMdi agonal term of nunerator
LET Z5=2*B(L1): REM for deriv. of denom nator

IF L1>1 THEN LET Z6=26+2*B(L1-1)*Y(L1, 2)
| F L1<N THEN LET Z6=26+2*B(L1+1)*Y(L1, 2)

LET Q(L1)=Z8*(Z6*Z9- Z5*Z4)/ (Z9* Z9)

NEXT L1

RETURN

PRI NT "El GV. FN - Rayl ei gh Quotient for tridiagonal matrix 860623"

PRI NT #3, "El GV. FN - Rayl ei gh Quotient for tridiagonal matrix 860623"
LET P$="EI GV - TR DI AGONAL MATRI X El GENPROBLEM'

I NPUT "I NPUT ORDER OF MATRI X (N) = "; N

PRI NT #3," I NPUT CRDER OF MATRI X (N) = "; N

REM Y(I, 1) stores diagonal of nmatrix, off diagonals in Y(i,?2)

LET L2=I NT(N 2)

LET L1=0: REM signal extra el ement on di agonal

IF 2*L2=N THEN LET L1=1

PRI NT "ENTER +1 FOR W LKINSON W+ MATRI X, -1 FOR W "

I NPUT "ENTER ANY NUMBER >+1 FOR A CONSTANT DI AGONAL ";Z9

PRI NT #3, "ENTER +1 FOR W LKINSON W+ MATRI X, -1 FOR W "

PRI NT #3,"ENTER ANY NUMBER >+1 FOR A CONSTANT DI AGONAL "; Z9
I NPUT "ENTER +1 FOR SMALLEST ElI GENVALUE, -1 FOR LARGEST ";Z8
PRI NT #3,"ENTER +1 FOR SMALLEST ElI GENVALUE, -1 FOR LARGEST ";Z8
REM 78=-1 al |l ows nmaxi mal ei genval ue to be found

FOR J=1 TO L2

I F ABS(Z9)=1 THEN 3120

LET Y(J, 1)=2Z9: REM constant di agonal

LET Y(N-J+1, 1)=Z9

GOTO 3140

LET Y(J,1)=L2-J+1: REM Wl kinson W+ or W matrix

LET Y(N-J+1, 1) =79*(L2-J+1)

Listing 15-3-1 EIG/. FN problemfile 323

3140
3142
3144
3150
3155
3156
3160
3165
3170
3180
3185
3190
3192
3194
3200
3205
3210
3220
3230
3240
3250
3251
3253
3255
3260
3270
3280
3310
3320
3322
3325
3330
3335
3340
3345
3350
3360
3365
3370
3380
3385
3390
3400
3410
3415
3420
3430
3432
3434
3440

LET Y(J,2)=1: REMoff diagonals all 1
LET Y(N-J+1,2)=1

NEXT J

I F L1=1 THEN LET Y(L2+1, 1)=0

I F 79>1 THEN LET Y(L2+1, 1)=29

LET Y(L2+1,2)=1

PRI NT " DI AGONAL ELEMENTS OF MATRI X"
PRI NT #3," DI AGONAL ELEMENTS OF MATRI X"

FOR J=1 TO N

PRI NT Y(J,1);

PRI NT #3,Y(J,1);

NEXT J

PRI NT

PRI NT #3

INPUT "limt to absolute value of any paraneter ";Z2
PRINT #3,"linmt to absolute value of any paraneter ";Z2
FOR I=1 TO N

LET (1, 1)=-Z2: REM bounds set via Z2

LET O(I,2)=22

LET O(I,3)=1: REMfree paraneters

NEXT |

I NPUT "choose Fl et cher and Bradbury (1) or pseudo-randomstart(2)";L4
I F L4=1 THEN GOSUB 3400: REM Fl etcher and Bradbury start

| F L4=2 THEN GOSUB 3325: REM pseudo-random start

I NPUT " ONE PARAMETER MAY BE FI XED (MASKED). WHICH ONE OR 0 ?";J
PRI NT #3," ONE PARAMETER MAY BE FI XED (MASKED). WHI CH ONE OR 0?";J
LET (J, 3)=0: REMnote no check on validity of choice here

PRI NT

PRI NT #3

RETURN REM end of setup

LET Z0=. 123454: REM random nunber seed

PRI NT " GENERATED PSEUDO- RANDOM STARTI NG PARAMETERS'

PRI NT #3, " GENERATED PSEUDO- RANDOM STARTI NG PARAMETERS"

FOR I=1 TON

LET ZO=RND( Z0)

LET B(1)=20-.5

PRI NT B(1);

PRI NT #3,B(1);

NEXT |

PRI NT

PRI NT #3

RETURN

LET L3=1: REM Fl etcher & Bradbury start

LET Z3=78*Y(1, 1)

LET B(1)=0

FOR L1=2 TO N: REM seek snuall est/| argest di agonal
I F z8*Y(L1, 1) <=Z3 THEN 3440

LET L3=L1

LET z3=78*Y(L1, 1)

NEXT L1

el enent
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3450
3455
3457
3460

4500
4510
4520
4530
4540
4550
4560
4570
4580
4590
4600
4610
4620
4630
4640
4650
4660
4670
4680
4690
4695
4700
4710
4720
4730
4740
4750
4760
4770
4780
4790
4800

Listing 15-3-1 EIGV.FN problemfile

LET B(L3)=1

PRI NT "Fl et cher/Bradbury suggestion for start is e(";L3;"

PRI NT #3,"Fl et cher/Bradbury suggestion for start is e(";L3;")"
RETURN

PRI NT "TEST ElI GENVALUE AND VECTOR': REMresul ts-anal ysis
PRI NT #3," TEST El GENVALUE AND VECTOR'
PRI NT " NORMALI ZED El GENVECTCR"

PRI NT #3, " NORMALI ZED EI GENVECTOR"

REM nor nal i ze ei genvect or

LET Z29=0

FOR L1=1 TO N

LET Z9=79+B(L1)*B(L1)

NEXT L1

IF Z9>0 THEN 4630

PRI NT "NULL VECTCR -- CANNOT CONTI NUE"
PRI NT #3,"NULL VECTOR -- CANNOT CONTI NUE"
STOP

LET Z9=1/ SQR( Z9)

FOR L1=1 TO N

LET B(L1)=B(L1)*Z9

PRINT "B(";L1;")="; B(L1)

PRI NT #3,"B(";L1;")="; B(L1)

NEXT L1

PRI NT

PRI NT #3

FOR L1=1 TO N

LET Z7=-78*B(L1)*F: REM di agonal el enment
LET z7=z7+Y(L1, 1)*B(L1)

I F L1>1 THEN LET Z7=Z7+B(L1-1)

I F L1<N THEN LET Z7=Z7+B(L1+1)

PRI NT "RESIDUAL ";L1;" =",;Z7

PRI NT #3,"RESIDUAL ";L1;" =";Z7

NEXT L1

PRI NT

PRI NT #3

RETURN

15-4 File Input / OQutput
15-4. File Input / Cutput

\Where reasonabl e, we have avoided using data files in this
book. This has the advantages that the nunber of files

i ncluded in the package supplied is reduced, and that the
translation of programs and problens to BASIC conputing

envi ronnents other than Mcrosoft's GABASIC or BASICA is
easier. Nevertheless, nmany users will wish to use data file
input. To this end, we have suggested a file structure in
the exanpl es presented in Chapter 16. In PG DOS and MS DCS,
it is possible to assign the file CON as the input file, in
whi ch case the keyboard is used as the input source.

A related concern is that of recording the program
output in the file. Wile there are operating system patches
which allow for this possibility, we have sinply copied all
"PRINT" statenments as "PRINT #3," where file #3 is OPENed as
a disk file. CQutput to file NUL will avoid the creation of
such a file, and DRIVER is set up to use "NW" if a carriage
return is the response to the request for the name of a file
to store the consol e output.

When saving data for later analysis or plotting, our
programs use file #2 tenporarily. That is, a file assigned
to channel #2 is OPENed, data is witten, then the fileis
CLOSEd. The structure of these files is presented in Figure
15-7-1. Users should avoid using file nunbers 2 and 3 unl ess
they are aware of the uses to which these channels have
al ready been put in our codes.

Wiile it is not directly a question of file output,
control of when and how current paraneter estimates are
di splayed is a detail some users may |ike to change.
Paraneter display is controlled within the nmethod program
code, that is, within HI, NM CG TN, VM or MRT. W use the
variable J8 to denote how often, in terns of function
eval uations, the paraneter values are to be displ ayed.
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VWenever the function evaluation counter |9 passes an
integral multiple of J8, the parameters are displayed.
Variable J7 is used as a tenporary storage to hold the
integer which is the nultiple of J8 which 19 is expected to
exceed.

Since the nmethods each have a different structure, we
have chosen particular values for J8 as the default for each
met hod. HJ and NM display the paraneters at intervals of
approxi mately 40 function eval uations, CG after 10
eval uations, and TN, W and MRT at intervals of 1
evaluation. In the last instance, the call to display
paraneters is made after each iteration, so that nore than
one function evaluation may actually take place before the
di splay occurs. Wile the default choices have proven quite
appropriate for our ow work, other users may wi sh to use
different values for J8. In particular, the value J8 =0
suppresses paraneter display.

Arelated matter is the fornat for displaying
parameters. W have chosen to print the paraneters, 5to a
line, with each paraneter followed by a letter U L or Mif
it happens to be at an upper bound, at a |ower bound, or
masked. This results in a generally conpact display on the
25 row by 80 columm screen of the IBM PC. Should there be
several "small" or "large" paraneters, however, an
exponential formof display is generated by BASI CA or GABASIC
unl ess the Mcrosoft BASIC statenent PRINT USING is enpl oyed.
Since we have stressed the inportance of scal ed paraneters at
several points in our work, and in particular in Chapter 3,
we feel nore confortable in avoiding the use of PRI NT USI NG
whi ch is not part of standards agreed at the time of witing.
(We have, however, used this construction in other program
codes where the tabular |ayout of displays is nore
important.)
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15-5. Consolidation of Program Segnents

Under PC-DCB or MS-DOS, the main environment considered in
devel oping the material in this book, it is possible to
execute pre-recorded sequences of conmands from a so-call ed
BATch file. Users of other nmachines may find useful ideas in
this section, but will not be able to use the procedures
directly. A batch file must have the fil ename extension .BAT
and may include synbolic parameters %, 9%,..., 9%9. W have
used this device to sinplify the task of running nonlinear
estinmation cal cul ations.

To carry out a particular nonlinear estimation
cal cul ati on, the user nust already have prepared a file
probl em RES or probl em FN whi ch acconplishes the setup,
results-anal ysis, and residual/jacobian or function/gradient
calculations. Here "problent is a nane to be replaced by the
filenane given to the particular problemat hand. The
appropriate programcode is then consolidated and execution
is started (possibly with a delay of sone seconds) by typing

NL nmethod probl em

where "nethod" is one of HI, N\M VM CG TN, or MRT. |If the
method is MRT, then a function having the nane probl em RES
must be present on either drive C or drive B:. |f nunerical
approxi mations to gradient or jacobian elenments are to be
used (NUMGRAD or NUMJIAC is to be included), then the comrand
to be issued is

NL nmethod problemN

A fourth paraneter allows the consolidated code to be
conpi |l ed before execution. Thus the command

NL nethod problem N C
conpiles the code to solve "problent by "nmethod" using
nurerical |y approxi mated derivatives. |f analytic
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derivatives are to be used then the comand is
NL method problem X C

(any characters other than n or N may replace X).

VWhen nunerical derivative approximtions are used it is
necessary to renove any program code which nmay be present in
the problemfile for calculating derivatives. This is done
by the program DELETER which is provided on the program di sk
in both source and executable form

When the C(onpile) option is used, it is necessary to
properly sequence the BASI C statements according to their
I'i ne nunbers, since out-of-sequence statenents will cause a
conpiler error. The Mcrosoft interpreters are capabl e of
automatically sequencing the codes, and users may w sh to
sinply SAVE the resulting code using the ASA | option of the
SAVE conmand, that is

SAVE" pr ognane”, A

However, to allow the NL.BAT procedure to be used, we
have included a program SORTER BAS to sequence consol i dated
prograns, as well as its conpiled form SORTER EXE. W have
noted that sonme text and programeditors store files in a
formwhich results in errors when the Mcrosoft BASCOM
conpiler is invoked. These may be overcome by using the
BASI CA or GMBASIC interpreters and | oadi ng and savi ng the
programfiles using the ", A" option when saving. |n these
conmands, if no filenane extension is provided, then an
extension of the form".BAS" is automatically appended.
However, file w th nane extensions other than ".BAS" may be
specified, as long as they contain BASIC program code.
Sinply termnating the programname with a period will allow
files whose nanmes have no extension (i.e. have a null
extension) to be | oaded and saved.

15-5 Consol i dati on of Program Segnents

NL is a BATch files which is listed in Figure 15-5-1.
This ASSUMES that the conputing environnent at hand has
the programcode disk in drive B:. The file "problem RES" or
"problem FN' may be stored on the disk in drive B: or drive
C.. Drive C is assuned to contain a scratch disk (we use a
RAMIi sk, that is, a simulation of flexible disk by random
access nenory). The logged-in drive is assumed to contain
the BASIC interpreter, which in our case is called GABASIC,
but for many IBM PC s is BASICA. (Wen the | ogged-in drive
is C, the machine usually displays the pronpt "C".) Wsers
wi Il have to change the BATch files to acconmpdate the
configuration at hand. W generally use drive C. as the
| ogged-in disk, and ensure that the batch file NL.BAT has
been transferred to this "disk". Readers with experience of
MS-DOS wi Il be aware of a nunber of other nechani sns by which
requi red operations may be acconpli shed.

There are two m nor warni ngs about the use of NL.BAT.
First, when the nunerical derivative option is used, lines of
code fromthe problemfile are actually DELETED on the
version of the problemfile which is stored on the scratch
disk. If the problemfile is not present on the scratch
disk, a copy is made fromthe "software" drive (B: in the
listing). A danger is that the user nodifies the problem
file as stored on the scratch disk, then copies it over to
the software disk after running the problemw th nunerically
approxi mated derivatives. (As an aside, we rem nd the reader
that NUMJAC and NUMGRAD alter the paraneters without
checki ng whet her bounds are violated.) This copy, however,
has NUMGRAD or NUMIAC i n pl ace of code which may have taken
some effort to create.

The second danger concerns the nam ng of the problem
file. Since NL.BAT will work with a file problemFN or
probl em RES, users shoul d avoid having a nanme used with both
filename extensions. As presently established, NL.BAT will
first seek the '.FN file on the scratch disk, then the
'".RES file on this disk. Then it searches the software disk
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330 15-5 Consol idation of Program Segnents

in the same order. |In our own work we have on occasion
encountered both these nuisances, which are a result of an
attenpt to render the overall software system as convenient
to use as possible.

Dependi ng on the configuration of their conputer, users
may wish to alter NL.BAT so that different disk drives are
used or a different BASIC interpreter or conpiler is invoked.
We will assume that users are able to nake such changes, and
include just one version of NL.BAT in the software.

Under the BASICA (or GABASIC) interpreter, NL.BAT and
DRI VER. BAS have been witten so that the user may carry out
several sets of calculations with the same program That is,
DRI VER is designed to sinply STOP rather than returning to
the operating system (M5-DCS). A so, the same file may be
used to save a copy of the console output for all these
"runs", since we have chosen to open such files in APPEND
mode. \When the user has finished with a particul ar program
a return to the operating systemis acconplished by typing
the command

SYSTEM

foll owed by a carriage return.

[ NOTE ADDED 1995-8-18: The Exanpl es and Extensions to Nonli near
Paranet er Esti mation contain updated exanpl es of the batch files
presented here as well as a BASIC programthat does the program
consol i dation. Some users have reported that the codes can be
used under M crosoft Visual BASIC W have ourselves used them
with QBASIC that acconpanies Mcrosoft DOS 5 and 6. ]

Listing 15-5-1 NL.BAT 331

Listing 15-5-1. Comand file NL.BAT to consolidate and run
program code to performnonlinear estimtion with
user-suppl ied Jacobi an or gradient cal cul ation code.

remnl.bat -- build a file to run a nonlinear estimation problem
remfirst paranmeter is the method code (HJ, NM CG TN, VM MRT)
rem second paraneter is problem code

remthird parameter is N for nunerical derivatives

rem fourth paraneter is C for conpiler to be used

remprograns disk in drive b:

remscratch drive c: set to |ogged-in drive

c:
if NOT EXI ST b:%..bas goto errorm
if EXIST 9%2.fn goto onc

if EXI ST %.res goto oncr

if EXI ST b:%.fn goto onb

if EXI ST b:%.res goto onbr

remerror -- cannot find problemfile
goto end

:onb

copy b:9%.fn/a

:onc

if 9%==nrt goto errnrt
if 9%==MRT goto errnrt
if 9%8==N goto delete

if 9%8==n goto delete
goto build

;delete

copy %®.fn tl/a

b: del et er

copy t2+b: nungrad. bas %.fn/a
tbuild

copy b:driver.bas tl/a
copy tl+h:%.bas t2/a
copy t2+9%2.fn tl/a

got o get post

>onbr

copy b:%.res /a

:oncr

if 9%8==N goto del eter
if 9%8==n goto del eter
goto buildr

cdel eter

copy %2.res tl/a

b: del et er

copy t2+b:nunjac.bas %.res/a
Sbui l dr

copy b:driver.bas tl/a
copy tl+bh:%.bas t2/a
if %==mt goto rescopy
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if 9%==MRT goto rescopy

copy t2+b:sumsqr.bas tl/a

copy tl1 t2/a

I rescopy

copy t2+%2.res tl/a

: get post

if NOT EXI ST b: post%l.bas goto genpost
copy c:tl+b:post%.bas c:t2/a

goto resave

. genpost

copy c:tl+b: postgen.bas c:t2/a

i resave

if EXIST 9%2.fn goto envron

copy c:t2+b:ressave.bas c:tl/a
copy c:tl c:t2/a

:envron

copy c:t2+b:envron. bas c: prog. bas/a
erase t2

erase t1

if %==C goto conpile

if %l==c goto conpile

interp

gwbasi c c: prog

goto endchk

sconpile

if 9%==nm goto del hj nm

i f 9%4==NM got o del hj nm

if 9%d==hj goto del hj nm

if 9%d==H) goto del hj nm

got o nowconp

:del hj nm

copy c:prog.bas c:tl

b: del eter

copy c:t2 c:prog. bas

: nowconp

copy prog.bas tl/a

b: sorter

copy t2 prog.bas/a

erase t2

erase t1

reminsert Mcrosoft BASCOM di sk in B
pause

B: BASCOM c: prog, c: prog. OBJ, NUL/ O X
B: LI NK c: prog, c: prog. EXE, NUL, B: BASCOM LI B
ERASE c: prog. OBJ

c:prog

got o endchk

rerrorm

remerror -- nethod file not found
goto end

Listing 15-5-1 NL. BAT

15-6 Testing Functions and Derivatives

rerrnrt

remerror -- cannot use nrt for general mninization

goto end
:endchk

if 9%8==n goto tellfix
if 9%8==N goto tellfix

goto end
ctellfix

rem*** WARNI NG *** function or residual code altered on drive ¢

rem
pause
:end
rem finished !!

del ete if necessary

15-6. Testing Functions and Derivatives

We have recomended that code for functions and residuals and

their gradients or derivatives be tested before the

m nim zation codes are invoked. Figure 15-6-1 presents a

BATch file to allow for such testing by issuing the command

test problem

Once agai n,

drive C. or drive B: with the filenanme extension .FN or .RES

we assune that the probl emcode exists on

and that the batch file test.bat and the BASIC interpreter
GWBASI C. EXE are on drive C., which is assuned to be

| ogged-in.
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334 Listing 15-6-1 TEST. BAT

Listing 15-6-1. Conmmand file TEST. BAT to consolidate and run
program code to test analytic derivative calculations in
user-suppl ied Jacobi an or gradi ent cal cul ation code.

remtest.bat -- command to test .res and .fn code segnents
remfirst argument is problemnane (.res or .fn)
rem second argunent is C for conpile, anything else for interpreter
rem usi ng GABASI C as nane of interpreter

rem prograns on b:, code segnent on c: or b:
remoutput in prog.bas on c:

if exist C%.res goto oncres

if exist C%.fn goto oncfn

if exist B:%l.res goto onbres

if exist B:9%d.fn goto onbfn

remproblemfile not found

goto end

roncfn

copy b:fgtest. bas+c: %. f n+b: envron. bas c: prog. bas/ a
goto doit

;oncres

copy b:rjtest.bas+c: %l.res+b: envron. bas c: prog. bas/ a
goto doit

:onbfn

copy b:fgtest. bas+b: %. f n+b: envron. bas c: prog. bas/ a
goto doit

:onbres

copy b:rjtest.bas+b: %l.res+b: envron. bas c: prog. bas/a
s doi t

i f 9%2==C goto conpgo

if 9%2==c goto conpgo

gwbasi c c: prog

goto end

: conpgo

reminsert Mcrosoft BASCOM di sk in B:

pause

copy prog.bas t1l

b: sorter

copy t2 prog. bas

erase t2

erase t1

B: BASCOM c: pr og, c: prog. OBJ, NUL/ O X

B: LI NK c: prog, c: prog. EXE, NUL, B: BASCOM LI B

ERASE c: prog. OBJ

c:prog

:end

remfinished !!

15-7 Plotting

Section 15-7. Plotting

To make our software collection nore conplete, a program
PLOT. BAS, has been included to provide two di nensional |ine
graphs. Unfortunately as the graphics capabilities are

machi ne- dependent, this code is not |SO standard and
therefore not portable. The program was designed to run on
an IBMPC with a color graphics card using "high resolution"
of 640 by 200 points. Oher environments may support this
routine sufficiently to provide a display albeit of different
size than the original design. For exanple, it will not run
on machi nes with other graphics displays unless the BAS C
interpreter or conpiler has been nodified to allow the SCREEN
and LINE commands to operate in the same nmanner as on the

col or graphi cs displ ay.

In order to print out the displays made by PLOT. BAS, the
user can use the screen print facility available in nost | BM
PC conpati bl e conputers. This is to sonme extent dependent on
the printer avail able, though a wi de range of dot-matrix
printers support nonochrome printing of the 640 by 200
graphics. Before running the basic interpreter, the command

GRAPHI CS

shoul d be issued. This executes a program provided with the
operating system (DOS) which causes the screen to be printed
as a series of dots, rather than a matrix of characters,
whenever the key pair 'Shift' and 'Prt Sc' is pressed.

PLOT. BAS is designed to plot data files created by the
post-analysis routines i.e. those with PLD as an extension.
The required structure is given in Figure 15-7-1. The data
points nay be in any order as the programsorts themin
ascending order by the x value. At present, there is alimt
of 600 points which can easily be nodified by changing the
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336 15-7 Plotting 15-7 Plotting 337

This PrintScreen initiation code is totally dependent on sone
peculiarities of the Ms-DOS operating system and NOT a
recommended practice for general software devel opnent

d

nmensions of X and Y in the programin Figure 15-7-2.

line 1: title for plot

line 2: X vari abl e name o (Mall oy, 1986). For exanple, it does not work (and causes

::2: i ;(\{;’”'Y?%e name (limt of 15 characters) sone very strange results) if PLOTN.BAS is compiled with the
: 'REM taken out of these statenents.

line n+d: X(N), Y(N) Qbvi ously several enhancenments can be made to PLOT. BAS

such as the error checking, revised data file structure, or
additional options to best suit the user's needs. A point
graph can be obtained by substituting the appropriate DRAW
commands for LINE. To facilitate this, the conplete listing
of PLOT.BAS is given in Listing 15-7-1.

Figure 15-7-1 Data file structure for PLOT.BAS.

First, PLOT.BAS displays the nanes of the PLD files on
the user-specified drive. As no error checking is provided,
there nmust be at |east one PLD file on the specified drive.

This can be changed by nodifying the FILES statenent in the Listing 15-7-1. PLOT.BAS -- a graphing program

code given in Listing 15-7-1. To select one of the displayed PLOT. BAS 08-23-1986  14:27:14
files, only the nane must be typed as the program adds the 10 DI'M X(50), Y(50): REM PLOT -- a mc specific plotter 860823
drive and extension. However other data files may be chosen 20 LET Z1=400: REM x-axis |length
. . . . - 30 LET Z2=150: REM y-axis |length
by typing in the conplete nane and extension (i.e. the ". 40 LET 73=99: REM left margin (for Iabels)
is necessary) and the drive, if required. PLOT.BAS does not 50 LET Z4=19: REMtop nmargin (for title)
. . . 60 SCREEN 0: REM set screen to nornal
check that the data file structure is appropriate. 70 PRINT "PLOT -- 2-D PLOT OF DATA FI LE 860109"
Next, PLOT.BAS lists the data points in sorted order. 80 | NPUT "9.".ive wi th plot filllef";X$
Once any key is pressed, the program displays the graph. The igol EE‘>I'($\<(;:X$IHENPtET X$=X$+":
user then has two options which are chosen by pressing any of 110 FILES Y$: REMIist plot files
he fol | owi K . 120 I NPUT "nanme of data file:";F$
the followng keys: 130 LET F$=X$+F$: REMadd drive specification

140 | F I NSTR(F$,".")=0 THEN LET F$=F$+". PLD': REMPLD ext used by POSTXXX
150 OPEN F$ FOR | NPUT AS #3

Sor s -- tostop the program 160 I NPUT #3,T$: REMtitle on first line

Cor c -- to continue i.e. run the program again 170 INPUT #3, X$: REM vari abl e nanes
180 | NPUT #3, Y$
190 LET XO=I NT((80-LEN(T$))/2): REMto centre title

A third possibility is indicated in REMark statenents: 200 LET T$=SPACES$( X0) +T$

210 LET M=0: REM counter for no. of data points
220 LET Y0=9999999!: REMto store snallest y

Por p--toprint the graph (This is identical to using 230 LET Y9=-999999!: REMto store largest y
. 240 | F EOF(3) THEN 400: REM check for end of file
the PrintScreen key.) 250 LET MeMF1
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338 Listing 15-7-1 PLOT. BAS
260 I NPUT #3, X(M, Y(M: REM data nust be given in (x,y) pairs
270 I F (l\/p<Y0 THEN LET YO= Y(M: REMfind smallest y
280 IF Y(M>Y9 THEN LET Y9=Y(M: REMfind |l argest y
290 LET I=M1
300 IF 1=0 THEN 240
310 IF X(1+1)>X(1) THEN 240: REMsort pairs by x
320 LET X0=X(I+1)

330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
745

LET X(I1+1)=X(1)

LET X(1)=X0

LET XO=Y(I+1)

LET Y(I1+1)=Y(1)

LET Y(I)=X0

LET I=1-1

GOTO 300

CLCSE #3: REM close file

GOSUB 860: REM print out X,y
SCREEN 2: REM set hi-res graphics
KEY OFF. REM turn off fn key display
PRINT T$;: REMprint title

LET X5=Z1/ (X(M-X(1)): REM x scaling fact or
LET Y5=2Z2/(Y9-Y0): REMy scaling factor

LET X0=X(1)

LET X9=X(M

FOR I=1 TOM

LET X(1)=I NT((X(!)-X0)*X5)+Z3: REM scal ed val ues
LET Y(1)=Z2+24- I NT((Y(1) - YO) *Y5)

NEXT |

LI NE (Z3-17, Z4) - (Z3- 17, Z2+Z4):
LI NE (Z3-19, Z4) - (Z3- 17, Z4) :
LOCATE 1+I NT((Z4+4)/8),1
PRI NT USI NG " ##. #/M """ Y9, . REM | argest Y
LET ZO=I NT((Z4+4)/8+((Z2/8)-LEN(Y$))/2)
FOR 1 =1 TO LEN(Y$): REM print Y-axis |abel

REM y- axi s
REM top y-tick

LOCATE ZO0+l, I NT((Z3-17)/16)
PRINT MD$(Y$,1,1);
NEXT |

LI NE (Z3-19, Z2+Z4)- (Z3- 17, Z2+Z4) :
LOCATE 1+ NT((Z2+24+4)/8) .1

REM bottom y-tick

PRINT USI NG "##. #MAA": Y0 : REM smal | est Y
LI NE (Z3, Z2+Z4+7) - (Z3+2Z1, Z2+74+7): REM x- axi s
LOCATE 3+ NT( (Z2+Z4+4)/8), | NT(Z3/ 8) - 4

PRI NT USI NG "##. # AN XO0; -
LOCATE 3+ NT((Z2+24+4)/8), | NT(Z3/ 8+4+((Z1/ 8) - LEN( X$))/ 2)

PRI NT X$;: REM x-axis | abel

LI NE (Z3, Z2+Z4+7)-(Z3, Z2+Z4+9): REM x-axis tick |eft

LOCATE 3+I NT((Z2+Z4+4)/8), | NT((Z3+Z1)/8)-4

PRI NT USI NG " ##. #MAN" X9;: REM | argest X

LI NE (Z3+Z1, Z2+Z4+7) - (Z3+Z1, 22+Z4+9): REM x-axi s tick right
FOR I=1 TO M
LET X6=X(1):

REM smal | est X

LET Y6=Y(1): PSET (X6, Y6), 1. PSET (X6-1,Y6), 1

Li

750 PSET (X6+1, Y6), 1: PSET (X6, Y6-1), 1:
760 NEXT I:

sting 15-7-1 PLOT. BAS

PSET (X6, Y6+1),1
REM pl ot a + at each poi nt

770 LOCATE 25,1,0: REMbottom | eft of screen
780 LET Q$ INKEY$

790 | F QB="S" THEN 960

800 | F (B="s" THEN 960

810 | F B="C' THEN 60: REM do anot her pl ot

820 I F (B="c" THEN 60

830 REM | F (b="P" THEN GOSUB 710: REM print screen
840 REM | F (®B="p" THEN GOSUB 710: REM print screen

850 GOTO 780:

REM i gnore ot her characters

860 FOR I= 1 TO M
870 PRINT X(1), Y(1)
[

880 NEXT

890 I NPUT "cont"; @&

900 RETURN

910 REM LET A!l'=-51973.8: REM setup for PRTSCRN

92

0 REM LET B=VARPTR(A)

930 REM CALL B
940 REM LPR NT CHR$(12)

950 RETURN
960 SCREEN 0: REM set screen to nornma
970 STOP
Li ne no. Ref erenced in |ine(s)
60 810 820
240 300 310
300 390
400 240
780 850
860 410
960 790 800
Synbol Ref erenced in line(s)
F$ 120 130 140 150 -- .PLD plot data file
| 290 300 310 320 330 340 350 360 370
380 490 500 510 520 580 590 600 610
740 750 760 860 870 880 -- | oop counter
| NKEY$ 780 -- individual key input function
M 210 250 260 270 280 290 450 480 490
740 860 -- nunber of points to plot
(0 780 790 800 810 820 890 -- user response
T$ 160 190 200 440 -- title of plot
X$ 80 90 100 130 170 680 690 -- x-axis |abel
X( 10 260 310 320 330 340 450 470 480
500 745 870 -- vector of x values to plot
X0 190 200 320 340 350 370 470 500 670
-- smallest x value
X5 450 500 -- x value scaling factor
X6 745 750 -- tenporary x val ue
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340 Listing 15-7-1 PLOT. BAS

X9 480 720 -- largest x value
Y$ 100 110 180 570 580 600 -- y-axis |abe
Y( 10 260 270 280 350 360 370 510 745 16
870 -- vector of y values to plot
YO 220 270 460 510 640 -- smallest y value
Y5 460 510 -- y value scaling factor EXAMPLES FROM
Y6 745 750 -- tenporary y val ue CHEM CAL KI NETI CS
Y9 230 280 460 560 -- largest y val ue
Z0 570 590 -- plotting position in pixels
Z1 20 450 650 680 710 730 -- screen x axis in pixels
z2 30 460 510 530 570 620 630 650 660
680 700 710 730 -- screen y height in pixels
Z3 40 500 530 540 590 620 650 660 680
700 710 730 -- screen left margin in pixels
Z4 50 510 530 540 550 570 620 630 650

660 680 700 710 730 -- screen top line in pixels
LI NES: 97 BYTES: 3232 SYMBOLS: 35 REFERENCES: 176

16-0. Chemcal Kinetic Paraneter Estimation Problens

This chapter presents several nonlinear estimation problens
fromthe field of chemcal kinetics to illustrate the use of
the software and ideas of the previous chapters. In Section
2-1, chemical kinetics was nentioned as a source of growth
and decay model s. The underlying processes concern the
actions of chemical conpounds resulting in the disappearance
of those conpounds and the appearance of others. The rate(s)
at whi ch conpounds are produced or are destroyed are the main
focus of attention, although there may be other paraneters of
interest related to the thernodynanics of the reaction (see
Eggers et al., 1964, Chapter 14, as well as various sections
of Moel | wn- Hughes, 1961).

16-1. The Mchelis-Menten Curve

Caceci and Cacheris (1964) present a sinple probleminvolving
the classic Mchelis-Mnten nodel for the kinetics of enzyne
reactions (see also Watts, 1981). This nodel relates the
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342 16-1 The M chael i s- Menten Curve

velocity (v) of an enzyme reaction, that is the rate at which
a reaction product is produced, to the concentration (c) of
the substrate undergori ng an enzyne catal yzed reaction. The
M chel i s-Menten nodel is
(16-1-1) v = B(1) ¢/ [B(2) + c]
where the paranmeters B(1l) and B(2) represent, respectively,
the maxi mumvel ocity and the hal f-vel ocity concentration.
That is, when ¢ = B(2) the velocity of the reaction will be
hal f the maxi mum B(1l). Table 16-1-1 presents two sets of
data for which paraneter estimtes are desired. For the
pur poses of our programs, we store the observed substrate
concentrations in the first column of the array Y( , ) and
the observed reaction velocities in colum 2 of this array.
Since the nodel function is straightforward, we can
conpute derivatives of the nodel function, and hence of the
resi dual

(16-1-2) r(i,B = B(2)*Y(l,1)/[B(1) + Y(I,1)] - Y(I,2)
These derivatives are
(16-1-3) D(1) =- B(2) * D(2) * D(2)/Y(l,1)

(16-1-4) D(2) = Y(I,1) / (B(1) + Y(I,1))

[NOTE: D(2) in (16-1-4) nust be evaluated before D(1) in (16-1-3).]

Here we have chosen to use multiplication in place of
squaring to point out that many BASIC interpreters (and some
conpi l ers) use the power function to conpute squares. That
is, X*2 is evaluated by means of an approxi mation desi gned
to conpute X*Y. This may result in unnecessary roundi ng
error and conputational effort, which is easily avoi ded by
use of the explicit nmultiplication

Caceci and Cacheris used a Nel der-Mead pol yt ope net hod
for finding the paraneter estinmates. As we have noted, the
direct-search nethods do not provide readily avail able
estimates of the dispersion of the paraneters. Therefore, it
will probably be preferable to use a nonlinear |east squares
programif a | east squares |oss function is used. As a check
on the stability of the paraneter estimates, we have

16-1 The Mchaelis-Menten Curve

estimated them using | east squares, sum of absolute

devi ations (L-1) and nmaxi num absol ute deviation (L-infinity)

|l oss functions. Table 16-1-2 presents the results.

Table 16-1-1. Data for Mchelis-Menten enzyne kinetics
probl ens

(Not e:

no units were given for reaction velocity or substrate

concentration in the data sources.)

Set 1:

Set 2:

Caceci & Cacheris (1984) (BYTE.CHM
Substrate concentration
c=Y(.,1) 1.68 3.33 5 6.67 10 20

Reaction velocity
v =Y(.,2) 0.172 0.25 0.286 0.303 0.334 0.384

Watts (1981) (WATTS. CHM

Substrate concentration

c = Y(. 1)20 2.0 0.667 0.667 0.4 0.4
0 2.0 0.667 0.667 0.4 0.4

Reaction velocity
v = Y(.,2) 0.0615 0.0527 0.0334 0.0258 0.0138 0. 0258
0.0129 0.0183 0.0083 0.0169 0.0129 0.0087
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Table 16-1-2. Results of estinmation of the M chelis-Menten
net hod using different |oss functions. The Hooke and Jeeves
met hod (HJ) was used. The nunber in brackets under each
paraneter result is the conputed radius of curvature for the
par anet er.

Probl em Loss function Val ue of B(1) B(2)
| oss function

BYTE Root nean square 5. 2849E- 3 2.4538 0.4239
error (i.e. L-2) (140. 3) (0.343)
Mean absol ute 4.3172E- 4 2.5231 0.4303
error (i.e. L-1) (0.111) (0.001)
Max. absol ute 1. 7986E- 2 1.8571 0. 4000
error (i.e. L-infinity) (0.182) (0.002)*

WATTS Root mean square 4. 0933E-3 1.7016 0.1056
error (807.1) (1.105)
Mean absol ute 3. 8833E-3 1. 6941 0. 1000
error (4611.) (large)
Max. absol ute 6. 0997E- 3 1. 6101 0.1000
error (0.441) (0.001)

* The tilt for this paranmeter was cal cul ated as 12 degrees.

From Table 16-1-2 it is clear that the choice of loss
function alters the paraneter estinates obtai ned. Moreover,
the radi us of curvature dispersion estimates are quite
sensitive to the altered loss function. |n the conmputations,
we actually used the least squares, sum of absolute
residual s, and m ni mum maxi mum resi dual |oss functions. The
m ni mum | oss function value has been transformed in the table
where appropriate. That is, the miniml sumof squared
residuals is divided by the nunber of residuals and the
square root taken to give the root mean square "error".
Simlarly, the nean absolute error is conputed. These
nmeasures are then nore or |ess conparable with each other and
t he maxi mum absol ute resi dual .

16-2 More Conplicated Kinetic Mdels

16-2. More Conplicated Kinetic Mdels

Dr. Frank Perrella of the Wstar Institute in Phil adel phia
(who is now working for Du Pont) has provided us with sone
nore conplicated problens in enzyme kinetics. O these, we
have sel ected several to illustrate the possible extensions
of the M chaelis-Mnten nodel.

1. The "one-site plus NSB" nodel
(16-2-1) v =B(2) *c/ (B(1l) +c) + B(3) *c
2. The "one-site signoid" nodel

(16-2-2) v =B(2) * ¢B(3 ; (g1)B3) 4 B3
3. The "one-site signmoid + NSB" nodel

(16-2-3) v =8(2) * ¢B(3) ; (g1)B3) 4+ B3y 4 pay « ¢
4. The "two-site" nodel

(16- 2- 4) v =B(2) *c/ (B(1) +c) + B(4) * c/ (B3 +c)

We can subsune all these nodels into the general form

(16-2-5) v = B(2) * ¢B(3); (p1)B(3) 4 B3

+ B(4) * ¢

+ B(5) * ¢/ (B(6) + c)
since each of the other forns is then derived fromthe others
by forcing appropriate paraneters to zero through the use of
masks. In all these nodels, positive paraneters are desired,
so that appropriate bounds should be inmposed. Note that it
is now worthwhil e conputing anal ytic derivatives for this
general i zed nodel .

Because we are using just one functional formfor
several problens, it is worth our while to conpute
derivatives of the nodel function, and hence of the
residuals, analytically. W would point out, however, that
Dr. Perrella has generally been satisfied to use nunerical
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346 16-2 More Conplicated Kinetic Mdels

approxi mations. Listing 16-2-1 presents program code for
these problenms. Listing 16-2-2 gives the contents of the
data files (to which conmentary has been added) for the
probl enms of both this and the previous section. The results
of estimation using program MRT are given in Table 16-2-1.

Listing 16-2-1. Program code CHEM RES for chenical kinetics
probl ens.

30 DI M Y(100,6), B(6), X(6), Q 6, 3)

3000 PRI NT "CHEM - hERAL KI NETI C PROBLEM -- 860102"
3002 PRI NT #3,"CHEM - GENERAL KI NETI C PROBLEM -- 860102"
3005 LET P$="CHEM RES ki netic probl em 860102"

3010 LET N=6: REM 6 paraneters in nodel used

3015 FOR I=1 TO 6: REMdifferent functional forms by maski ng paraneters

3020 LET B(l)=0: REM paraneters initialized to zero

3025 NEXT |

3030 LET B(3)=1: REM except for exponent

3035 I NPUT "DI SK DRI VE ON WHI CH DATA FI LES TO BE FOUND? "; X$
3040 FILES X$+":*.CHM': REM di splay data file nanes

3045 | NPUT " CHOOSE DATA FI LE FROM ABOVE: ", Z$

3050 LET Z$=X$+":"+Z$

3052 PRI NT #3, " CHOOSE DATA FI LE FROM ABOVE: ", Z$

3055 IF INSTR(1, Z$,"
3060 LET P$=P$+" + DATAFILE "+Z$

3065 FOR 1=1 TON REMinitialize bounds
3070 LET 1, 1)=0: REMI ower bound

3075 LET (1, 2)=100: REM | oose upper bound
3080 LET (1, 3)=1: REM not nasked

3085 NEXT |
3090 OPEN Z$ FOR | NPUT AS #1
3095 LINE INPUT #1,X$: REM!! nane -- NOTE LINE | NPUT

3100 PRI NT X$

3105 PRINT #3, X$: REM!! may want to omit all prints to channel #3
3110 | NPUT #1, X$: REM date

3115 PRI NT X$

3120 PRI NT #3, X$

3125 | NPUT #1, M REM nunber of data points

3130 PRINT M " data points"

3135 PRINT #3,M" data points"

3140 | NPUT #1, N REM nunber of paraneters, possibly < 6
3145 PRINT N;," paraneters"

3150 PRI NT #3, N, " paraneters"

3155 | F N>6 THEN STOP: REM safety check

3160 REM now read the data series

3165 | NPUT #1, N3: REM nunber of data series

3170 PRINT N3," data series"

")=0 THEN LET Z$=Z$+".CHM': REM check for extension

Listing 16-2-1 CHEM RES 347

3175
3180
3185
3190
3195
3200
3205
3210
3215
3220
3225
3230
3235
3240
3245
3250
3255
3260
3265
3270
3275
3280
3285
3290
3295
3300
3305
3310
3315
3320
3325
3330
3335
3340
3345
3350
3355
3360
3365
3370
3375
3380
3385
3390
3395
3500
3510
3515
3520
3525

PRI NT #3, N3, " data series"

FOR J=1 TO N3

PRI NT "data series ";J;" : ";

I NPUT #1, X$

PRI NT X$

PRI NT #3,"data series ";J;" @ ";

PRI NT #3, X$

FOR 1=1 TOM REMI oop over data points

I NPUT #1, Y(1,J)

PRI NT Y(1,J);

PRI NT #3, Y(1,J);

I'F 5*INT(1/5)=1 THEN PRI NT

I F 5*INT(1/5) THEN PRI NT #3,

NEXT |

PRI NT

PRI NT #3,

NEXT J

| F EOF(1) THEN 3360

I NPUT #1, X$: REM | abel for bounds

PRI NT X$

PRI NT #3, X$

| F LEFT$( X$, 3) ="END' OR LEFT$(X$, 3) ="end" THEN 3360

FOR I=1 TON. REMread bounds

I NPUT #1,Q(1,1),Q1,2),q1,3)

PRINT O(1,1),Q(1,2),Q1, 3)

PRI NT #3,Q(1,1),Q1,2),q1, 3)

NEXT |

| F EOF(1) THEN 3360

I NPUT #1, X$: REM | abel for paraneters

PRI NT X$

PRI NT #3, X$

| F LEFT$( X$, 3) ="END'" OR LEFT$(X$, 3)="end" THEN 3360

FOR 1=1 TON REMread starting paraneters

I NPUT #1, B(1)

PRI NT B(1)

PRI NT #3, B(1)

NEXT |

CLOSE #1: REM end of data i nput

PRI NT " FUNCTI ON FORM = B(2)*Y(I,1)~B(3)/(B(1)~B(3)+Y(l,1)~B(3))"
PRI NT * + B(4)*Y(l,1) + B(5)*Y(l,1)/(B(6)+Y(l,1))-Y(l,2)"
PRI NT

PRI NT #3, " FUNCTI ON FORM = B(2)*Y(I,1)7B(3)/(B(1)"B(3)+Y(I,1)"B(3))"
PRI NT #3," + B(4)*Y(1,1) + B(5)*Y(Il,1)/(B(6)+Y(l,1))-Y(Il,2)"
PRI NT #3,

RETURN

LET 13=0: REM set conputability flag

I'F B(1)"B(3)+Y(!l,1)"B(3)=0 THEN 3540

I F B(6)+Y(l,1)=0 THEN 3540

LET R1=B(2)*Y(l,1)"B(3)/(B(1)"B(3)+Y(l,1)"B(3))+B(4)*Y(l,1)

LET R1=R1+B(5) *Y(I, 1)/ (B(6)+Y(l,1))-Y(l,2): REMgen chemki netic eqgn
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3530 RETURN Listing 16-2-2. Comrented data files for chenical kinetics
3540 LET 13=1: REM not computabl e probl ems. Comments, which are not part of the files, are
3550 RETURN enclosed within braces { }. Oher data files on the disk
4000 LET Z1=B(1)"B(3) suitable for use with the CHEM RES probl em are WATTS. CHM
4010 LET Z2=Y(1,1)"B(3) and all other files Perrell?.CHM where ? is a digit
4020 LET Z=Z1+Z2
4030 LET D(2)=z2/Z BYTE probl em (Caceci & Cacheris, 1984)
4040 LET EXl)—-EXZ)*B(2)*B(3)*B(1)A(B(3)-1)/Z 860406
4050 LET D(4)=Y(!I 6 {6 data points}
4060 LET D(5) =Y(I 1)(&6M¥U,D) 2 {2 paraneters}
4070 LET D(6) =- EX5)*B(5)/(B(6)+Y(I,1)) 2 {2 data series or variabl es}
4080 LET D(3)=D(2)*B(2)*LOX Y(l,1)): REM Substrate concentration
+D(1) *(LOEX B(1))*Z1+LOF Y(I, 1)) *Z2) 1.68, 3.33,5,6.67, 10, 20
4085 LET D(3) =D(3)-B(2)*Z2*(Z1*LOE(B(1)) +Z22*LOE Y(I,1)))/ (Z*2) Reaction vel ocity
4090 RETU . 172, .25, .286,.303,.334,.384
bounds
0, 100, 1
0,100, 1
paraneters
1
1
end

Perrel 18 two site node

860406 [3H PDBu binding to rat brain cytosol receptor
12 {12 data poi nts}

6 {6 paraneters}

2 {2 data series or variabl es}

Substrate concentration
.2,.39,.59,.81,1.62,3.29,6.7,8.43,12.9,22.6,30.8,44.7
Reaction velocity

. 064, .108,.14,.184,.322,.581,.981,1.14,1.46,1.99,2.59,2.94
bounds

0,100, 1

0, 100, 1

0,100,0 {note that paraneters 3 and 4 are nasked}

0, 100, 0

0, 100, 1

0,100, 1

paraneters

2.909

0. 4824

1 {paraneter 3 fixed at 1}

0

5.45

51. 85

end
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Table 16-2-1. Estimation of various chenical kinetic nodels Table 16-2-1. Estimation of various chem cal kinetic nodels
of the Mchaelis-Menten type. The data sets and initial of the M chaelis-Mnten type (continued).
parameter estimates are as in the files illustrated in Notes: * == the program indicates a |ower point exists when perform ng the

Listing 16-2-1. Al conputations performed with conpiled axial search in POSTMRT
prograns based on MRT.

Perrell 6, Perrell7 and Perrell8 use a nom nal set of 6 parameters with

Data Set Analytic Derivatives Numeric Derivatives parameters 3 and 4 masked to 1 and O respectively (see Equation
Order Grad Fn Time Em n Grad Fn Time Em n 16-2-5).
Byte 2 7 7 5s 1.6757E-4 7 7 6s 1.6757E-4 An M after a parameter means that it was masked to the stated val ue
during this run. Subsequent runs are presented with a "+ in front of
Watts 2 8 11 9s 2.0106E-4 7 11 9s 2.0106E-4 performance measures to indicate that these counts are additional to
those for the run i mmedi ately above.

Perrelll 3 6 11 14s  1.5759E-3 6 12 20s 1.5759E-3

from(1,1,1) 13 20 27s 1.5759E-3

from (1,1,1M 6 10 7s  1.6639E-3

then free B(3) +5 +9 +11s  1.5759E-3
Perrel12 3 3 8 7s  3.9695E-3 3 9 10s 3.9695E-3 From Tabl e 16-2-1, and the work which went into its
from(1,1,1) 11 17 19s  3.9695E-3 ) ) )

from (1,1, 1M 9 18 10s  4.3293E-1 creation, several points concerning the perfornance of

then f B(3) +9 +13 +15 3.9695E- 3 . . .

en free B(3) s nonl i near estimation programs may be observed.

Perrells 4 5 10 14s  1.5759E-83 4 1l  18s 1.5759E-3 1. On the neasure of execution tinme, the program which
from(1,1,1,1) 6 6 10s  6.7074E-2* 6 6 15s 6.6798E-2* ) ) ) ) )
from(1,1,1M 0M 6 10 9s  1.6639E-3 used anal ytic expressions for derivatives was faster in 14 of

then free B(3) +5 +9 +13s 1.5759E-3 . . .

then free B(4) +1 +4 +4s 1.5759E-3 16 cases, tied in one, and slower in one. Qur general
perrella 3 5 10 11s 6. 6248E-3 2 9 8s 6. 6248E- 3 experience is that if analytic derivatives are avail able,
from(1,1,1) 24 34 44s  6.6248E-3 22 35 57s 6.6248E-3 they are worth using, partly for speed, and partly because
from(1,1,1M 8 12 9s  1.7651E-2 ) ; ) )

then free B(3) +6 +15 +14s  6.6248E-3 they allow the dispersion estinates to be nore reliably
Perrell5 3 3 7 8s 5.2255E-3 4 10 13s 5.2255E-3 conput ed.

from(1,1,1) 7 11 15s  5.2255E-3 6 14 18s 5.2255E-3 ; ; ; R

from (1.1 1M 8 17 1le 1 9983F. 2 2. Despite this last recomendation, it is very easy to

then free B(3) +14 +20 +28s 5.2255E-3 make errors in working out and coding the required
Perrell6 4 2 7 6s  4.3218E-3 4 11 12s 4.3218E-3 derivatives. In the present exanple, we nmade an error in one

f 1,1,1,1 8 12 12 4.4857E-3 13 23  32s 4.3217E-3 . . . ! .

rom ( ) s s of the derivative expressions (for B(3)). Since this
Perrell7 4 2 6 6s  3.1904E-4 3 8 10s 3.1904E-4 i

expression was not always eval uated, our prograns appeared to
from(1,1,1,1) 8 14 14s  9.5798E-4 17 29  49s 3.1904E-4 P y prog PP
operate correctly, but we noted that convergence of the

Perrell8 4 2 7 7s  2.5423E-2 3 10 11s 2.5427E-2 . ) ) ) )

from(1,1,1,1) 11 18 20s  3.5256E-2 5 7 13s 1.4856E-1* program wi th anal ytic derivatives was marginally sl ower for

nmost probl ens, and markedly slower for two of them (Perrell3
and Perrell5). Wrse, the program RITEST did not discover

the error, since our expression for the derivative had a term
in log(B(3)) and our test points used B(3)=1 or had ot her

val ues which rendered the overall derivative approxi mately
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correct. W can only warn that slow convergence is
frequently a sign that derivative expressions are incorrect.

3. The use of masks to first estimate a subset of the
paraneters and then the rest gives mixed results in terms of
performance. |In sonme cases, such a strategy results in nuch
qui cker overall convergence, while in others a sl ower
approach to the solution is observed. What the use of nasks
does gain us, however, is some appreciation of the val ue of
the "extra" paranmeters in nodeling the phenonmenon under
consideration. Furthernore, we have sone control over the
process of estinmation and can restrict the paraneter val ues
nore easily.

16-3. A Sinple Chemical Kinetics Exanple

Bard (1974, page 123ff.) presents a nonlinear paraneter
estimation problemarising fromthe sinplest of chem ca
reactions, the first order transformati on of compound Ainto
conpound B. If t represents the tine since the comrencenent
of the reaction (or of our observation of it) and y is the
fraction of A remaining, then this situation is nodel ed by
the differential equation

(16-3-1) dy/dt = - ky

where k is the rate constant of the reaction. The solution
for this differential equation, giveny =1at t =0, is
(16-3-2) y = exp(- k t)

However, k varies with the absolute tenmperature T according
to the nodel

(16-3-3) k = B(1) exp(- B(2) / T)

This problem was introduced briefly in Section 2-1. Let
us put thetime t in colum 2 of the data array Y( , ), the
corresponding absol ute tenperature in colum 3 of the array,
and the fraction of reagent left at timet in colum 1. The
residual function is then

16-3 A Sinple Chenical Kinetics Exanple 353

(16-3-4) r¢i, B = exp(z2) - Y(i, 1)
wher e
(16-3-5) Z2 = -B(1) * Y(i,2) * exp((-B(2) / Y(i,3))

The anal ytic derivatives of (16-3-4) with respect to the
parameters B are straightforward to eval uate and expressions
are given in the code segment BARD. RES whi ch appears as
Listing 16-3-1. The results of estimating the paranmeters
under a sinple |east squares |oss function via nethod MRT
using initial estimtes (750, 1200) are

813.9229 with standard error estimte 246.2581
961. 0168 with standard error estimte 68.5346

B( 1)
B(2)

The residual sum of squares is 0.03980605 after 12 iterations
and 17 sumof squared eval uations requiring 84 seconds on the
Corona PC-21 under GABASIC. The gradi ent conponents with
respect to both paraneters are of the order of 1E-9 and the
tilts are less than 0.01 degrees. Bard reports paraneter

val ues (813.4583, 960.9063) and a sum of squares of
0.03980559. He indicates that the starting point (100, 2000)
is "a much poorer initial guess". Nevertheless, MRT
converges to (813.8326, 960.9914) after 13 iterations and 19
sum of squares eval uations in 92 seconds under GABASIC. This
illustrates that methods may individually be sensitive to
particular starting points. There are, however, problens for
which certain starting points give difficulty to a wide class
of m nimzation nethods

Listing 16-3-1. BARD.RES problemfile

30 DIM Y(15,3),B(2), X(2),Q(2,3)

3000 PRI NT "BARD 2- PARAMETER CHEM CAL REACTION - 851215"
3010 PRI NT #3, "BARD 2- PARAMETER CHEM CAL REACTI ON - 851215"
3020 LET P$="BARD. RES Bard ki netic problem pp.123-131"

3030 LET M=15: REM 15 data points

3040 LET N=2: REM 2 paraneters
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3050
3060
3070
3080
3090
3100
3110
3120
3130
3140
3150
3160
3170
3175
3180
3185
3190
3200
3201
3202
3203
3204
3205
3206
3207
3208
3209
3210
3211
3212
3213
3214
3500
3520
3530
3540
3550
3560
3570
3580
3590
4000
4010
4020
4030

Listing 16-3-1 BARD. RES

RESTORE 3200: REMreset data pointer

FOR =1 TOM

READ Y(1,2),Y(l,3),Y(l,1): REMtine, tenp, reagent (note order)
NEXT

REM now set the bounds on the paraneters

LET (1, 1)=0: REMpositive asynptote

LET (1, 2)=10000: REM | oose upper bound

LET Q(1, 3)=1: REM not masked

LET (2, 1)=-100

LET (2, 2)=100000!: REM | oose bounds on second paraneter
LET (2, 3)=1: REM not masked

LET 15=0: REM count of nunber of masked paraneters

PRI NT " FUNCTI ON FORM = exp[-B(1)*Y(i,2)*exp(-B(2)/Y(i,3))]"
PRI NT

PRI NT #3," FUNCTION FORM = exp[-B(1)*Y(i, 2)*exp(-B(2)/Y(i,3))]"
PRI NT #3,

RETURN

DATA 0.1, 100, 0.980
DATA 0.2, 100, 0.983
DATA 0.3, 100, 0.955
DATA 0.4, 100, 0.979
DATA 0.5, 100, 0.993
DATA 0.05, 200, 0.626
DATA 0.1, 200, 0.544
DATA 0.15, 200, 0.455
DATA 0.2, 200, 0.225
DATA 0.25, 200, 0.167
DATA 0.02, 300, 0.566
DATA 0.04, 300, 0.317
DATA 0.06, 300, 0.034
DATA 0.08, 300, 0.016
DATA 0.1, 300, 0.066

LET 13=0: REM Bard chenical reaction

LET Z1=-B(2)/Y(I,3)

| F ABS(Z1) >40 THEN 3580: REM out of bounds
LET Z2=-B(1)*Y(I,2)*EXP(Z1)

| F ABS(Z2) >40 THEN 3580

LET RI=EXP(Z2)-Y(l,1)

RETURN

LET 13=1

RETURN

LET Z1=-B(2)/Y(I,3)

LET D(1)=-Y(I,2)*EXP(Z1)*EXP(-B(1)*Y(l,2)*EXP(Z1))
LET D(2)=-B(1)*D(1)/Y(l, 3)

RETURN

16-4 The BMDP and Rel at ed Exanpl es 355

16-4. The BMDP and Rel at ed Exanpl es

A problemclosely related to the above ones is used as an
exanpl e for the nonlinear estimation programin the BMDP
(1981, page 297) suite of prograns. The problemis to
determ ne the three paraneters in the nodel
(16-4-1) Z(B,x) = B(3) +1/ (x* B(1) + B(2))
which is believed to describe the counts of radiation enmtted
froma sanpl e having concentration x of insulin after
treatnment with a radioactive agent in a radioi munoassay.
The values of x are "activity" corresponding to | evels of
insulin in some standard sanpl es.
were not given. The radiation counts, y, were scal ed by
di vi di ng by 1000

Listing 16-4-1 gives the problemfile for this
particul ar exanple. As the data required is limted, we have
opted to use DATA statenments rather than a separate file.
Tabl e 16-4-1 gives the results of our nethods on this
probl em

In this exanple the units

Listing 16-4-1. BMDP. RES problemfile.
30 DIM B(3), X(3),Y(14,2),Q(3,3)
3000 PRI NT

3001 LET P$="BMDP. RES Di abet ol ogia probl ent

3002 PRI NT "BMDP exanpl e (Brown, O abet ol ogi a, 10, 23-25 (1974))"
3003 PRI NT
3004 PRINT "
3005 PRI NT
3006 PRI NT #3,"BMDP exanpl e (Brown, Di abetol ogi a, 10, 23-25 (1974))"
3007 PRI NT #3,
3008 PRI NT #3,"
3009 PRI NT #3,
3010 LET N=3: REM paraneters
3020 LET M=14: REM observations
3030 RESTORE 3200

3031 PRINT " data"

3032 PRINT #3," data"

3033 PRINT "activity","counts"
3034 PRI NT #3,"activity","counts"

model :  Z( B, X) = B(3) + 1/ (X * B(1) + B(2))"

model: Z( B, X) = B(3) + 1/ (X* B(1) + B(2))"
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3040
3050
3051
3052
3060
3070
3080
3081
3082
3090
3095
3100
3200
3201
3202
3203
3204
3205
3206
3207
3208
3209
3210
3211
3212
3213
3220
3500
3505
3510
3520
3600
3610
4000
4010
4020
4030
4040

Listing 16-4-1. BMDP. RES

FOR 1=1 TO M

READ Y(1,1),Y(l,2): REM X, Z-observed
PRI NT Y(I,1),Y(l,2)

PRI NT #3, Y(1,1),Y(I,2)

NEXT |

FOR J=1 TO 3

LET Q(J, 1)=-100: REM | oose lower bound
LET Q(J, 2)=100: REM | oose upper bound
LET Q(J, 3)=1: REM not masked

NEXT J

LET 15=0: REM no of nasked vari abl e
RETURN REM end of setup

DATA 0, 9. 274

DATA 0, 9. 522

DATA 5, 8. 082

DATA 5, 8. 354

DATA 10, 7. 296

DATA 10, 7.518

DATA 25, 5. 864

DATA 25,5.974

DATA 50, 4. 396

DATA 50, 4. 110

DATA 100, 2. 830

DATA 100, 2. 674

DATA 200, 1. 798

DATA 200, 1. 566

REM end of data

IF (.001*B(1)*Y(l,1)+.1*B(2))=0 THEN 3600
LET 13=0

LET R1=1/(.001*B(1)*Y(I,1)+.1*B(2))+. 1*B(3)-Y(I, 2)
RETURN REM end of BMDP residual

LET 13=1: REM not conputable

RETURN

LET D(2)=1/(.001*B(1)*Y(l,1)+.1*B(2))
LET D(2)=-D(2)*D(2)*.1

LET D(1)=Y(Il,1)*D(2)*.01

LET D(3)=.1

RETURN REM end of BMDP Jacobi an

Listing 16-4-1.

Tabl e 16-4-1.
radi oi mmunoassay problem

BMDP. RES

Resul ts of our

nmet hods on t he BMDP
Cal cul ati ons perfornmed under

357

GWBASI C on the Corona PC-21 conputer (Intel 8088 processor).

Met hod Ti me Function Gradient Function Parameters
(s) Eval uations Val ue B(1) B(2) B( 3)
HJ 517 0 575 . 249146 2.694894 1.09 1.395142
NM 1 198 0 143 . 2491481 2.69208 1.089564 1.362476
CG 184 33 84 . 2505029 <
+29 37 99 . 2504854 <
+53 45 125 . 2504595 <
+41 51 145 . 2504398 <# 2.644163 1.085396 . 9280808
TN 145 42 22 . 2491448 2.692519 1.089711 1.370697
VM 116 20 39 . 2491441 2.693598 1.089807 1.380485
MRT 63 7 12 . 2491444 2.693599 1.089808 1.380495
BMDP software manual 7 n/a . 249144 2.6941 1.08981 1.38048
(scal ed numbers)
< inmplies a lower function value was found by POSTGEN
# program manual ly stopped at this point
Par amet er di spersion estimtes
Oigin for B(1) for B(2) for B(3)
NM & POSTGEN
radii of curvature 2.024E-1  3.159E-3 7.108
tilts -0.1123 1.787 1. 349E-2
POSTVM -- inverse Hessian approxi mation

Note: 1995-8-17 -- these $hbaftE Pe r%pllgzgd‘lby tﬁe??sgqaare roots

POSTMRT

- inverse Jacobi an inner
2

BVDP sof t war e manual
(scal ed nunbers)

Par anet er

203
0. 220

pr oduct
2.071E-2

0. 0207

correl ation estinmtes from POSTMRT

B(1)

1. 00000
0. 74460 1.00000
0.93570 0.88301 1.00000

B(2)

B(3)

1.864
1.864
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the overall reaction as a function of tinme as

(16-5-5) (x/a) = [exp(g*t) - 1]/[exp(g*t)-v]

The data in Table 1-3-2 can now be used to estimate the
paraneters B(1l) and B(2) which appear in Equation (16-5-5)
and the subsidiary expressions (16-5-3) and (16-5-4). \Wile
this now appears straightforward, the limting condition,
that 100*x/a tends to 100% as time t becomes large, will in
practice cause conputational difficulties. This is because
the eval uation of exp(g*t) will overflow for |arge argunents.

16-5. Concurrent Chem cal Reactions

In Section 1-3 we have already presented data for the
deconposi tion of methyl iodide in aqueous alkaline solution
(Moel wn- Hughes, 1961, page 1252ff.). This situation

i nvol ves two nmechani sns by which methyl iodide may be
converted to nmethanol and a free iodide ion.

+ -

(A CHzl + HO ---> CHOH + H o+ | Re-writing (16-5-5) as

(B) CI-|3I + H ---> o—|3c)-| + 17 (16-5-6) (x/a) =[1- exp(-g*t)]/[1-v*exp(-qg*t)]

We assign a rate constant B(1l) to the first reaction and a avoids this difficulty, since exp(-q*t) can be replaced by
rate constant B(2) to the second. Suppose we start with an zero for g*t "large". In some conputing environments, this

"underflow to zero" is automatic; in others, we may have to
take special steps to avoid underflow or "argunent out of

initial concentration, a, of nethyl iodide, and an initial
concentration, b, of hydroxyl ion. |If (a-x) is the
concentration of nmethyl iodide remaining, then (b-x) is the
concentration of hydroxyl ion |left, since hydroxyl ions are
ei ther neutralized by the nmethyl iodide reaction (B) or by
the hydrogen ion in reaction (A). The concentration of
solvent (water) is considered |large and constant. Rather
than putting this concentration into the rate |l aw explicitly,

we subsurme it in the rate constant B(1). The overall rate of ) ) ) )
S . . . numeri cal derivatives and NOT prepare the anal ytic code.
change of the iodide concentration x is given by the ) :
. . . However, the results here show the inportance of analytic
differential equation ) ’ ) ’
(16-5-1) dx/dt = B(1)*(a-x) + B(2)*(a-x)*(b-x) derivatives !n some Faseg The rel atively poor perfornance
of the nunerical derivatives is probably related to the fact

range" type errors causing premature termnati on of our
program

Listing 16-5-1 presents the program code for the
Moel wn- Hughes problem The derivative expressions are
relatively tedious to develop and test. They took us well
over an hour to develop, code and test. |In practice, with
only two paraneters to estimate, we would generally use

This can be integrated analytically, follow ng Melwn-Hughes
exposition, to
(16-5-2) t

that Mcrosoft's BASICinterpreters generally evaluate
speci al functions (exp, sin, cos, log, etc.) in SINGLE

log[{a/ (a-x)}{B(1)+B(2)*(b-x)}/{B(1)+B(2)*b}]/q

wher e precision only, even if all variables are doubl e precision.
(16-5-3) q = B(1) +B(2) * (b- a) The conpiler, on the other hand, does clai mdouble precision
Def i ni ng eval uation (Mcrosoft, 1983, page 79). Table 16-5-1 conpares

B(2)*a/ {B(1) + B(2) * b} results generated in different ways. Note that the use of
numeri cal Jacobian with VMis carried out by MERGE ng code
within the BASIC interpreter and not via the batch procedure

(16-5-4) v
we rearrange (16-5-2) to provide the fractional conpletion of
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360 16-5 Concurrent Chemi cal Reactions Listing 16-5-1 MHKI NX. RES 361

NL of Section 15-5. Listing 16-5-1. MHKINX. RES code - Methyl | odi de Deconposition
Two minor points should be noted about the code and the 30 DIM B(2), X(2), O(2 3), Y(8,3)
problem First, we have not bothered to incorporate a 3000 PRI NT KI NX. RES -- Mbel wyn- Hughes nmethyl iodide" .
scaling into the paraneters, preferring to "see how things 38(1)8 Es: m " dggcl)gggsltl ggel g a|11§z§|2| r&gef‘%ﬁ?ﬁﬁgﬁgguﬁ ron
| ook" before undertaking extra work. Since the final 3015 PRINT " Physi cal Chemistry, 2nd edition, Perganon, 1961"
paraneter estimates are of roughly simlar magnitudes, we gg%g Es: m #3, " MHKI NX. RES -- Mbel wyn- Hughes met hyl i odi de”
have decided not to carry out the scaling, since it is 3820 PRI m #g, " dgcorTgosi tion in al ;alzi ne laqueous ﬁol ution"
. . . . - 5 PRI #3," 51105 -- see p. 1252 Moel wn- Hughes, "
di fferences i n nmagnitude which cause the nost difficulty for 3040 PRI NT #3. " Physi cal Chenistry, 2nd edition, Perganon, 1961"
algorithms, in particular for Hl and NM Second, we note 3045 PRI NT #3, o .
that Moel wn- Hughes did not attach units to his data, which 3828 I[g EEE M;E',\AN;( ;F;Ersaﬁgtlgrzg -- Moel wn-Hughes methyl iodide p. 1252
we woul d prefer to see as an aid to judging the scale of the 3070 LET M=8: REM 8 tine observations
¢ trvi i ti mat 3080 RESTORE 3200
parameters we are trying to estinate. 3090 PRINT " time (secs)"," %reaction conplete”
3095 PRINT #3," time (secs)"," %reaction conplete”
Table 16-5-1. Various results for the methyl iodide gigg EgDI \—((1| T% !VIY(l ,2): REMtime, % conpletion of reaction
deconposition problem Al calculations performed with 3110 LET Y(I,1) =Y;| , 1)*692 REM convert to seconds ati
the BASICA interpreter on a Maestro PC (NEC V20 processor). gi%g IIBEITN\T((IY( f’) El g(g'r (2);' Y(1,2))-REM to approximte relative error
3125 PRI NT #3,Y(l,1),Y(l,2)
Met hod Ti me Eval uations Resi dual B(1) B(2) 3130 NEXT |
(s) Gradient Function Sumsquares 3135 LET Z4=.01176: REM a = nmoles / litre (CH3)X to start
3140 LET Z5=.1036: REM b = moles / litre (CH) to start
K 72 o 61 12110008 5 832919E.4 2.907586E-3 3145 FOR 971 TO 2 e
VM 112 11 94 2122634  5.868147E-4 2. 875544E- 3 g}gg tg gg %g f'1380: REM no bounds
VM( DP) 76 9 46 .2118925  5.858285E-4 2.881887E-3 )=
VM+NUMGRAD 77 7 75 .372517<  1.343352E-4 7.385634E-3 3160 LET Q(J,3)=1: REMnot nasked
+35 9 113 . 358401 1.322872E-4 7.423055E-3 3165 NEXT J
VM+NUMGRAD( DP) >640** 33 417 . 229871 7.452619E-4 1.282232E-3 3170 LET 15=0: REM no masks
A m g b el danms LaammEd Do 3175 PRINT "use smi| values for parameters in tis probl ent
i : : : - - 3180 PRINT " reported answers at 2.45E-5, 8.55E-3"
MRT 32 5 9 .211897 5.856642E-4 2.883530E-3 " h : .
MRT+NUMJ AC 39 5 9 15121404 6 039180E-4 2. 699840E- 3 3185 PRI NT #3, "use smal | val ues for paraneters in thi S probl em
3190 PRI NT #3, reported answers at 2.45E-5, 8.55E-3
** manual |y stopped glgg RETURN 0 o
< implies that POSTGEN found a |ower function value 3301 Bﬁiﬁ 3 ;5 16. 8
3202 DATA 8.5 . 36

3203 DATA 13.5, 50.7

3204 DATA 19.5, 64.3

3205 DATA 26.5, 75.2

3206 DATA 37.5, 85.1

3207 DATA 999999 , 100: REM this data point cannot be satisfied
3500 LET 13=0

3505 | F B(1)+B(2)*z5 = 0 THEN 3600

3510 LET Z1=B(2)*Z4/ (B(1)+B(2)*Z5): REM beta in nmhkin residual
3515 LET Z2=B(1) +B(2)*(Z5-Z4): REM al pha

3520 LET z3=Y(l,1): REMtine t
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362 Listing 16-5-1 MKI NX. RES

3525 | F -Z2*Z3>40 THEN 3600

3540 LET Z8=(1- EXP(-2Z2*Z3))/(1-Z1*EXP(-2Z2*Z3)): REM x/a
3550 LET R1=100*Z8-Y(l,2): REM residua

3555 LET R1=R1*Y(l,3): REM scale to get relative error
3560 RETURN

3600 LET 13=1: REM avoid zero divide

3610 RETURN

4000 LET Z1=B(2)*Zz4/(B(1)+B(2)*Z5): REM beta in mhkin residua
4010 LET Z2=B(1) +B(2)*(Z5-24): REM al pha

4020 LET Z3=Y(I,1): REMtine t

4025 LET ZO=EXP(-Z2*Z3)

4030 LET Z8=(1-Z0)

4040 LET Z9=(1- Z1*Z0)

4050 LET Z7=B( 1) +B(2)*Z5: REM denoni nator of beta

4060 LET D(1)=z3*Zz0/Z9: REM first term of derivative
4070 LET D(1)=D(1)-2Z8*Z0*(B(2)*Z4/ (Z7*Z7)+Z21*Z3)/ (29*29)
4080 LET D(2)=23*Z70*(Z5-24)/29

4090 LET D(2)=D(2)-2Z8*Z0*( Z1*Z3*(Z5- Z4) +(Z5*B(2)/ Z7- 1) *Z4/ Z7) | ( Z9*Z9)
4100 LET D(1)=100*D(1)*Y(I, 3)

4110 LET D(2)=100*D(2)*Y(I, 3)

4120 RETURN

In dealing with the above problem we used the solution
to a differential equation (16-5-1). In the general form of
concurrent reactions, we may have several differentia
equations, since there may be several reactions progressing
si mul taneously which interact with each other in certain
ways. A particularly inmportant class of problens has the
name conpartment nodels. Here we think of severa
reagents each occupying a "conpartment” with reactions taking

pl ace to create or consune these reagents much |ike pipes
into or out of the conpartnments. Each "pipe" or reaction has
its own rate |aw and parameters. Generally we will want to
estimate some or all of these paraneters based on
observations of one or nore of the reagents or
"conpartnents”.

The functional form of our nodel is then a system of
differential equations, which nay or may not be sol vable
analytically. |If the differential equations are |linear, then
a formal solution can usually be witten down in terns of the
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matri x exponential (Ml er and Van Loan, 1978). This is
unfortunately conputed only via numerically unstable

techni ques, which involve in their nost benign formthe
conputation of matrix eigenvalues. Clearly, the necessity of
invoking a routine to conpute matri x ei genval ues at each
iteration of our paraneter estinmation routines is a grave

nui sance. Indeed, given the lack of a true subroutine in
BASI C, and al so the choice we have nade to direct our work to
progranms of relatively nodest size, problens requiring the
use of either nunerical integration of differential equations
or numerical |inear algebra are considered beyond the scope
of this book. This is not to say that there are not

i nportant problenms and nmethods in this area, but the
interested reader nust be referred el sewhere (Bates and
Watts, 1985; Bates, Wl f and Watts, 1985; Jennrich and
Bright, 1976).
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APPLI CATI ONS | N

ECONOM C MODELI NG
AND FORECASTI NG

17-0. Econom ¢ Mdeling and Forecasting

In this chapter we exam ne a nunber of problens in econonic
nmodel i ng and forecasting which give rise to nonlinear
paraneter estimation tasks.

Econonetric nodels attenpt to provi de a nathenmati cal
description of an econony or a sector thereof which can be
used to study the evolution of trends or responses to policy
changes or external shocks. In this exposition we will
concentrate on the aspects of this subject which give rise to
paranmeter estimati on problens. For discussions of the
broader issues, we refer the reader to works on the subject
of econonetric nodeling (Johnston, 1972; Intrilligator,
1978).

17-1. Estimation of an Econonetric Mdel

Dr. Constantine Kapsalis has devel oped a macroecononi ¢ nodel
of the Canadi an econony intended to illustrate econonetric
techni ques on a mcroconputer. Kapsalis (1985) follows a
conventional path in building his nodel:
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366 17-1 Estimation of an Econonetric Mdel

1. equations describing the behavior of the econony of
interest are specified;

2. data is collected for the relevant variables;

3. the paraneters in the equations specified are
estimated one at a time using Ordinary Least Squares (QLS) as
the estimation criterion.

A fourth step, sinulation of the nodel over a trial
period for which data is available, should be carried out to
validate the nodel. Here we shall focus on the third step,
and alternatives to the conventional COLS estimation nethods.

Kapsalis' nodel uses the foll owi ng equations
(17-1-1) CONS(t) B(1) + B(2) * G\P(t)

(17-1-2) INVT(t) = B(3) + B(4) *[GNP(t) + GNP(t-1)
+ GNP(t-2)] / 3

(17-1-3) EXPT(t) B(5) + B(6) * USGNP(t)
(17-1-4) log(I MPT(t)) = B(7) + B(8) * log(GNP(t))
(17-1-5) GNP(t) = QONS(t) + EXPY(t) - IMPT(t)

+ INVT(t) + GOVT(t)
where t indicates the tinme period, and the variables are
described in Table 17-1-1.

Table 17-1-1. Variables in the Kapsalis nodel

Y(.,1) = CONS = consunption

Y(.,2) = INWT = investnent

Y(.,3) = G\P = gross national product

Y(.,4) = EXPT = exports

Y(.,5) = I MPT = inports

Y(.,6) = USGNP = United States gross national product

Y(.,7) = GOWT = governnment expenditure on goods and services

Data for all the variables (in mllions of Canadi an
dollars) are included within the program code segnment in
Listing 17-1-1. These have been drawn directly from Kapsalis
(1985) for each year from 1970 to 1982.
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Equation (17-1-5) is an identity relating variables
in the nodel. It contains no paranmeters to be estimated.
Equation (17-1-4) has been presented in a formby which the
paraneters can be estimated by linear regressi on nethods.
This inplies, however, that we believe that errors in this
equation are of the form
(17-1-6) Errorl(t) = B(7) + B(8)*log(G\NP(t)) - log(IMT(t))
This means that the nodel of inports can be nmade exact by the
mul tiplicative error termexp(Errorl(t)), that is, by witing
equation (17-1-4) as
(17-1-7) I MPT(t) = exp{B(7) + B(8)*log(G\P(t)) - Errorl(t)}

= aWP(t) B(8) » exp(B(7) - Errori(t)}

Use of an additive error termleads to the form

(17-1-8)  IMPT(t) = B (7) * aw(t)B(8)

wher e
(17-1-9) B' (7) = exp(B(7))

The nmet hods of this book can be used to estimate
equation (17-1-8) by the Ordinary (though not Linear) Least
Squares criterion. However, we shall extend the estinmation
process to denonstrate a nore general procedure which allows
the entire set of npbdel paranmeters in a single calculation.

First, we define a generalized residual vector as the
concatenation of the residual vectors of the individual
equations. That is,

Error2(t)

(17-1-10)  r" = (ra”, r2" 137, rah)

wher e

(17-1-11) 11 = B(1) + B(2) * QP - OONS

(17-1-12) 12 = B(3) + B(4) * (G\P + QP + G\P')/ 3 - |NVT
(17-1-13) 13 = B(5) + B(6) * USGNP - EXPT

(17-1-14) 14 = 8 (7) * a8 [wer

We have used GNP' and G\P" to indicate the series
G\P | agged one and two periods, respectively. Note that
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368 17-1 Estimation of an Econonetric Mde

this requires us to decide whether or not r2 is to have
two less elenents thanrl, r3 and r4. |If r2is

to have full length, data el enents GNP(1968) and GNP(1969)
are needed.

Further possibilities for choice concern weightings for
the residuals. Note that we have conbi ned residual s equation
by equation. W could also conbine residuals by tinme period
and i ndeed wei ghtings could be applied by tinme period to
di minish the influence of time periods considered |ess
"inportant” in describing the behavior of the economny being
nodel ed. This flexibility is useful in allow ng the
economi st to incorporate know edge and understandi ng of the
economy not present in the nunbers and equati ons. However
it introduces another source of subjectivity into an exercise
where we nay be trying to nove to nore quantitative and
obj ective nodel s and descriptions of econom c phenonena.

In Listing 17-1-1 we present the program code needed
to estimate the Kapsalis nodel under a |east squares |oss
function applied to the residuals (17-1-10). Here we have
applied a weighting in case the original data does not
perfectly satisfy the identity (17-1-5). The wei ghting we
have used for tine period t is
(17-1-15) wei ght (t) = 1E-4/{1+abs(deviation(t))}
where deviation(t) is the difference between the left and
right hand sides of Equation (17-1-5) for time periodt. |In
the present exanple, the deviations are all zero for the
given data. The factor of 1E-4 nay be inportant in avoiding
overly large nunbers in the function and derivative
cal cul ati ons which may | ead to overflow or underflow in the
calculations within our estimation nethods. W have also
scal ed the paraneters, using as a guide the results obtai ned
by Kapsalis from Ordinary Least Sguares. Note that the
particular formof the loss function forces a nodification
to RESSAVE (Section 13-9) if we wish to save data for
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pl otting.

Tabl e 17-1-2 presents some results fromestimati on of
the Kapsalis nodel using our nethods. Here we would like to
suggest the nmethods TN or CG since npst econonetric nodels
i nvol ve many nore parameters than the present exanple, and
the majority of the equations are linear or "nearly |inear"
in the paraneters. Unfortunately, the one nonlinear nodeling
equation, that is, Equation (17-1-4) and its transformation
Equation (17-1-8), has a variety of parameters which give
simlar contributions to the loss function. TN and CG both
converge quite slowy for this problem Some advantage may
be made of nasks to fix all parameters but B(7) and B(8) so
that they may be estinmated approxi mtely first. CG was not
al l oned to execute to term nation, even in a double precision
conpiled version. TN seens to performbetter in double
precision here, but is still slow conpared to MRT and W
Even NM does quite well by conparison

A plot of Inports versus Incone inplies an al nost |inear
rel ati onship, which may explain why the exponential form
causes sone convergence difficulties. In alarge scale
nodel , diagnostic tools to help the user to find such
situations before they cause a waste of conputational effort
woul d be very desirable. However, to date, the approach
presented here of estimating the entire nodel in one
cal cul ati on does not appear to have been seriously considered
by econonetricians, though it was proposed some tinme ago
(Nash, 1980). For large scale econonetric nodeling, we fee
that a program code generator is advisable to convert
expressions of nodel equations familiar to econom sts into
the programstatenments needed by our estimati on et hods.

As a final comment, we note that the Kapsalis nodel is
separablein the sense that the four equations may each be
estimated separately. |In the present exanple, this may be
acconpl i shed by appropriate use of masks, though readers
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370 17-1 Estimation of an Econonetric Mdel

shoul d be aware that our nmethods all work by trying to find
poi nt where the loss function value is |less than that at the
current "best" point. The sensitivity of the paraneters is
such that when the overall loss function is quite large in
absol ute val ue the function value conparison does not detect
a smaller loss function because it has been evaluated in
finite length arithmetic. That is, large residuals from one
equation hide the relatively smaller residuals from another,
with the outcome that the equation with smaller residuals is
only approxi mately estimted. The deviation of the
paraneters fromtheir "best" values is npbst pronounced for
the troubl esone Equation (17-1-4) discussed above. | ndeed,
if we estimate the Kapsalis nodel one equation at a tine

usi ng masks, the order in which the equations are estinmated
will influence the paranmeter val ues obtained unl ess at sone
point in the overall process all paraneters are freed.

Listing 17-1-1. KAPESTWRES -- Estimation of the Kapsalis
Econonetri c Mdel

30 DI M Y(20,11), B(8),X(8), (8, 3), Z(13)
3000 PRI NT " KAPESTW - KAPSALI'S MODEL ESTI MATI ON - 851221"

3001 PRI NT #3, " KAPESTW - KAPSALIS MODEL ESTI MATI ON - 851221"

3005 LET P$="KAPEST - KAPSALIS MODEL ESTI MATI ON - 851221"
3010 LET N=8: REM 8 paraneters

3020 LET LO=13: REM 13 tinme periods

3030 LET M=LO*4: REM 4 equations to estinmate

3035 LET L2=4: REM 4 equations

3040 PRINT "data for estimation"

3041 PRINT #3, "data for estimation"

3045 LET Z1=7: REM 7 data series + 4 storage colum for the residuals

3050 RESTCRE 3300: REM pointer to data area
3055 FOR J=1 TO 71
3060 READ X$
3065 PRI NT X$
3066 PRI NT #3, X$
3070 FOR I=1 TO LO
3075 READ Y(I,J)
3080 PRI NT Y(I,J
3081 PRI NT #3, Y ;

/ THEN PRI NT

/ THEN PRI NT #3,

3085 | F 5*| NT(|
3086 | F 5%I NT(|

Listing 17-1-1 KAPESTW RES 371

3090
3095
3096
3100
3105
3106
3110
3115

3120

3125
3126
3130
3131
3140
3145
3146
3150
3160
3170
3180
3190
3192
3194
3200
3300
3302
3304
3306
3308
3310
3312
3314
3316
3318
3320
3322
3324
3326
3328
3330
3332
3334
3336
3338
3340
3500
3505
3510
3520
3530

NEXT
PRI NT
PRI NT #3,
NEXT J
PRI NT "wei ghtings of observations by tinme period"
PRI NT #3, "weightings of observations by time period"
FOR 1=1 TO 13
LET Z(1)=Y(l,1)+Y(1,3)-Y(l,4)+Y(l,2)+Y(1,7)-Y(l,5):
REM i dentity residual
LET Z(1)=1E-4/ (1+ABS(Z(1))):
REM downwei ght period if identity violated
PRI NT Z(1);

).

PRI NT #3, Z
| THEN PRI NT
|

(1
/'5)
/5)=I THEN PRI NT #3,

PRI NT

PRI NT #3,

FOR J=1 TO N

LET (J, 1) =-1000

LET QJ, 2)=1000

LET J,3)=1

NEXT J

LET (7,1)=.01: REM | ower bound for exponent

LET 7,2)=4: REM maxi mum fourth power

RETURN

DATA "consunption - colum Y(.,1)"

DATA 51526, 55616, 59841, 63879, 67160, 70645, 75180

DATA 77009, 79038, 80607, 81431, 82961, 81206

DATA "i nvestnent - colum Y(.,2)"

DATA 18994, 21192, 22470, 25731, 28337, 26409, 29129

DATA 27966, 27714, 31214, 29938, 33233, 25558

DATA "exports - colum Y(.,3)"

DATA 21223, 22181, 23655, 26156, 25620, 23993, 26304

DATA 28233, 31207, 32141, 32753, 33685, 33152

DATA "inports - col umn Y(. 4)

DATA 20588, 22016, 24489, 27824 30538, 29684, 32274

DATA 32798, 34291, 36662, 35915, 37286, 33072

DATA "GNP - colum Y(.,5)"

DATA 88805, 95342, 100407 107737, 111163, 112762, 119937
DATA 122709,126339,130050,131139,135646,130019

DATA "US GNP - colum Y(.,6)"

DATA 1042243, 1077573, 1138537, 1204205, 1196525, 1182412, 1246352
DATA 1314996, 1381144, 1420315, 1416091, 1453341, 1426075
DATA "gover nnent spendl ng - col um Y( n"

DATA 17650, 18369, 18930, 19795, 20584, 21399 21598, 22299
DATA 22671, 22750, 22932, 23053, 23175

REM kapest resi dual s

LET 13=0

LET R1=0: REM start with zero

LET L3=1+4I NT((l-1)/LO): REMindex of equation in use
LET L4=I-L0*(L3-1): REM index of tinme point
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3535
3540
3550
3560
3600
3605
3610
3650
3660
3700
3710
3800
3805
3810
4000
4010
4020
4030
4040
4060
4070
4080
4100
4110
4120
4200
4210
4220
4300
4320
4330
4400
4410
4420
4430
4500
4510
4520
4530
4540
4541
4550
4551
4560
4570
4580
4582
4583
4590
4610

Listing 17-1-1 KAPESTW RES

| F L4<3 THEN 3800: REM to avoid | ags

ON L3 GOTO 3550, 3600, 3650, 3700

LET R1=.1*B(1)*Y(L4,5)-10000*B(2)-Y(L4, 1)

GOTO 3800: REM end equation 1

LET RL=1000*B(3)+. 1*B(4)*(Y(L4, 5)+Y(L4-1,5)+Y(L4-2,5))/3
LET RL=R1-Y(L4,2)

GOTO 3800: REM end equation 2

LET Rl=-10000*B(5)+.01*B(6)*Y(L4, 6)-Y(L4, 3)

GOTO 3800: REM end equation 3

LET RL=(Y(L4,5)"B(7))/EXP(B(8))-Y(L4,4)

GOTO 3800: REM end equation 4

LET RI=R1*Z(L4): remfor weighting if desired

LET Y(L4,L3+7)=RL: REM save residua

RETURN

REM kapsal i s estimation derivatives

LET L3=1+INT((!1-1)/L0O): REMindex of equation in use
LET L4=I-L0*(L3-1): REMindex of tinme point

FOR 7Z5=1 TO 8

LET I Z5)=0

NEXT Z5

| F L4<3 THEN RETURN

ON L3 GOTO 4100, 4200, 4300, 4400

LET D(1)=.1*Y(L4,5)*Z(L4)

LET X 2)=-10000*Z(L4)

RETURN

LET X 3)=1000*Z(L4)

LET D(4)=.1*(Y(L4,5)+Y(L4-1,5)+Y(L4-2,5))*Z(L4)/3
RETURN

LET D(5)=-10000*Z(L4)

LET D(6)=.01*Y(L4, 6)*Z(L4)

RETURN

LET Z6=(Y(L4,5)"B(7))

LET X 7)=LOG(Y(L4,5))*Z6*Z(L4)/ EXP(B(8))

LET O(8)=-Z6*Z(L4)/ EXP(B(8))

RETURN

PRI NT " RESI DUALS BY EQUATI ON

PRI NT #3," RESI DUALS BY EQUATI ON'

PRI NT "Equati on: 1 "; TAB(27);"2"; TAB(41);"3"; TAB(55); "4"
PRI NT #3, " Equation: 1 "; TAB(27);"2"; TAB(41);"3"; TAB(55);"4"
PRINT "Time Consunption"; TAB(23);"Investment"; TAB(37); " Exports"
PRI NT TAB(51); "Inports"

PRI NT #3, "Tinme Consunption"; TAB(23); "I nvest nent"
PRI NT #3, TAB(37);"Exports"; TAB(51);"Ilnmports"

PRI NT

PRI NT #3

FOR L4=1 TO LO: REM ti nme periods

PRI NT L4;

PRI NT #3, L4;

FOR L3=1 TO L2: REM | oop over equations

PRI NT TAB(14*L3-6); Y(L4, L3+7);

Listing 17-1-1 KAPESTW RES

4620 PRINT #3, TAB(14*L3- 6); Y(L4, L3+7);

373

4630 NEXT L3

4640 PRI NT

4650 PRI NT #3,

4660 NEXT L4

4670 PRI NT

4680 PRI NT #3,

4690 RETURN
Table 17-1-2. Results of estimating the Kapsalis node

VM MRT Kapsal i s NM TN TNDP
6. 925533 6. 925534 7.108 6.922131 6. 925323 6.92500046915343
. 9153634 .9153651 1.143687 . 9112113 . 9166269 .9156323649775526
9. 60504 9. 605069 9. 605066 9.60746 9.597612 9.565672524346011
1.56723 1.567227 1.567 1.567076 1.567659 1.570566033173139
1.395444 1.395441 1.160820 1.396167 1.395736 1.393990297552926
3.271196 3.271194 3.1 3.271722 3.271157 3.272129415546971
1.250913 1.250914 1.414 1.206034 . 9796238 1.226846014948644
4. 2569 4.256922 6.174 3. 73109 1.078828 3.974892547557808

I oss function value corresponding to the above paraneters

. 7339538 . 7339541 . 7705057 . 7356609

secs 110 78 998 442
grads 36 12 0 254
fns 60 21 1687 72%*

. 7972375 . 7344364663534258

706
272
49+

** too many iterations - abnormal end

17-2. Simulation of Econometric Mdels

The second mmj or phase of econonetric nodeling uses the
equations and paraneters estimted as Section 17-1 to

sinmul ate the behavior of the econony. This allows the node
to be checked if data are available for the variables to be
predicted - - the endogenous variables. Alternatively, the
future values of these variables may be forecast. |In order
to make such forecasts, the values of some external, or
exogenous, variables nust be supplied. For the Kapsalis

nodel of the previous section, the exogenous variables are
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374 17-2 Sinul ati on of Econonetric Mdels

USGNP and GOVT. The endogenous vari abl es are then CONS,
I NVT, EXPT, | MPT and ONP. Equations (17-1-1) through
(17-1-5) provide five (nonlinear) equations in five unknowns.
Since the nethods in this book all use the vector B to
denote the "unknowns" or values to be estimated, there is a
serious potential for confusion with the coefficients Bin
the equations given in the previous section. Those
coefficients nust now be transferred to the data array Y(,)
in our prograns.

In order to determine the sinulated values of the
endogenous variables for tine period t, we define

(17-2-1) B = (CONS(t), INVT(t), EXPT(t), IMPT(t), GNP(t))
If we can supply values for GNP(t-1), G\P(t-2) and the
exogenous val ues GOVT(t) and USGN\P(t), B may be found by
sol ving the sinultaneous Equations (17-1-1) through (17-1-5),
if such a solution exists
The traditional approach to such solutions is a
functional iteration. Initial guesses to the endogenous
variables, that is, B, are provided. FromGNP(t) = B(5) and
Equation (17-1-1), a new value of CONS(t) = B(1l) is found and
imedi ately substituted in vector B. The second equation is

then used to get a new value for B(2) = INVT(t), vector Bis
revised, then Equation (17-1-3) used to update B(3) = EXPT(t)
and so on. If all the equations are linear, this is

precisely the Gauss-Seidel iteration (Dahlquist and Bjorck

1974, p.189). An alternative schene is to use one set of
paranmeters B in all the equations to find a new set B,

rat her than using the new val ues as soon as they are

avail able. This gives rise to the Jacobi iteration for the
solution of linear systems of equations (Dahl quist and

Bj orck, 1974, p. 189). However, in econonetrics, the Jacob
and Gauss- Sei del processes are applied to nonlinear sets of
equations. Clearly, we can use the techni ques presented in

17-2 Sinul ati on of Econonetric Mdels 375

earlier chapters to nminimze the residuals of such sets of
equati ons under sone loss function or other. The nost
obvious is the | east squares criterion, which allows us to
apply all six nethods avail able, and al so allows for
relatively straightforward eval uati on of the necessary
derivatives for the gradi ent nethods.

The code and results for this exanple are not included
here. Readers interested in another exanple are referred to
a recent paper by the authors where the Klein econom ¢ node
is both estinmated and sinul ated using the nethods of the I|ast
two sections (Nash and Wal ker-Snith, 1986).

17-3. Production Functions

One of the nore conmon nonlinear nodels in economics is the
class of nodels called production functions (see
Intrilligator, 1983, pages 251-302). One of these was the
troubl esome Equation (17-1-4) in the Kapsalis nodel. A
typical formis the Cobb-Dougl as production function which
attenpts to predict the production Q of a conmpdity using the
capital, K, and labor, L, used in making it.

(17-3-1) Q = B(1) kB2 |B(3)
This is commonly estimated by a logarithm c transformation to
(17-3-2) log(Q = 1log(B(1)) + B(2) log(K) + B(3) log(L)

but this inplies a nultiplicative error rather than an
additive one. A sinple exanple, which was used as a

cl assroom exanpl e and communi cated to us by Prof. Pedro
Arroja of the University of Ottawa, serves to illustrate the
i mportance the choice of estimation approach. Listing 17-3-1
is an edited output which shows first the logarithmic
estimation, which could have been acconplished in one
iteration had the danping factor LAMBDA been zero, followed
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by the nonlinear estimation using the sane data. To allow
for easy conparison, we have used exp(B(1)) in place of B(1)
to sinplify the expressions slightly in the code.

In this exanple, we find that the paraneter estinates
change to the extent that one actually changes sign.
However, the standard error estimate for this parameter, B(3)
is large enough via either estimation approach that it may be
dropped fromthe nodel as not being statistically
significant. Listing 17-3-2 presents the code and data for
this problem

Listing 17-3-1. Estination of a Cobb-Dougl as production
function.

MRT -- MARQUARDT/ NASH - - 860412
ITN O EVAL'N 1 SS= 14.59573

paraneters 1 1 1

LAMDA = . 00004

ITN 1 EVAL' N 2 SS= 2. 989008E- 02

par aneters 2.261876 . 8385177 . 5455544

ELAPSED SECS= 69 AFTER 9 GRAD & 14 FN EVAL
CALCULATED FUNCTI ON M NI MUM = 2.597076E- 02
PARAMETER CORRELATI ON ESTI MATES

ROW 1 : 1. 00000
ROW 2 : -0.88569 1.00000
ROW 3 : -0.98840 0.80501 1.00000

SOLUTI ON WTH ERROR MEASURES AND GRADI ENT OF SUM OF SQUARES
B( 1) = 5.416473 STD ERR = 3.071983 GRAD( 1) = 4.768372E-07

B( 2 ) = .5634718 STD ERR = .312824 GRAD( 2 ) = 1.326203E- 06
B( 3) = 2.794833E-03 STD ERR = .5295704 GRAD( 3 ) = 2.145767E-06
RES| DUALS

8. 928824E-02 1. 027632E-02 -8.865738E-02 -3. 110886E-02 -5.911732E- 02
2.732182E-02 -1.143503E-02 -1.075745E-03 -3.877163E-03 .0683856

calculate loss function for original un-logged data
*** changing to exponential formfor residual ***
unl ogged resi dual s

72.4751 8.862915 -82. 46564 -28.94568 -57.34674

25. 95355 -11.31384 -1.06781 -3.869995 66.3899

sum of squares = 21483.6

anot her set of starting paraneters ( [cr]
ENTER | NI TIAL VALUES FOR PARAMETERS ( [cr]
MRT -- MARQUARDT/ NASH - - 860412

17-3 Producti on Functions

ITN O EVAL' N 1 SS= 21483.6

par anet ers 5. 416473 . 5634718 2. 794833E- 03
... ELAPSED SECS= 49 AFTER 6 GRAD & 12 FN EVAL
CALCULATED FUNCTI ON M NI MUM = 21249. 06

PARAMETER CORRELATI ON ESTI MATES

ROV 1 1. 00000

ROW 2 : -0.88092 1.00000

ROW 3 : -0.98753 0.79554 1.00000

SOLUTI ON W TH ERROR MEASURES AND GRADI ENT OF SUM OF SQUARES

B( 1) = 6.010979 STD ERR = 2.939307 GRAD( 1) = -5.539063

B( 2 ) = .4847078 STD ERR = .3024644 RAD( 2 ) = -12.54688

B( 3) = -8. 427461E- 02 STD ERR = .5063433 GRAD( 3 ) = -20.125

B( 1 )= 6.010979E+00 step= 2.08E-02 f-, f+ 2.5003E+04 2.5162E+04

B( 2 )= 4.847078E-01 step= 1.69E-03 f-, f+ 2. 1409E+04 2.1411E+04

B( 3 )=-8.427461E-02 step= 3.03E-04 f-, f+ 2.1266E+04 2.1266E+04
best function value found is 2. 1249E+04

radii of curvature for surface along axial directions
& tilt angle in degrees

for Bl 1) R OF CURV. = 6.274E+03 tilt = -89.98499
for Bl 2) R OF CURV. = 9.826E01 tilt = -89.84993
for Bl 3) R OF CURV. = 5.021E-06 tilt = -84. 09729

RESI DUALS
80. 87122 15.58179 -81.1084 -30.52716 -51. 33667
26.2713 -10.08472 -.9866943 -7.297974 58.94123

Listing 17-3-2. COBB.RES problemfile.

30 DIMY(lO 4), B(3), X(3),Q3,3)

3000 PRI NT ' CCB DOUGLAS - Y=B(1)*K B(2)*L"B(3) 860906"
3002 PRI NT #3,"COBB DOJGLAS - Y=B(1)*K"B(2)*L"B(3) 860906"
3003 LET P$="COBB DOUGAS -- COBB. RES 860906"

3010 LET N=3

3015 LET MF10

3018 LET (1, 1) =-1000: REM MULTI PLI ER HAS LCOSE BOUNDS
3019 LET (1, 2)=1000

3020 LET Q(1,3)=1

3022 FOR J=2 TO N

3023 LET O(J, 3)=1: REMfree paraneters

3024 LET O(J,1)=-10: REM tight |ower bound

3025 LET (XJ 2)=10: REM tight upper bound

3026 NEXT J
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3028
3030
3032
3033
3034
3035
3038
3039
3040
3050
3055
3060
3065
3090
3300
3310
3320
3330
3340
3350
3360
3370
3380
3390
3500
3502
3505
3510
3520
3530
3540
3600
4000
4010
4020
4030
4040
4060
4100
4110
4120
4130
4500
4504
4520
4530
4532
4534
4540
4550

Listing 17-3-2 COBB. RES problemfile

RESTORE 3300

FOR I1=1 TOM

READ Y(1,1),Y(1,2),Y(l,3)
PRINT Y(1,1),Y(1,2),Y(l,3)
PRINT #3, Y(1.,1),Y(1.2),Y(1,3)

NEXT |

FOR J=1 TO N

LET B(J)=1: REM STARTI NG VALUES

NEXT J

I NPUT "use log-log transformation ([cr] = exponential form ";X$

PRI NT #3,"use log-log transformation ([cr] = exponential form ";X$
LET L9=0

IF X$="Y" OR X$="y" THEN LET L9=1

RETURN

DATA 776, 10. 3, 100

DATA 858, 10. 7, 99

DATA 972, 11. 2, 102

DATA 945, 11. 8, 101

DATA 999, 12. 4, 88

DATA 937,12.9,91

DATA 995, 13. 4, 87

DATA 993, 13. 6, 87

DATA 1000, 13. 7, 90

DATA 938, 13. 9, 93

LET | 3=0: REM COBB DOUGLAS

REM no safety check included

I'F L9=1 THEN 3530

LET RI=EXP(B(1))*(Y(1,2)~B(2))*(Y(l,3)"B(3))-Y(I,1)
RETURN

LET R1=B(1)+B(2)*LOX Y(I,2))+B(3)*LOX Y(I,3))-LOXY(I, 1))
LET Y(I, 4)=EXP(B(1))*(Y(I,2)*B(2))*(Y(I,3)"B(3))-Y(I, 1)
RETURN REM note correction of above Iine

LET 13=0: REM COBB DOUGLAS DERI VATI VES

I'F L9=1 THEN 4100

LET D(1)=(Y(1,2)"B(2))*(Y(I,3)"B(3))*EXP(B(1))

LET D(2)=D(1)*LOJ Y(I, 2))

LET D(3)=D(1)*LOX Y(I,3))

LET D(2)=LOX Y(I,2))

LET D(3)=LOXY(!,3))

RETURN

PRI NT "cal cul ate |1 oss function for original un-logged data"
PRI NT #3, "calculate loss function for original un-logged data"
LET Z9=0: REM for sum of squares

LET L9=0: REM switch to unl ogged form

PRI NT "*** changing to exponential formfor residual ***"
PRI NT #3,"*** changing to exponential formfor residual ***"
PRI NT "unl ogged resi dual s"

PRI NT #3, "unl ogged residuals"

Listing 17-3-2 COBB. RES problemfile 379

4570 FOR L1=1 TO M

4600 LET Z9=79+Y(L1, 4)*Y(L1, 4)

4610 PRI NT Y(L1,4);

4612 PRI NT #3, Y(L1, 4);

4620 | F 5*INT(L1/5)=L1 THEN PRI NT
4622 | F 5*INT(L1/5)=L1 THEN PRI NT #3
4640 NEXT L1

4650 PRI NT

4652 PRI NT #3,

4660 PRI NT "sum of squares = ";Z9
4662 PRI NT #3, "sum of squares = ";Z9
4680 RETURN

Anot her nodel of a simlar formis that suggested by
Kmenta (1971), which Tal paz (1976) used as an illustrati on of
a nonlinear estimation problem The functional formof the
nmodel is

(17-3-3) Q= B(1) {B(2) KB4 (1.p(2))*L B(4;(-B(3)/B(4))
where Qis the output, Kthe capital input, and L the labor
input required in producing a conmmodity. This nodel can be
estimated in this formonce data is provided, though the
derivative expressions are rather nmessy. Foll ow ng Tal paz
(1976), we could use a variable netric nethod and enpl oy
nunerical approxi mation of derivatives. However, analytic
derivatives may offer some advantage in cases such as this
wher e exponential expressions are present and we expect
rapid changes in the value of Qwth relatively smal
changes in the paraneters. To sinplify our work, we replace
B(3)/B(4) with B(3), so that our new nodel is

(17-3-4) Q= B(1) {B(2) KB(#+ (1.B(2))*L B(4)}-B(3)
Results of estimation based on these two forns is given in
Table 17-3-1. Note that Kmenta (1971) used a linearization
based on a Tayl or expansion of nodel (17-3-3) to allow for
ordinary (linear) |east squares nethods to be enpl oyed.
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Table 17-3-1. Results of estimating the Knmenta-Tal paz nodel .

Al'l cal cul ati ons using our nmethods were run under GABASI C on
a Corona PC 21.

Kment a Tal paz Kment a VM+KTA VM+KTB MRT+KTB
linear ML
B(1) 17.2624 11.2202 11. 3868 11.21282 11.21311 11.21346
B(2) L4723 . 4052 . 4064 . 40560 . 40486 . 40531
B(3)** . 8245 . 8270 . 8222 . 82729 . 82708 . 82719
B(4) . 4334 . 5964 . 6042 . 59558 . 59716 . 59624
SumSquar es 46437.18 979. 96 984. 15 979. 956 979. 956 979. 956
Time (secs) 20(1 BM 360/ 65) 1782 1138 242
Grad Evals 12 62 71 9
Fn Eval s n.a. 112 114 19
KTA = Model (17-3-3) with numerically approxi mated derivatives
KTB = Model (17-3-4)
ML = maximum |ikelihood (not specified as to form

** parameter B(3) has been adjusted to be consistent with
Model (17-3-3) if appropriate

17-4. Forecasting Probl enms

The exanples in this chapter presented above all relate to
econom ¢ nodels. These nodels are used in some cases for
forecasting purposes, that is, for predicting the val ues

of econom c variables at tine periods in the future. However,
they al so have anot her inportant use, which is to examne the
consequences of economc policies or situations, sonetines
cal | ed "shocks".

For purely forecasting purposes, a nunber of generally
si npl er techni ques have been devised (Makridakis, Weelwight
and McCee, 1983). Here we shall not attenpt to provide any
systematic survey of these techniques, but only furnish a
brief skeleton of sone possible applications of our pareneter
estimation methods to forecasting techniques. W have
al ready published one study of function minimzation nmethods
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applied to such problens (Nash and Wl ker-Snith, 1986).
Briefly, this considered applications to the follow ng
techniques in addition to the Klein econonic nodel estimation
and sinul ati on al ready nentioned

1. the estimation of Auto-Regressive/ Mving Average
(ARMA) nodel s of the type generally approached via the
Box- Jenki ns net hodol ogy, which itself comonly uses a
Mar quar dt net hod as the core algorithm

2. the determination of the paranmeters in an
exponential snoothing nodel for atinme series, using as a
particul ar exanpl e the Brown doubl e exponenti al snoot hing

3. the estimation of the trend and seasonal factors in
an additive seasonal deconposition npdel having either a
l'inear or nonlinear trend conponent.

To conplete this chapter, we present a problemin
forecasting narket share via a Markov nodel. The situation
whi ch we have greatly sinplified, considers that the market
for a class of products is divided into those manufactured by
conpany X and those of all other suppliers, which we wll
| abel A CQustoners either buy fromX or A If we call x the
fraction of the total custonmers buying fromX, and consider
the nunmber of customers to be a fixed nunmber N, then the
quantity of product X nust supply is determned by changes in
X. One nmechanism for change is to consider that purchasing
deci sions are made just once per period of interest, for
exanpl e, once per year or once per nonth. This is not
totally unrealistic for many products. Then we | ook at the
probability that a customer noves from products of A to those
of X, and vice-versa. These probabilities are called
transition probabilities. For the present exanple, we

need just two independent val ues
(17-4-1) P(X --> A) = B(1)
P(A --> X) = B(2)
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Clearly, we also have the probabilities
(17-4-2) P(X --> X) 1- B(1)
P(A-->A = 1- B(2
for custonmers remaining loyal to their current supplier.
The proportion of customers with company X in time

are fixed over time, we would like to find appropriate val ues
of these paraneters which fit a given set of market share
data. Once fitted, the nodel can be easily extrapolated to
provide forecasts. Note that we need just one nore

_ : par anet er,
period t is x(t), so the market share for A nust be (17-4-7) x(0) = B(3)

(1 - x(t)). We get the market shares in the next tine period
by applying the transition probabilities to the current
mar ket shares. We will only look at the market share for X,

to conpl ete the nodel.
Listing 17-4-1 presents the code for this nodel,
including sone sanple data. A test data set which has been

which for time period (t+1) must be generated to have a very small residual sumof squares is
(17-4-3) x(t+1) = x(t) - x(t) * B(1) + (1 - x(t)) * B(2) included in REMark statenments. MT is able to solve this
= market share in time periodt latter problemvery rapidly froma variety of starting
- loss of market share to A poi nts, though there appears to be a | ocal nininmum near the
+gain in mrket share fromA point ( .984047, 0.07987, 1). For the sanple data, the
Equation (17-4-3) sinplifies to solution has a residual sum of squares of approximately
(17-4-4) x(t+1) = B(2) + x(t) * (1 - B(1) - B(2)) 5.3E-4 at (0, 0.0182, 0), that is, having two active bounds
I'n the general case where there are many conpanies, the constraints and only one free paraneter. |n such situations
mar ket shares can be witten as a vector X, the transition MRT will often performpoorly, since it has no |inear search
probabilities can be witten as a matrix T, and the nodel can sub-al gorithm and is ill-suited to ninimzing a function of

be witten in vector formas one paraneter. VM however, with a step-reduction and test

(17-4-5) x(t+1) = T x(t) at each major iteration, is able to make rapi d progress when

which is subject to constraints on the elements of x (they only one paraneter is free.

must add up to 1) and on the elements of T (colums nust add Direct search nmethods are also reasonably effective for
to 1, since the total probability of change of any one narket this problem Moreover, we may easily alter the |oss
share nust be unity). If the elements of T do not change function to change the criterion of fit for our forecasting
over time, then we say that the Mirkov nmodel is nmodel . Table 17-4-1 shows sone results obtained with NM and
stationary. This allows us to wite the sample data. In particular, the |ast set of results has
(17-4-6) x(t) = Tt x(0) been obtained with an asymetric |oss function. This adds
The initial values of x(0) must, of course, be provided to three times the absol ute deviation when the nodel exceeds the
us in order that the values of the market shares in tine data value, but only one tines the absol ute deviati on when
t can be conput ed. the nmodel (i.e. prediction) is |less than the observed val ue.
Returning to our sinple nodel, which is stationary by Such a loss function could be notivated in situations where a
virtue of the transition probabilities being parameters which supplier does not wish to hold inventory, so that forecasts

in excess of denmand woul d have negative consequences.
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17-4 Forecasting Probl ens

Asymretric | oss functions have appeared with relative rarity

in the statistical

literature (see, however, Zellner, 1986,

and references therein).

Listing 17-4-1.

MARKET. RES problem file.

30 DIM Y(10, 3), B(3), X(3), O3, 3)

3000
3005
3010
3020
3050
3052
3054
3060
3070
3075
3076
3077
3080
3090
3095
3100
3102
3104
3106
3110
3120
3122
3124
3126
3130
3132
3190
3200
3202
3205
3210
3220
3500
3510
3520
3530
3540
3550
3560
3570
3610

PRI NT #3, " MARKET. RES - MARKOV CUSTOMER SI MULATI ON -
LET P$="MARKET. RES 3 paraneter Markov nodel "

LET M7: REM 7 data points

LET N=3: REM 3 paraneters

RESTORE: REM reset data pointer

PRI NT "market share data"

PRI NT #3, "nmar ket share data"

FOR 1=1 TO M
READ Y(1,1):
LET Y(I,3)=l:
PRINT I, Y(l,1)

860303"

REM mar ket share at time point |

REM define a tine period index for plotting

PRI NT #3,1,Y(l,1)

NEXT |

REM now set the bounds on the paraneters

FOR I=1 TO 3

LET (1,1)=0: REM positive transition probability or proportion

LET (I, 2)=1: REM upper bound

LET (I, 3)=1: REM not masked

LET B(1)=0.02: REM reasonable initial values

NEXT |

PRINT " FUNCTION FORM x(t+1) = B(2) + x(t) (1 - B(1) - B(2))"
PRI NT

PRI NT #3, " FUNCTION FORM x(t+1) = B(2) + x(t) (1 - B(1) - B(2))"
PRI NT #3,

PRI NT " x(0) = B(3)"

PRI NT #3," x(0) = B(3)"

RETURN

DATA 0. 01, 0. 03, 0. 04, 0. 06, 0. 09, 0. 11, 0. 13

REM fol | owi ng data is set up to have snall residuals

REM DATA 0. 0590, 0. 1031, 0. 1428, 0. 1785, 0. 2107

REM DATA 0. 2396, 0. 2656

REM paraneters for this data set approxi mately (0.05,0.05,0.01)
LET 13=0: REM start with conputable function

LET Z3=1-B(1)-B(2)

LET Z29=B(3): REMy(i,2) contains x(i) nodel value

FOR L=1 TO|: REMIloop up to current tine point

LET Z9=B(2) +29*Z3

LET Y(L,2)=29: REMto save for plotting
NEXT L

LET R1=279-Y(I,1)

RETURN

Listing 17-4-1 MARKET. RES problemfile 385
4000 LET Zz3=1-B(1)-B(2): REM MARKET. RES derivatives
4010 LET Z29=B(3): REMy(i,2) contains x(i-1) nodel val ue
4012 LET D(1)=0
4014 LET D(2)=0
4016 LET D(3)=1
4018 FOR L=1 TO |
4030 LET D(1)=D(1)*Z3-79
4050 LET D(2)=1+D(2)*Z3-29
4060 LET D(3)=D(3)*Z23
4120 LET Z9=B(2) +29*Z3
4190 NEXT L
4230 RETURN
Table 17-4-1. Estimation of the market share nodel under
various | oss functions using the Nel der-Mead code NM
Loss function B(1) B(2) B(3) Loss Maxi mum
Function Devi ati on

Sum of squared

devi ati ons 0 1.819439E-2 0 5.311885E-4 1.359608E-2
Sum of absol ute

devi ations 2.68E-7 1.868546E-2 0 5.270168E-2 1.501545E-2
Maxi mum absol ute

devi ation 1.27E-7 1.773517E-2 0 1.226748E-2 1.226748E-2
-8.19695E-3 -1.226728E-2
Asymmetric sum **

of deviations 8.35E-7 1.534985E-2 0 9.779023E-2 2. 737466E-2

** Sumis made up of 3 * (positive deviations) - 1 * (negative

devi ati ons)
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18

TEST PROBLEMS AND
OTHER EXAMPLES

18-0. Test Problens and O her Exanpl es

In this chapter we collect together a nunber of test problens
whi ch we have used throughout the devel opment of the ideas and
software within the book. Some of the problens presented are
truly test problenms. That is, they are established
specifically to provide a nechanismto exercise particul ar
features of algorithms. QOhers are genuine paraneter
estimation problens which are used as "tests" because they are
in some sense representative of the types of problens
frequently encountered. To avoid overloading the reader with
program code, all the listings for this chapter are presented
in Appendi x A in al phabetic order by the name of the problem
file.

18-1. Sinple Tests

In many situations it is useful to have quite sinple tests
which allow for rapid verification that a nethod functions
acceptably on straightforward problens. After all, not all
problems are difficult to solve.
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388 18-1 Sinmple Tests

LI NTEST. RES

This probl em asks the mininmization nethod to solve a sinple
linear |east squares problem It is designed to allow us to
det erm ne how nuch extra work a nonlinear optim zation code
carries out to solve a problem for which |inear al gebraic

cal cul ati ons woul d suffice. Table 18-1-1 presents a sumary
of sone results of applying the six paraneter estimation

met hods to this problem Note the inportance of scaling the
paranmeters to the success and efficiency of the cal cul ations.

Tabl e 18-1-1. Performance of the paraneter estimation

met hods on the LINTEST. RES |inear regression problem

Results are also given for the case where the probl em code
has no scaling factors applied. Al calculations were
performed with the BASICA interpreter on the Maestro PC (NEC
V20 processor). Starting values have been adjusted so all
probl enms were started fromthe same point (B(i)=1 in the
unscal ed form.

Met hod Ti me Gradi ent Function Functi on
(s) Eval uati ons Val ue
HJ 1325 0 1422 29. 43522
NM 210 0 158 29. 44211
CG 72 13 34 29. 42403
TN 69 22 8 29. 43691
VM 47 7 21 29. 42323
MRT 55 6 11 29. 42326

18-1 Sinple Tests 389

Tabl e 18-1-1 (continued) Performance of the paraneter
estimation met hods on the LI NTEST. RES probl em

On unscal ed problem we obtain the results

Met hod Ti me Gradi ent  Function Functi on
(s) Eval uati ons Val ue
HJ >2650 0 3027 >30
stopped manually due to excessive run tine
NM .1 153 0 120 734. 0398 <
.1 +176 0 257 29.42335
CG 2267 470 1089 37.74041 <
+126 494 1152 37.24775 <
+79 508 1194 36.7742 <

not continued fromthis point due to excessive run tinme

I n doubl e precision, however,

CG DP) 4 14 29. 42328944945385
3829 678 1567 29. 42328938971049
TN 6 1 1 553636. 4 <

(The Hessian appeared to be singular in this case. Starting
fromthe lower point found by POSTGEN caused repetition of
the term nation with the nessage 'UT A U=0".)

I n doubl e precision, however,
TN( DP) 192 53 19 29. 42339246577917
(Stop nmessage:' ABNORMAL END -- too many ngj or cycles')

VM 80 11 41 29. 42322
MRT 38 5 5 29. 42326
< inplies a lower function value is found by POSTGEN

QUADSN. FN

This problem presents a nethod with a sinple quadratic |oss
function, simlar in nature to that in LINTEST, but having
a negative value at the mninmum The probl emwas comuni cated
to us by Stephen Nash (private conmunication).

The results of applying the five function mnimzation
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390 18-1 Sinmple Tests

met hods (MRT cannot be applied because this is not a |east
squares problenm) to QUADSN have been presented in Chapter
12 in Table 12-2-5b and Figure 12-2-2.

ABS. FN

This probl em mi ninizes the sum of the absol ute values of the
paranmeters. |t is designed to allow us to exani ne the effect
of discontinuity in the gradient at the nininmm

Furthermore, since the Hessian is a null matrix in this case
(the gradient is constant except for the discontinuities
whenever one of the paraneters is zero), we would expect the
Newt on- | i ke nethods to do poorly. Indeed, TN is unable to
make any progress. Results are presented in Table 18-1-2.

In all cases the starting values for the paraneters are set
to 3.333.

BT. RES

This test problemis designed to allow the bounds and masks
facilities in our prograns to be tested. The loss function
involved is sinply the sum of squares of the paraneters, that
is,

n

(18-1-1) f(p => (Y(i, 1) = (B(G) - Y(3,2)))

-~

2

18-1 Sinple Tests 391

Table 18-1-2. Perfornance of the five function mninmzation
met hods on the ABS. FN test problem of order 5. Al

cal cul ations were performed with the BASICA i nterpreter on
the Maestro PC (NEC V20 processor). The starting stepsize
for NMis given following the 'NM.

Met hod Ti ne Gradi ent Function Functi on
(s) Eval uati ons Val ue
HJ 71 0 383 2. 125744E- 07
NM .1 482 0 517 9. 88846 <
.1 +416 0 955 0.4758012 <
.1 +264 0 1233 5.271324E-04 <
.1 +324 0 1571 5. 52028E- 06
CG 32 15 32 9. 576638E- 08
TN 5 2 1 16. 665 <
+5 4 2 16. 65348 <
+4 6 3 16. 642 <
(abandoned at this point -- all function
val ue reduction due to POSTGEN axi al search)
VM 107 19 81 1. 552806E- 06

< inplies a lower function value is found by POSTGEN

However, we apply a set of |ower and upper bounds to the
paraneters and a mask (i.e. fixed value) to one of them
Tabl e 18-1-3 presents the results of applying the six
paranmeter estimation nethods to this problem The bounds
are chosen so that the starting stepsize of the Hooke and
Jeeves code does not "accidental ly" stunble upon the

m ni mum Even so, the efficiency of Hl is surprisingly
good on this problem As expected, due to the sinple
mechani smused to satisfy bounds, NM does poorly. W

do not reconmend NM when many of these constraints are
expected to be active at the minimum There are nine
paraneters in the standard probl em suggested, and the

met hods which nust build and access arrays (VM and MRT)
are slower than the nethods using vectors only (CG and TN).

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



392 18-1 Sinmple Tests

Tabl e 18-1-3. Performance of the six nmininmzation nethods
on the bounds test problem BT. RES. All calcul ations were
performed with the BASICA interpreter on the Maestro PC
(NEC V20 processor). The starting stepsize for NMis
given following the 'NV.

Met hod Ti me Gradi ent  Function Functi on
(s) Eval uati ons Val ue
HJ 45 0 101 152.5432
NM 0. 1 342 0 164 201.9753
| ower function value found during axial search
0.1 +386 0 350 152.5432
CG 25 5 4 152. 5432
TN 39 8 4 152. 5432
Y 45 4 4 152.5432
VRT 91 4 4

152.5432

18-2. Problens fromS. G Nash

The following two probl ems were conmunicated to us by
S. G Nash of the Mathenatical Sciences Departnent of Johns
Hopki ns University.

GENROCSE. FN and GENROSEJ. RES

The banana-shaped val ley of Rosenbrock (1960) is defined as

(18-2-1) (B = 100 (B(2) - B(1)?) + (1 - B(1))?
S.G Nash (1982) reports the extension of this to an
arbitrary nunmber of paraneters. This function is

18-2 Problenms fromS. G Nash 393

n

(18-2-2) (B = 1 + > (100 * (B(j) - B(j-1)A% (1 - B()?

j=2

Note that the minimumof this function is 1 rather than O,
whi ch ensures that it cannot be conputed with particul ar
accuracy at the solution.

The function in Equation (18-2-2) can also be witten as
a nonlinear |east squares problem Rather than detail the
residual functions, we shall refer the reader directly to the
program code GENROSEJ.RES in Appendi x A, which allows this
general i zed Rosenbrock test problemto be set-up and sol ved
by nmethod MRT.

Performance of our methods on these test problenms has
been presented in Table 12-2-5a and Figure 12-2-1.

CAL4. FN

This function is a sumof various powers of the paraneters or
the parameters minus a constant. A paraneter nmay be varied in
the function, and the nunber of paranmeters is also variable.
We refer the reader to the code in Appendix A for details.

18-3. WOODR RES and WOOD. FN - A Traditional Test

This problemis an extension of the well-known banana-shaped
val l ey test function of Rosenbrock (1960) and has been widely
used (Di xon, 1973; Jacoby, 1972; Nash, 1976). There are four
paraneters and Jacoby (1972) gives a bounds-constrai ned
variant of the probl emwhere each paraneter nust lie in the
closed interval [-10,10]. In our experience, however, these
bounds are rarely encountered. |In particular, fromthe
traditional starting point (-3,-1,-3,-1), our nmethods do not
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follow trajectories in the paraneter space which touch the
bounds.
The function is usually witten

(18-3-1)  f(B) = 100 (B(2) - B(1)%)?2
(1-B(1))2 + 90 (B(4) - B(3)%)?
(1-B(3))2 + 10.1 {(B(2) - 1)2 + (B(4) -1)
+ 19.8 (B(2) - 1) (B(4) -1)
whi ch has the value 19192 at the traditional starting point
and value 0 at (1,1,1,1).
Anot her view of the WOOD function is as a nonlinear
| east squares probl em (Nash, 1976, Probl em W4). This has

residual s
(18-3-2) (1B

+

2

+

}

10 * (B(2) - B(1) * B(1))

r(2,B) =1 - B(1)

r(3,B) = (B(4) - B(3) * B(3)) * SQRT (90)
r(4,B) =1 - B(3)

r(5B) = (B(2) + B(4) - 2) * SQRT(10)
r(6.8 = (B(2) - B(4)) * SQRT(0.1)

This latter formallows the problemto be attenpted with
all our nethods, including MRT. |n sonme cases, it may be
preferable to evaluate the function as in Equation (18-3-1).

This problemis "difficult" primarily because the Hessian
is conputationally singular at the solution. This is easily
denpnstrated by actually conputing the Hessian matrix at the
solution point (1, 1, 1, 1), which is

( 802  -400 0 0 )

o _ (-400 2202 0 19.8)
(18-3-3)  H = (7 0 720 -360 )
( 0 19.8 -360  200.2 )

for which the conputed eigenval ues are (using LEQBO5, Nash,
1984b) 1005. 925, 905. 6054, 32.15015 and 0. 7195693. The
ratio of largest to snallest eigenval ues exceeds 1000, and we
may expect that gradient methods, particularly if operated in
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single precision, will conpute inprecise search directions.

18-4. NASHEASY.FN - A Large but "Easy" Problem

To illustrate the effectiveness of conjugate gradi ent nethods
in mnimzing certain nonlinear functions, one of us devised
the following nonlinear function

n n

(18-4-1) (B = > z(j)2+|I
]

lexp ( - 2()D - 112

|
- ||
J:]_ =1
wher e

(18-4-2) z(j) =B(j) -]

Despite its appearance, this test problemis relatively
"easy" for our nethods to solve.

18-5. NASHHARD. FN - A Large but Awkward Probl em

The previous exanple is relatively straightforward to sol ve

because the paraneters have quite linted interactions with

each other in contributing to the function value. A much

more difficult problemis the function that is evaluated as
n

(18-5-1) f(B => (B()) - ] + 12 (B(j+1) - )

2

i=1
where we define
(18-5-2) B(N+1) = B(1) and B(0) = B(N)
for sinplicity of our expressions. The gradi ent conponent
for parameter B(k) is therefore
(18-5-3) k) =2 * (B(k) - k+1)
*[(B(k+1) - k) 2+ (B(k-1) - (k+2)3
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where the definitions (18-4-2) are again enpl oyed.

This problemis nore difficult than that presented in
Section 18-4 because the Hessian matrix is singular at the
solution. From (18-4-3) we can conpute the el enents of the
Hessi an matrix as

(18- 5-4) Hk k) =2 [(B(k+1) - k)2 + (B(k-1) - k+2)]
H(k, k+1) = 4 (B(k) - k+1) (B(k+1) - k)

whi ch gives H(N,1) and H(1, N) al so

By symretry, (18-5-5) gives the subdi agonal el enments of
the Hessian. All other elenents of the Hessian are zero
However, as the paraneters approach the sol ution val ues, that
is,
(18-5-6) B(j) =j -1
the gradi ent and Hessian beconme null. This causes particul ar
difficulties for methods which nake use of the Hessian
nanely TN and VM

18-6. LONION.RES - Avyield-density nodel problem

In Section 1-3 we introduced data (Ratkowski, 1983) for

yi el d/density nodelling of Wiite |nperial Spanish Onions at
Purnong Landing (Table 1-3-1). If we denote yield (g/plant)
by y and density of plants (plants/metre squared) by x, then
three potential nodels for the rel ationship between yield and
density are:

(18-6-1) y = (B(1) + B(2) * x)" Y/ B(3)
(Bl easdal e and Nel der, 1960)

18-6 LONION RES - A yield-density nodel problem 397

- * x 2 -1
(18-6-2) y = (B(1) + B(2) X + B(3) X<)
(Hol I'i day, 1960)

(18-6-3) vy = (B(1) + B(2) * xX3)y-1
(Farazdaghi and Harris, 1968)

Note that since the density figures are of the order of
100, we shoul d scale the paraneters to avoid having estinates
with widely differing nmagnitudes. The |ack of scaling, plus
the presence of paraneters as exponents, nekes these
estimation problens difficult to solve. |ndeed, under the
nmost obvious | oss function, the sum of squared residuals
they becone extrenely difficult. However, according to
Rat kowsky (1983, page 51), the variance of log(y) is to be
consi dered constant for this problem suggesting a
mul tiplicative stochastic error about the idealized nodel, or
a loss function which attenpts to minimze the sum of squares
of the deviations.

(18- 6-4) r(i.B =1log(z(i,B) - log(y,)

Dropping the time-period index, i, for sinplification
this gives the functional forms

(18-6-5) r(B) =-(log(B(1) + B(2) * x))/B(3) - log(y)
(Bl easdal e and Nel der)

(18-6-6)  r(B) = - log(B(1) + B(2) * x + B(3) * x%) - 10g(y)
(Hol I i day)
(18-6-7)  r(B) = - log(B(1) + B(2) * xB(3) - 1og(y)

(Farazdaghi and Harris)

Tabl e 18-6-1 gives various results for these nodels when
fitting the data in using different approaches and nethods
The Hol | i day nodel appears to be quite difficult to estimte
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398 18-6 LONION. RES - A yield-density nodel problem

due to the very rapid change in the nagnitude of the node

function value with quite small changes in the paraneters

Qur results resenble closely those of Ratkowsky (1983, p

59). Using the nodels directly, rather than in the

logarithmic form may make themextremely difficult to estinmate

if the precision for evaluation of the nodel is inadequate

Table 18-6-1. Results for yield/density nodels using the

Purnong Landi ng data of Table 1-3-1

Model Oigin B(1)

842E-3
. 864E-3
. 219E-3

Bl easdal e Rat kowsky
- Nel der MRT
VM

3.
3
3
Hol | i day Rat kowsky 2. 054E-3
IVRT* * 1. 883E-3
VM 0.9799
2.294E-3
2
2

. 294E-3
. 276E-3

Farazdaghi Rat kowsky
-Harris MRT
VM

1
1.
1

(2N K] [@X{o}ee]

B(2) B(3) Sum of squares
302E-4 9.055E-1 0. 283335
306E-4 9.047E-1 0. 2833202
191E-4 9.296E-1 0. 2835228
.571E-5 3. 808E-8 0.284193

. 159E-5 0 0. 2861092
.1118 -6.334E-4 1666. 787<
.032E-5 1.080 0. 282867
.033E-5 1.080 0. 282856
.151E-5 1.076 0. 2828634

** jnitial parameters provided from asynptotic approxi mation

(Ratkowsky, 1983, page 59)

< lower function value found by POSTGEN
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18-7. RS.FN - general inequality constraints

In general, we have not included nethods for equality or
inequality constraints other than sinple masks or bounds

Probl ems invol ving such constraints are inportant, but in our
experience do not constitute a nejor portion of the estimation
tasks we have encountered. Furthernore, we believe the cost of
both the generation and operational use of prograns which
incorporate such constraints to outweigh the benefits in the
envi ronnents and applicati ons where we envi sage our work being
put to work. However, it is worth illustrating how the tools
provided in this book can be used to approach, albeit in a
relatively inefficient manner, the solution of a problem
involving inequality constraints. The function to be mninzed
is (Jacoby, 1972, page 25)

2 2 2 2
(18-7-1) f(B = B(1) + B(2) + 2B(3) + B(4)
- B5B(1) - 5B(2) -21B(3) + 7B(4)

subject to the constraints

(18-7-2) -B(1)2 - B(2)? - B(3)? - B(4)?
-B(1) + B(2) - B(3) + B(4) +8>0

(18-7-3) -B(1)2 - 2B(2)2 - B(3)2 - 28(4)2
+B(1) + B(4) +1 >0

(18-7-4) -2B(1)2 - B(2)2 - B(3)2 - 2B(1)2
+B(2) + B(4) + 5 >0

Note that these constraints are nonlinear in the
paranmeters. Anmong the classes of constrained mninzation
probl ems, linear inequality constraints are fairly
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Table 18-7-1 Performance on RS.FN

18-7 RS.FN - general inequality constraints

while nonlinear constraints are
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402 18-8 The Mdré, Garbow and Hillstromtest problens

18-8. The Mré, Garbow and Hillstromtest problens

Mor é, Garbow and Hillstrom (1981) have descri bed a nunber

of widely used test problens, all of which can be cast in

a nonlinear |east squares form O this set, we have used

a nunber of exanples in this book. As we intend to prepare
BASI C code for the entire set of functions for publication
el sewhere, we shall only sunmarize here the problens we have
used within the present work.

POWSI NG. RES

This problemis a generalization of a problemwith a nearly
singul ar Hessian due to Powel | (1962).

BALF. RES

This is Brown's (1969) al nost-linear function of variable
order. The traditional starting point has B(i) = 0.5 for all
i. The solution has a zero function val ue at

(18-8-1) B(j) =q for g=1, 2, ..., n-1
B(n) =qlt "
where q satisfies

(18-8-2) ng' - (n+1) q(n'l)

HS25. RES

Thi s three-paraneter bounds-constrained mnimzation is
called the Gulf research problemby Mré et al. However, it
is presented by Hock and Schittkowski (1981) as probl em 25 of
their collection. The minimumis at (50, 25, 1.5) and has

18-8 The Mduré, Garbow and Hillstromtest problens 403

zero sum of squares. The Hock and Schittkowski suggested
initial point is (100, 12.5, 3), which has such | arge
residuals that our nethods have difficulty maki ng progress
towards the minimum Mré et al. suggest (5, 2.5, 0.15) as
a starting point, which has been used in our exanples.

Codes for these problens are included on the program disk.

18-9. BAGLI VO RES - a exponential growth curve

Thi s probl em has al ready been discussed in Secion 11-6.
In particular, the nodelling function is

(11-6-1) Z(B =B(1) * (1 - exp(-B(2) * (Y(i,2) - B(3))))

where the variable in colum 2 of matrix Y records the tine
at which the size or weight of a growi ng organi smreaches a
val ue recorded in colum 1 of Y. The suggested mininization
is a sinple sumof squared deviations. Data for this problem
is provided in the file BAGLI VO.INP, which contains a
sub-sanpl e of just 36 data points. Data is given in the very
sinple form

(sanpl e el enent nunber), (size of clans in mm), (age in nonths)

For this data set, the m ni mum sum of squares is 1979.447 and
the paraneter val ues (5.074584, 9.781973, -363.5333).
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APPENDI X A

COVER SHEET PROGRAM CODE FOR TEST
AND EXAMPLE PROBLEMS
Appendi ces
Chapter title: Appendices, Bibliography, and | ndex

John C. Nash

Faculty of Administration

University of Otawa

Mary Wl ker-Smith
Gener al

Manager

Nash | nformation Services |nc
Program codes are listed in al phabetic order of problemfile

name.

Nonl i near

Ref erences to codes appearing el sewhere in the book

are listed in Table 15-1-2.

ABS. FN

Par anet er Estimation Met hods

30 DI M B(25), X(25), O( 25, 3), Y( 25, 1)

An Integrated Systemin BASIC 200

2004
2005
2010
2015
2020
2500
2540
2550
2560
2570
2580
3000
3005
3010
3020
3030
3040
3050
3060
3070
3080
3090
3100
3110

0 LET 13=0: REM ABS. RES

LET F=0
FOR L=1 TO N

LET F=F+ABS(B(L))
NEXT L

RETURN

FOR L=1 TO N
LET (L) =1

I'F B(L)<0 THEN L
I|F B(L)=0 THEN L
NEXT L

RETURN

PRINT "ABS. RES -- M NI M ZE SUM OF ABSOLUTE PARAMVETERS -
PRI NT #3,"ABS. RES -- M NM ZE SUM OF ABSOLUTE PARAVETERS -
LET P$="ABS. RES - SUM OF ABSOLUTE PARAMETERS'

I NPUT "NUMBER OF PARAMETERS = "; N

PRI NT #3, " NUMBER OF PARAMETERS = ": N

LET MeN: REM FOR MRT

FOR J=1 TO N

LET O(J, 1) =- 100

LET O(J, 2) =100

1: REM FOR ABSOLUTE VALUE

qm
LA
A

T

860119"
860119"

LET (J, 3)=1: REMALL FREE

LET B(J)=3.333: REM STARTI NG VALUES
NEXT J

RETURN
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BAGLI VO. RES

30 DI M Y(400, 2), B(3), X(3),Q3,3)

3000 PRINT "J. BAGLI VO VERSI ON OF VON BERTALANFFY GROMH CURVE - 860805"

3010 PRINT #3,"J. BAGLI VO VERSI ON OF VON BERTALANFFY GROMH CURVE -
860805"

3020 LET P$="BAGLI VO. RES GROANTH CQURVE - 860805"

3030 LET M-0: REMinitially O data points

3040 LET N—3 REM 3 paraneters

3045 INPUT "file for data = ";F$

3050 OPEN F$ FOR I NPUT AS 1

3055 | F EOF(1) THEN 3080

3060 LET M=M+1

3065 | NPUT #1, 73, Y(M 1), Y(M 2)

3070 PRINT Z3,Y(M 1), Y(M 2)

3072 PRINT #3, Z3,Y(M1),Y(M2)

3075 GOTO 3055

3080 PRINT M" data points found"

3090 PRINT #3,M " data points found"

3100
3110

REM now set the bounds on the paraneters
LET (1, 1)=0: REM positive asynptote

3120 LET (1, 2)=100: REM | oose upper bound

3130 LET (1, 3)=1: REM not masked

3140 LET O(2,1)=0: REMpositive to avoid zero divide

3150 LET (2, 2)=100: REM | oose bounds on second paraneter

3160 LET (2, 3)=1: REM not masked

3170 LET (3,1)=-2: REM allow slightly negative shift

3180 LET (3, 2)=30: REM upper bound -- note test on exponential argunent
3190 LET (3, 3)=1: REM not nasked

3200 PRINT " FUNCTI ON FORM = 10*B(1)*(1- EXP(-0.01*B(2)*(Y(l,2)-B(3)))"
3210 PRI NT #3," FUNCTI ON FORM = 10*B( 1) *(1- EXP(-0.01*B(2)*(Y(l,2)-B(3)))"
3220 PRI NT

3230 PRI NT #3,

3240 RETURN

3500 LET 13=0: REM start with conputable function

3510

3520
3540
3550
3560
4000
4010
4020
4030
4040

I'F ABS(0.01*B(2)*(Y(l,2)-B(3)))>50 THEN 3550:
REM not conputable if exponent big
LET R1=10*B(1)*(1- EXP(-0.01*B(2)* (Y(I 2)-B(3))))-Y(I,1)

RETURN

LET 13=1: REM cannot conpute the residual

RETURN

LET Z9=EXP(-0.01*B(2)*(Y(!l,2)-B(3))): REM Baglivo growth curve
LET D(1)=10*(1-Z9)

LET D(2)=0.1*B(1)*Z9*(Y(I,2)-B(3))

LET D(3)=-0.1*B(1)*B(2)*Z9
RETURN

Appendi x A 407

BT. RES

30 DI M B(25), X(25), A(25, 3), Y(25, 1)

3000
3005
3010
3020
3025
3030
3040
3045
3050
3060
3070
3080
3090
3100
3110
3120
3130
3140
3500
3510
4000
4020
4030
4040
4050

CALA4.

PRI NT * BT RES -- TEST BOUNDS I N NLLS PROBLEMS -- 851117"
PRI NT #3,"BT. RES -- TEST BOUNDS | N NLLS PROBLEMsS -- 851117"
LET P$="BT. RES -- TEST BOUNDS | N NLLS PROBLEMS -- 851117"
PRINT " sinple quadratic with bounds"

PRINT #3," sinple quadratic with bounds"

REM di m b(n), x(n)

INPUT " numnber of paraneters (50 nmax) “; N

PRI NT #3," nunber of paranmeters (50 nax) "; N

LET MEN

I F N>50 OR N<2 THEN 3040

FOR J=1 TO N

LET B(J)=-N+2.2*J: REMinitial paraneter val ues

LET O(J,1)=(J-1)*(N-1)/N. REM use this for test

LET O(J, 2)=J*(N+1)/ N

LET O(J, 3)=1

NEXT J

LET O(I NT(N 2) +1,3)=0: REM one paraneter masked

RETURN

LET R1=B(1):
RETURN

FOR L=1 TON. REMbt.res
LET D(L)=0

NEXT L

LET D(1)=1

RETURN

REM bt . res

FN

30 DI M B(25), X(25), O( 25, 3)

2000
2005
2006
2010
2015
2020
2060
2070
2500
2505
2510
2515
2517
2520
2540
2550
2560

LET Z1=ABS(B(N)): REM CAL4.FN

LET F=Z1*Z1*Z71/ 3+0. 5*Z1*Z1+0. 5*(B(1) - 5*Z9) *(B(1) - 5*29)
REM Z9 = al pha in SGN notation

FOR L1=1 TO N-1

LET Z2=B(L1+1)-Z9*B(L1)

LET F=F+0.5*(1+0.1*L1)*Z2*Z2

NEXT L1

RETURN

I F N<3 THEN 2550: REM CAL4. FN

FOR L1=2 TON-1

REM - - DELETED

LET Z2=B(L1)-Z79*B(L1-1)

LET Z3=Z9*B(L1)-B(L1+1)

LET G(L1)=(1+.1*L1)*Z9*Z3+(1+0. 1*(L1-1))*Z2
NEXT L1

LET G(1)=1.1*Z79*(Z29*B(1)-B(2))+(B(1)-5*Z9)
LET G(N)=B(N)+(1+0. 1*(N-1))*(B(N)-Z9*B(N-1))

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



408 Appendi x A Appendi x A 409

2570 | F B(N>=0 THEN LET G(N)=G( N +B(N)*B(N) 3100 FOR I=1 TON

2580 I F B(N <0 THEN LET G(N)=G(N)-B(N)*B(N) 3106 LET (I,1)=-100: REM | oose |ower bound

2590 RETURN 3108 LET (I, 2)=100: REM | oose upper bound

3000 PRI NT "CAL4. FN SGN FUNCTI ON 860629" 3110 LET (I, 3)=1: REM not nmsked

3010 PRI NT #3, " CAL4. FN SGN FUNCTI ON 860629" 3112 NEXT |

3020 LET P$="CAL4.FN SGN FUNCTI ON 860629" 3118 LET 15=0: REM no. of masked paraneters

3030 | NPUT "ORDER OF PROBLEM (2<=N<=25) "; N 3120 PRINT " FUNCTION FORM = 1 + SUMMATION of Z(1) for 1=2 TO N'
3035 PRI NT #3,"ORDER OF PROBLEM (2<=N<=25) "; N 3125 PRINT " VHERE Z(1) = 100*(B(I)-B(I1-1)**2)**2 + (1-B(1))**2"
3040 | NPUT " PROBLEM PARAMETER Z9=al pha (0.9 suggested) ";Z9 3130 PRI NT

3045 PRI NT #3, " PROBLEM PARAMETER Z9=al pha (0.9 suggested) ";Z9 3135 PRINT #3," FUNCTION FORM = 1 + SUMMATION of Z(1) for 1=2 TON
3050 REM now set the bounds on the paraneters 3140 PRINT #3," WHERE Z(1) = 100*(B(1)-B(l-1)**2)**2 + (1-B(l))**2"
3090 LET B(1)=5*Z79: REM suggested starting point 3145 PRI NT #3,

3100 FOR I=1 TO N 3150 GOSUB 3450: REM sel ect initial point

3105 LET (I, 1)=-100 3190 RETURN

3110 LET (1, 2)=100 3450 PRI NT "CHOOSE | NITI AL PO NT"

3115 LET 1, 3)=1: REMfree 3451 PRI NT #3,"CHOOSE | NI TI AL PO NT*

3117 IF 1>1 THEN LET B(1)=29*B(1-1): REMinitial guess 3452 PRINT "1. ALL ZEROS"

3120 NEXT | 3453 PRI NT #3,"1. ALL ZERCS"

3240 RETURN 3454 PRINT "2. B(1)=l/(N+1)"

3455 PRINT #3,"2. B(1)=l/(N+1)"
3456 PRINT "3. B(1)=(-1)""

GENROSE. FN 3457 PRINT #3,"3. B(1)=(-1)1"
3458 PRINT "4. B(l)=-1"
30 DI M B(25), X(25), O 25, 3) 3459 PRINT #3."4. B(1)=-1"
2000 LET F=1: REM General ized Rosenbrock function 8510311 3460 | NPUT " CHOCE (1,2,3,4) ";L1
2020 FOR L=2 TO N 3461 PRI NT #3," CHOCE (1,2,3,4) ";L1
2030 LET Z1=B(L)-B(L-1)*B(L-1) 3462 | F L1=0 THEN RETURN
2040 LET Z2=1-B(L) 3463 FOR 1=1 TO N
2050 LET F=QLl*Z1*Z1+Z2*Z2+F 3464 ON L1 GOTO 3465, 3470, 3475, 3480
2060 NEXT L 3465 LET B(I)=0
2070 RETURN 3466 GOTO 3485
2500 LET ((1)=0: REM Generalized Rosenbrock partial derivatives 3470 LET B(1)=1/(N+1)
2510 FOR L=2 TO N 3471 GOTO 3485
2520 LET Z1=B(L)-B(L-1)*B(L-1) 3475 LET B(l)=1
2530 LET Z2=1-B(L) 3476 |F 2*INT(I1/2)=I THEN LET B(1)=-1
2540 LET G(L)=2*(QL*Z1- 72) 3477 GOTO 3485
2550 LET G(L-1)=@(L-1)-4*QL*B(L-1)*Z1 3480 LET B(1)=-1
2560 NEXT L 3485 NEXT |
2570 RETURN 3490 RETURN

3000 PRI NT "GENERALI ZED ROSENBROOK FUNCTI ON SETUP -- 851031"
3005 PRI NT #3, " GENERALI ZED ROSENBROCK FUNCTION SETUP -- 851031"
3010 LET P$="GENROSE. FN -- SGN GENERALI ZED ROSENBROCK QL=10"
3020 I NPUT "NO. OF PARAMETERS (2<=N<=25):"; N

3025 PRI NT #3,"NO OF PARAMETERS (2<=N<=25):"; N

3030 | F N>25 THEN 3020: REM di nensi ons set for 25

3040 | F N<2 THEN 3020: REM mi ni num of 2 paraneters

3050 LET Q1=100: REM to al |l ow changes in the function form
3060 PRI NT "SCALI NG FACTOR I N GENRCSE ="; Q1L

3070 PRI NT #3, " SCALI NG FACTOR | N GENROSE ="; Q1

3090 REM set the bounds on the paraneters
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Appendi x A

GENRGCSEJ. RES

30 DI M B(25), X(25), O( 25, 3), Y(25, 2)

3000
3005
3010
3020
3025
3030
3040
3045
3050
3052
3054
3060
3090
3100
3106
3108
3110
3112
3120
3125
3130
3140
3150
3160
3170
3190
3450
3451
3452
3453
3454
3455
3456
3457
3458
3459
3460
3461
3462
3463
3464
3465
3466
3470
3471
3475
3476

PRI NT " GENROSEJ. RES 851031 SGN general ized Rosenbrock”

PRI NT #3, " GENROSEJ. RES 851031 SCN general i zed Rosenbrock"
LET P$="GENRCSEJ. RES 851031 SGN generali zed Rosenbrock"

I NPUT "NO. OF PARAMETERS (2<=N<=25):"; N

PRI NT #3,"NO OF PARAMETERS (2<=N<=25):"; N

I F N>25 THEN 3020: REM di nensi ons set for 25

I F N<2 THEN 3020: REM mi ni mum of 2 parameters

LET M=2*N-1

LET Q1=100: REM to allow changes in the function form

PRI NT " SCALI NG FACTOR | N GENROSE ="; QL

PRI NT #3, " SCALI NG FACTOR | N GENRCSE ="; QL

LET Q@=SQR(Q1)

REM set the bounds on the paraneters

FOR 1=1 TON

LET (I, 1)=-100: REM | oose |lower bound

LET O(I,2)=100: REM | oose upper bound

LET (1, 3)=1: REM not masked

NEXT |

PRI NT " FUNCTION FORM = 1 + SUMVATION of Z(1) for 1=2 TO N'
PRI NT " VWHERE Z(1) = 10*(B(1)-B(l1-1)**2)**2 + (1-B(l))**2"

PRI NT

PRINT #3," FUNCTION FORM = 1 + SUMMATI ON of Z(I) for 1=2 TO N'
PRI NT #3," WHERE Z(1) = 10%(B(1)-B(l-1)**2)**2 + (1-B(1))**2"
PRI NT #3,

GOSUB 3450: REM initial point

RETURN

PRI NT " CHOOSE | NI TI AL POl NT"

PRI NT #3, " CHOOSE | NI TI AL PO NT"
PRINT "1. ALL ZERCS'

PRI NT #3,"1. ALL ZEROS'

PRINT "2. B(1)=I/(N+1)"

PRINT #3,"2. B(1)=l/(N+1)"
PRINT "3, B(1)=(-1)"l"

PRINT #3,"3. B(I)=(-1)"I"

PRINT "4. B(l)=-1"

PRINT #3,"4. B(l)=-1"

INPUT " CHOICE (1,2,3,4) ";L1
PRINT #3," CHOCE (1,2,3,4) ";L1
| F L1=0 THEN RETURN

FOR I=1 TO N

ON L1 GOTO 3465, 3470, 3475, 3480
LET B(1)=0

GOTO 3485

LET B(I) =1/ (N+1)

GOTO 3485

LET B(1)=1

I'F 2*INT(I1/2)=I THEN LET B(I)=-1

Appendi x A 411

3477 GOTO 3485

3480 LET B(l)=-1

3485 NEXT |

3490 RETURN

3500 LET 13=0: REM genrosej -- rosenbrock |east squares form
3530 IF I>1 THEN 3560

3540 LET R1=1

3550 RETURN

3560 LET L=INT(1/2)+1: REMindex of sunmation
3570 I F 2*INT(I/2)=I THEN 3610

3580 REM odd

3590 LET R1=1-B(L)

3600 RETURN

3610 LET R1=Q2*(B(L)-B(L-1)*B(L-1))

3620 RETURN

4000 FOR L=1 TO N. REM genrosej derivatives
4010 LET D(L)=0

4020 NEXT L

4030 I F I=1 THEN 4120

4040 LET L=I NT(I/2)+1

4050 I F 2*INT(I/2)=1 THEN 4100

4060 LET D(L)=-1

4070 RETURN

4100 LET D(L)=Q

4110 LET D(L-1)=-2*Q@*B(L-1)

4120 RETURN

KMENTALP. RES

30 DI M Y(25,4),B(4), X(4),Q(4,3)

3000 PRI NT "KMENTA- TALPAZ CES PRCDUCTI ON FUNCTI ON -- 860526"

3010 PRI NT #3, " KMENTA- TALPAZ CES PRODUCTI ON FUNCTI ON -- 860526"

3020 LET P$="KMENTALP.RES Knenta Tal paz CES production function"
3030 LET M-25: REM 12 data points

3040 LET N=4: REM 3 paraneters

3050 REM note that we DIM Y(25,4) to allow residuals to be saved
3060 RESTORE: REM reset data pointer

3065 PRI NT "output"; TAB(15); "capital input";TAB(30);"Iabor input"
3066 PRI NT #3,"output"; TAB(15);"capital input"; TAB(30);"labor input"
3070 FOR I =1 TO M

3080 READ Y(I,1), Y(I,2), Y(I1,3): REMoutput, capital input, |abor input
3082 PRI NT Y(I,1); TAB(15); Y(I,2); TAB(30); Y(I, 3)

3083 PRI NT #3, Y(I,1); TAB(15); Y(I,2); TAB(30);Y(I, 3)

3090 NEXT |

3092 PRI NT

3093 PRI NT #3

3100 REM now set the bounds on the paraneters

3110 LET (1, 1)=0: REM positive asynptote

3120 LET (1, 2) =100: REM | oose upper bound
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3130 LET 1, 3)=1: REM not masked 3580 RETURN

3140 LET O(2,1)=0: REMpositive to avoid zero divide 3600 LET 13=1: REMfailure

3150 LET Q(2,2)=100: REM | oose bounds on second paraneter 3610 RETURN

3160 LET (2, 3)=1: REM not nasked 4000 PRI NT "derivative expressions not included in problemfile"
3170 LET Q(3,1)=0: REM positive exponential paraneter 4010 PRINT " --- use nunerical derivatives"

3180 LET (3, 2)=30: REM upper bound -- note test on exponential argument 4020 STOP

3190 LET O3, 3)=1: REM not masked
3192 LET (4, 1)=0: REM positive exponent

3194 LET Q(4, 2)=100: REM | oose upper bound LI NTEST. RES
3196 LET Q(4, 3) =1: REM not masked
3200 PRI NT " B(1) ((B(2)*Kr(-B(4))+(1-B(2))*LM(-B(4)))™(-B(3)/B(4)))" 30 DIM Y(19,4),B(4), X(4), 4, 3)
3210 PRI NT #3 Q= 3000 PRI NT "LINTEST 3- PARAMETER LI NEAR REGRESSI ON - 860514"
B( 1) ((B( 2)*K"( B(4))+(1-B(2))*L (-B(4)))~(-B(3)/B(4)))" 3010 PRI NT #3,"LI NTEST 3- PARAMETER LI NEAR REGRESSI ON - 860514"
3212 vs/nere Q = output, K=capital input, L=labor input" 3020 LET P$="LI NTEST 3- PARAMETER LI NEAR REGRESSI ON - 860514"
3214 PRI NT #3, where Q = output, K=capital input, L=labor input" 3030 LET M-19: REM 19 data points
3220 PRI NT 3040 LET N=3: REM 3 paraneters
3230 PRI NT #3, 3050 REM note that we DIM Y(19,4) to allow residuals to be saved
3240 RETURN 3060 RESTORE: REM reset data pointer
3250 DATA 106, 8, 23 3065 FOR J=1 TO 3: REM LOOP OVER VARI ABLES
3252 DATA 81.08, 9, 14 3066 READ X$: REM NAME OF VARI ABLE
3254 DATA 72.8, 4, 38 3067 PRI NT X$
3256 DATA 57.34, 2, 97 3068 PRI NT #3, X$
3258 DATA 66.79, 6, 11 3070 FOR I=1 TO M
3260 DATA 98.23, 6, 43 3080 READ Y(I,J): REMweed growth at tine point |
3262 DATA 82.68, 3, 93 3081 PRINT Y(I,J);
3264 DATA 99.77, 6, 49 3082 PRI NT #3, Y(I,J);
3266 DATA 110, 8, 36 3083 I F 5*INT(1/5)<> THEN 3090
3268 DATA 118.93, 8, 43 3084 PRI NT
3270 DATA 95.05, 4, 61 3085 PRI NT #3,
3272 DATA 112.83, 8, 31 3090 NEXT |
3274 DATA 64.54, 3, 57 3091 PRI NT
3276 DATA 137.22, 6, 97 3092 PRI NT #3,
3278 DATA 86.17, 4, 93 3095 NEXT J
3280 DATA 56.25, 2, 72 3100 REM now set the bounds on the paraneters
3282 DATA 81.1, 3, 61 3110 FOR J=1 TO 3
3284 DATA 65.23, 3, 97 3140 LET O(J, 1)=-100
3286 DATA 149.56, 9, 89 3150 LET ((J, 2)=100: REM | oose bounds
3288 DATA 65.43, 3, 25 3160 LET ((J, 3)=1: REM not mmsked
3290 DATA 36.06, 1, 81 3190 NEXT J
3292 DATA 56.92, 4, 11 3192 LET B(1)=.1: REMparaneter initial values
3294 DATA 49.59, 2, 64 3194 LET B(2)=10
3296 DATA 43.21, 3, 10 3196 LET B(3)=10
3298 DATA 121.24, 6, 71 3200 PRINT " FUNCTI ON FORM = 10*B(1)+0. 1*B(2) *var (2) +0. 1*B(3) *var (3)"
3500 LET 13=0: REM start with conputable function 3210 PRINT #3," FUNCTI ON FORM = 10*B(1) +0. 1*B(2)*var (2) +0. 1*B(3) *var(3) "
3510 REM KMENTALP. RES 3220 PRI NT
3520 LET Z7=Y(Il,2)~(-B(4)) 3230 PRI NT #3,
3530 LET z8=Y(I,3)"(-B(4)) 3240 RETURN
3540 LET Z9=B(2)*Z7+(1-B(2))*Z8 3250 DATA "QPORK", 45.3, 49.1, 49, 44.3, 49.2, 56.5, 52.5, 50.3
3550 | F Z9<=0 THEN 3600: REM function not conputabl e 3260 DATA 50.1, 50.7, 51.8, 47.9, 46.9, 53.8, 53.7, 52, 57.2, 66.2, 61
3560 LET Z6=B(1)*(Z9"(-B(3)/B(4))) 3270 DATA "PBEEF", 80.2, 81.6, 82.3, 85.7, 98.6, 105.1, 100.7, 100, 109.6
3570 LET R1=Z6-Y(I, 1)
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3280
3290
3300
3500
3520
3530
3540
4000

4010 LET D(2)=.1*Y(l, 2)

4020 LET D(3)=.1*Y(l, 3)

4030 RETURN

LONI ON. RES

30 DIM B(3), X(3), O3,3), Y(42,2)

3000 PRI NT "LONI ON. RES -- Rat kowski (1983) vyield/density nodel s"
3002 PRINT " for White Inperial Spanish Onions at Purnong Landi ng"
3004 PRINT " 851105"

3006 LET N=3

3008 PRI NT "using | og of deviations"

3010 PRINT "nodels: 1. y=(b(1)+b(2)*x)"(- 1/ b( 3))"

3012 PRINT " Bl easdal e and Nel de

3014 PRINT " 2. y= 1/(b(1) +b(2)* x+b(3)*x x)"

3016 PRINT " Hol | i day

3018 PRINT " 3. y=1/(b(21) +b(2)*x"b(3))

3020 PRINT " Farazdaghi and Harris"

3022 PRI NT

3024 | NPUT "which nodel is to be used ";L9

3030 PRI NT #3, "LONION RES -- Ratkowski (1983) yield/density nodels"
3032 PRI NT #3, for Wiite I nperial Spanish Onions at Purnong Landi ng"
3034 PRI NT #3, 851105"

3036 LET P$="LONI ON. RES Rat kowsky YieId/Density - 851105"

3038 PRI NT #3, "using | og of deviations’

3040 PRINT #3, "nodels: 1. y=(b(1)+b(2)*x)"(- 1/ b(3))

3042 PRINT #3, " Bl easdal e and Nel de

3044 PRI NT #3, " 2. y=1/(b(1)+b(2)* x+b(3) x*x)"

3046 PRI NT #3, " Hol I i day"

3048 PRI NT #3, 3. y=1/(b(1) +b(2)*x"b(3))"

3050 PRI NT #3, Farazdaghi and Harris"

3052 PRI NT #3

3054 PRI NT #3,"which nodel is to be used "; L9

3120 I F L9<1 OR L9>3 THEN 3008

3130 PRI NT "nodel number ";L9;" in use"

3140 PRI NT #3, "nodel number ";L9;" in use"

3150 LET M=42: REM nunber of data points

3155 RESTORE 3400

3160 FOR 1=1 TO M

3180 READ Y(I,2),Y(l,1): REM note reverse order

3182 REM note that the data is not played back

Appendi x A

DATA 106. 5, 103, 107. 3, 118. 1, 124. 2, 126. 3, 136. 7, 140. 7, 144. 3, 157.6
DATA "PPORK", 98.7, 86.9, 87.5,103. 4, 100. 1, 92. 8, 91. 8,100, 103. 2
DATA 103. 3,101, 112. 7, 130. 3, 117. 8, 116. 8,130. 6, 128. 1, 109. 6, 132. 4
LET 13=0: REM start with conputable function

LET R1=10*B(1)+. 1*B(2)*Y(Il,2)+. 1*B(3)*Y(I,3)-Y(I,1)

LET Y(I,4)=Rl: REM save the residual val ue

RETURN

LET D(1)=10: REM LI NTEST

Appendi x A 415

3190
3192
3195
3200
3210
3220
3230
3240
3242
3250
3260
3270
3280
3285
3290
3300
3400
3401
3402
3403
3404
3405
3406
3407
3408
3409
3410
3411
3412
3413
3414
3415
3416
3417
3418
3419
3420
3421
3422
3423
3424
3425
3426
3427
3428
3429
3430
3431
3432
3433

REM that is, read yield in y(.,2), density in y(.,1)
NEXT |

LET 15=0: REM no of nmsked paraneters
FOR J=1 TO 3: REM set bounds and nasks
LET Q(J, 1)=-100: REM | oose |lower bound
LET O(.] 2)=1000: REM | oose upper bound
PRI NT ' mask par anet er ";J; "

I NPUT ([cr] =no )"

PRI NT #3, " mask pararreter XS
IF X$="Y" OR X$= "y" THEN 3280

LET (J, 3)=1
GOTO 3290

LET Q(J, 3)=0: REM masked

LET I5=15+1

NEXT J

RETURN

DATA 23.48, 223.02

DATA 26.22, 234.24

DATA 27.79, 221.68

DATA 32.88, 221.94

DATA 33.27, 197.45

DATA 36.79, 189.64

DATA 37.58, 211.2

DATA 37.58, 191.36

DATA 41.49, 156.62

DATA 42.66, 168.12

DATA 44.23, 197.89

DATA 44.23, 154.14

DATA 51.67, 153.26

DATA 55.58, 142.79

DATA 55.58, 126.17

DATA 57.93, 167.95

DATA 58.71, 144.54

DATA 59.5, 151.3

DATA 60.67 130. 52

DATA 62.63, 125.3

DATA 67.71, 114.05

DATA 70.06, 116.31

DATA 70.45, 120.71

DATA 73.98, 134.16

DATA 73.98, 114.48

DATA 78.67, 91.17

DATA 95.9, 101.27

DATA 96.68, 97.33

DATA 96.68, 101.37

DATA 101.38, 97.2

DATA 103.72, 87.12

DATA 104.51, 81.71

DATA 105. 68, 76.44

DATA 108.03, 87.1
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3434 DATA 117.82, 84.54 NASHEASY. FN

3435 DATA 127.21, 69.09

3436 DATA 134.26. 64. 4 30 DI M B(25), X(25), O 25, 3)

3437 DATA 137.39, 66.81 2000 LET F=0: REM new Nash function

3438 DATA 151.87, 63.01 2010 LET 26-1

3439 DATA 163.61, 55. 45 =

3440 DATA 166.35, 62.54 2030 LET Z8=B(L)-L

3441 DATA 184.75. 54.68 2040 LET Z7=EXP(-Z8*Z8)-1

3500 LET 13=0: REM conputability flag 2050 LET z5=75*Z77

3505 ON L9 GOTO 3510, 3600, 3700: ~ REM Rat kowski yi el d/ densi ty nodel s 2060 LET F=F+78*Z8

3510 | F B(3)=0 THEN 3800: REM FAI LURE 2000 NXT L

3511 | F B(1)+B(2) *Y(I,2) <E9 THEN 3800 =F+Z5*

3512 LET Ri=(-1/B(3))*l og(B(1)+B(2)*Y(I,2))-1og(Y(l, 1)) 2090 RETURN _ _ o

3513 REM Bl easdal e Nel der 2500 LET Z5=1: REM new Nash function partial derivatives

3520 RETURN 2510 FOR L=1 TO N

3600 LET Z1=Y(1,2): REM Hol | i day 2520 LET Z8=B(L)-L

3605 | F B(1) +B(2) * Z1+B(3) * Z1* Z1<E9 THEN 3800 2530 LET G(L)=2*Z78

3610 LET Ri=-1og(B(1)+B(2)*Z1+B(3)*Z1*Z1)-1og(Y(I, 1)) 2540 LET Z5=25*(EXP(- Z8*Z8) - 1)

3620 RETURN 2550 NEXT L

3700 IF B(1)+B(2)*(Y(I,2)~B(3))<E9 THEN 3800 2560 FOR L=1 TO N

3705 LET Ri=-1og(B(1)+B(2)*(Y(1,2)*B(3)))-log(Y(I,1)): 2570 LET Z8=B(L)-L

REM Far azdaghi & Harris %ggg :_EFZ?TE_)I_(E(ENZ%%S)

3710 RETURN T 10 oo

3800 LET 13=1: REM function not conputable 3288 lNE)r(TGf_I) L) -4*25*Z5* 28* Z¥/ ( Z7-1)

3810 RETURN . . o 2620 RETURN

ML (L’E‘T'-gzc_?gglg‘gé?é;‘}?(?i 4%’5’: FEM yieldldensily derivatives 3000 PRI NT " NASH FUNCTI ON NASHEASY. FN SETUP - 851119"

010 LET Z2=(B(1)+ :2)): 3010 PRI NT #3, " NASH FUNCTI ON NASHEASY. FN SETUP - 851119"

4 =1/ B(3) 3020 | NPUT "NO. OF PARAVETERS (1<=N<=25):": N

4030 LET X(1)=23/72 3025 PRINT #3,"NO. OF PARAVETERS (1<=N<=25):": N

4040 LET (2)=v(l,2)*D(1) 3030 | F N>25 THEN 3020: REM di mensi ons set for 25

4050 LET IX3)=LOX(Z2)/(B(3)*B(3)) 3040 |F N<1 THEN 3020: REM minimum of 1 paraneter

4060 RETURN_ . . 3090 REM set the bounds on the paraneters

4100 LET Z1=Y(1,2): REM Hol | i day 3100 Fom 1o SN

4110 LET Z2=B(1) /’“( B(2)+B(3)*z1)*Z1 3106 LET O(i,1)=-100: REM | oose | ower bound

4120 LET (1) :'1 Zf 3108 LET (1, 2)=100: REM | oose upper bound

4130 LET D(2)=D(1)*Z1 3110 LET O(I,3)=1: REMnot nasked

4140 LET D(3)=D(2)*Z1 3112 N

4150 RETURN_ . . . 3118 LET 15=0: REM no. of masked paraneters

4200 LET Z1=Y(1,2): REM Farazdaghi and Harris 3120 PRINT " FUNCTI ON FORM = SUMMATI ON of Z(I)**2 + PRCDUCT of Z1(1)"

4210 LET Z2=B(1)+B(2) *Z17B(3) 3152 PRINT " N

4220 LET X(1)=-1/72 3125 PRINT " WHERE Z(1) = B(I) - |

—_ * AN

4230 LET D(2)=D(1)*(Z1"B(3)) 3127 PRINT " WHERE z1(1)= ( EXP( -Z(1)*Z(1)) - 1 )**2"

4240 LET D(3)=D(2)*B(2)*LOJ Z1) 3150 PRI NT

4250 RETURN 3140 PRINT #3," FUNCTI ON FORM = SUMMATI N of Z(1)**2 + PRODUCT of Z1(1)"
3145 PRINT #3," for 1=1 TO N’
3150 PRINT #3."  WHERE Z(1) = B(1) - |
3155 PRINT #3,"  WHERE z1(1)= ( EXP( -Z(1)*Z(1)) - 1 )**2"

3160 PRI NT #3,
3170 LET P$="NASHEASY. FN'
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3190 RETURN
QUADSN. FN
NASHHARD. FN 30 DI M B(25), X(25), O 25, 3)
2000 LET F=0: REM QUADSN. FN
30 DI M B(25), X(25), O 25, 3) 2010 FOR L1=1 TO N
2000 LET F=0: REM Nash | arge functi on NASHHARD. FN 2020 LET F=F+0.5*B(L1)*B(L1)*L1
2010 REM f=sum (x(i)*x(i)*x(i+1)*x(1+1)) for i=1 to n 2030 LET Z1=L1
2020 REM take indices nod(n) 2040 | F L1>N/ 2 THEN LET 71=-Z71
2030 FOR L=1 TO N 2050 LET F=F-B(L1)*Z1
2040 LET L1=L+1 2060 NEXT L1
2050 | F L=N THEN LET L1=1 2070 RETURN
2060 LET z8=B(L)-L+1 2500 FOR L1=1 TO N
2070 LET Z9=B(L1)-L1+1 2510 LET Z1=L1
2080 LET F=F+z8*Zz8*Z9*79 2520 | F L1>N/ 2 THEN LET Z1=-Z71
2090 NEXT L 2530 LET (L1)=L1*B(L1)-Z71
2100 RETURN 2540 NEXT L1
2500 FOR L=1 TO N: REM Nash | arge fn NASHHARD. FN partial derivatives 2550 RETURN
2510 LET L1=L+1 3000 PRI NT "QUADSN. FN SGN QUADRATI C FUNCTI ON 860629"
2520 I F L=N THEN LET L1=1 3010 PRI NT #3, " QUADSN. FN SGN QUADRATI C FUNCTI ON 860629"
2530 LET LO=L-1 3020 LET P$="QUADSN. FN SGN QUADRATI C FUNCTI ON 860629"
2540 | F L=1 THEN LET LO=N 3030 I NPUT "ORDER OF PROBLEM (N) "; N
2550 LET Z9=B(L)-L+1 3035 PRI NT #3,"ORDER GF PROBLEM (N) "; N
2560 LET Z8=B(L1)-L1+1 3040 LET M=N
2570 LET Z7=B(LO)-LO+1 3050 REM now set the bounds on the paraneters
2580 LET Q(L)=2*Z9*(Z8*Z8+Z7*Z7) 3100 FOR 1=1 TO N
2590 NEXT L 3105 LET (I, 1)=-100
2600 RETURN 3110 LET Q(I, 2) =100
3000 PRI NT "NASH LARGE FUNCTI ON NASHHARD. FN SETUP - 851117" 3115 LET ((1,3)=1. REMfree
3005 PRI NT #3,"NASH LARGE FUNCTI ON NASHHARD. FN SETUP - 851117" 3117 LET B(1)=0: REMinitial guess
3020 | NPUT "NO. OF PARAMETERS (1<=N<=25):"; N 3120 NEXT |
3025 PRI NT #3,"NO OF PARAMETERS (1<=N<=25):"; N 3200 PRINT " FUNCTION FORM = SUM (1=1 TO N) (0.5*I *B(I)"2 Ql)y*B(l)"
3030 | F N>25 THEN 3020: REM di nensi ons set for 25 3205 PRINT " WHERE QI)=I FOR I<=N 2, -1 OTHERW
3040 | F N<1 THEN 3020: REM ni ni mum of 1 paraneter 3210 PRINT #3," FUNCTION FORM = SUM (1=1 TON) (0.5*I B(I)"2 Q1)*B(1)"
3090 REM set the bounds on the paraneters 3215 PRI NT #3, ! WHERE (| )=l FOR I<=N2, -1 OTHERWS
3100 FOR 1=1 TO N 3220 PRINT: REM optinmal F=-N*(N+t1)/4
3106 LET (1, 1)=-100: REM | oose |ower bound 3230 PRI NT #3,
3108 LET (I, 2)=100: REM | oose upper bound 3240 RETURN
3110 LET (1, 3)=1: REM not nmsked
3112 NEXT |

3118 LET 15=0: REM no. of nmsked paraneters

3120 PRINT " FUNCTI ON FORM = SUMVATI ON of Z(1) for 1=1 TO N
3125 PRINT " VWHERE Z(1) (B(1)-1+1)**2)*(B(1+1)- (1 +1)+1)**2"
3130 PRI NT

3140 LET P$=" NASHHARD. FN'
3150 PRI NT #3," FUNCTION FORM
3160 PRI NT #3," WHERE Z(1)
3170 PRI NT #3,

3190 RETURN

SUMVATI ON of Z(1) for I=1 TO N'
(B(1)-1+1)**2)* (B(1 +1) - (1 +1) +1) **2"
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420 Appendi x A Appendi x A 421

RS. FN 4520 LET 7Z8=79: REM save val ue of penalty scaling

4530 LET Z9=0
2000 LET Z1=-B(1)*B(1)-B(2)*B(2)-B(3)*B(3)-B(4)*B(4): REM constraint 1 4540 GOSUB 2000: REM get unpenal ized function
2010 LET Z1=71-B(1)+B(2)-B(3)+B(4)+8 4550 PRI NT "unpenalized function = ";F
2020 | F z1>0 THEN LET Z1=0 4560 PRINT " constraint violations (in order)";Z1;Z72;7Z3
2030 LET Z2=-B(1)*B(1)-2*B(2)*B(2)-B(3)*B(3)-2*B(4)*B(4) 4570 PRI NT
2040 LET Z2=72+B(1)+B(4)+10: REM constraint 2 4580 PRINT #3, "unpenalized function = ";F
2050 | F 7Z2>0 THEN LET Z2=0 4590 PRINT #3, " constraint violations (in order)";Z1;72; 273
2060 LET Z3=-2*B(1)*B(1)-B(2)*B(2)-B(3)*B( 3) 2*B( 1) +B( 2) +B(4) +5 4600 PRI NT #3,
2070 | F Z3>0 THEN LET Z3=0: REM constrai nt 4610 | NPUT "new penalty function scaling factor =";Z9
2080 LET F=B(1)*B(1)+B(2)*B(2)+2*B(3)*B(3) +B( 4)*B(4)-5*(B(1)+B(2)) 4620 PRI NT #3,"new penalty function scaling factor =";Z9
2090 LET F=F-21*B(3)+7*B(4): REM Rosen and Suzuki (1965) function 4630 RETURN

2095 LET F=F+Z9* (Z1*Z1+Z2*72+73*Z3): REMpenalty for breaking constrai nt
2100 RETURN

2500 LET G(1)=2*B(1)-5 REM Rosen and Suzuki derivatives WOOD. FN

2510 LET §(2)=2*B(2)-5

2520 LET (3)=4*B(3)-21 2000 LET z1=1-B(1): REM wood fn

2530 LET G(4)=2*B(4)+7 2010 LET Z2=B(2)-1

2540 LET Z1=-B(1)*B(1)-B(2)*B(2)-B(3)*B(3)-B(4)*B(4): REM constraint 1 2020 LET Z3=1-B(3)

2550 LET z1=Z1- B( 1) +B(2) - B( 3) +B( 4) +8 2030 LET Z4=B(4)-1

2560 | F z1>0 THEN LET Z1=0 2040 LET Z5=B(2)-B(1)*B(1)

2570 LET Z2=-B(1)*B(1)-2*B(2)*B(2)-B(3)*B(3)-2*B(4)*B(4) 2050 LET z6=B(4)-B(3)*B(3)

2580 LET z2=72+B(1)+B(4)+10: REMconstraint 2 2060 LET F=100*Z5* Z5+Z1* Z1+90* Z6* Z6

2590 | F z2>0 THEN LET z2=0 2070 LET F=F+Z3*Z3+10. 1*(Z2*Z2+Z4* Z4) +19. 8*72* 74
2600 LET Z3=-2*B(1)*B(1)-B(2)*B(2)-B(3)*B(3)-2*B(1)+B(2)+B(4)+5 2080 RETURN

2610 I F Z3>0 THEN LET Z3=0: REM constraint 3 2500 LET Z1=1-B(1): REM wood gradi ent

2620 LET (1) =@ 1) +2*Z9* (Z1* (- 2*B( 1) - 1) +Z2* (- 2* B( 1) +1) +Z3* (- 4*B(1)- 2)) 2510 LET 72=B(2)-1

2630 LET Q(2)=Q(2) +2*Z9* (Z1* (- 2*B(2) +1) +Z2* (- 4*B(2) ) +Z3* (- 2*B(2) +1) ) 2520 LET Z3=1-B(3)

2640 LET ((3)=Q(3) +2*Z79* (Z1*(-2*B(3)-1) +Z2* (- 2*B(3) ) +Z3*(-2*B(3))) 2530 LET Z4=B(4)-1

2650 LET ((4) =G 4) +2*Z9* ( Z1* (- 2* B( 4) +1) +Z2* (- 4* B( 4) +1) +Z3) 2540 LET Z5=B(2)-B(1)*B(1)

2660 RETURN 2550 LET z6=B(4)- B(3)*B( 3)

3000 PRINT "RS. FN -- NONLI NEAR | NEQUALI TY CONSTRAINTS -- 860120" 2560 LET (1)=-400*Z75*B(1)-2*Z1

3010 PRI NT #3,"RS. FN -- NONLI NEAR | NEQUALI TY CONSTRAI NTS -- 860120" 2570 LET (Y2)=200*Z5+20. 2*72+19. 8*Z4

3020 LET P$="RS.FN -- 860120" 2580 LET @ 3)=-360*Z6*B(3)-2*Z3

3030 LET N=4 2590 LET (4)=180%*Z6+20. 2* Z4+19. 8* 72

3040 FOR I=1 TO N 2600 RETURN

3050 LET O(1,1)=-100: REM | oose bounds 3000 PRI NT “WOOD. FN - test problem- 860103"
3060 LET (I, 2)=100 3005 PRI NT #3,"WOOD. FN - test problem- 860103"
3070 LET O1,3)=1: REMfree 3010 LET P$="WOCD. FN - test problem - 860103"
3080 NEXT | 3020 LET N=4

3090 REM traditional start 3030 FOR L=1 TO N

3100 LET B(1)=0 3040 LET (L, 1)=-1000

3110 LET B(2)=0 3050 LET Q(L, 2)=1000

3120 LET B(3)=0 3060 LET Q(L,3)=1: REMfree

3130 LET B(4)=0 3070 NEXT L

3140 I NPUT "penalty function scaling factor=";29 3080 | NPUT "i npose bounds ? ([ rl] = no) ";X$
3150 PRI NT #3,"penalty function scaling factor=";Z79 3085 PRINT #3,"i npose bounds ? ([cr] = no) ";X$
3200 RETURN 3090 | F X$="y" OR X$="Y" THEN 3110

4500 PRINT "current penalty function scaling factor =";Z9 3100 GOTO 3150

4510 PRINT #3,"current penalty function scaling factor =";Z9 3110 FOR L=1 TO N
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422 Appendi x A

3120 LET O(L, 1)=-10
3130 LET (L, 2)=10
3140 NEXT L
3150 LET B(1)
3160 LET B(2)
3170 LET B(3)
3180 LET B(4)=-
3190 PRI NT "t a itional start=";B(1);B(2);B(3);B(4)
3195 PRINT #3,"traditional start=";B(1);B(2);B(3);B(4)
3200 RETURN

-3
-1
-3

1
d

r

WOODR. RES

3000 PRI NT "WOODR. RES - test problem- 860103"
3005 PRI NT #3,"WOODR. RES - test problem- 860103"
3010 LET P$="WOODR. RES - test problem- 860103"
3020 LET N=4

3025 LET M6

3030 FOR L=1 TO N

3040 LET (L, 1)=-1000

3050 LET (L, 2)=1000

3060 LET Q(L,3)=1: REMfree

3070 NEXT L

3080 | NPUT ' |rrpose bounds ? ([ r]
3085 PRI NT #3,"inpose bounds ? ([
3090 IF X$="y" OR X$="Y" THEN 311
3100 GOTO 3150

3110 FOR L=1 TO N

3120 LET (L, 1)=-10

3130 LET (L, 2)=10

3140 NEXT L

3150 LET B(1)=-3

3160 LET B(2)=-

3170 LET B(3)=-3

3180 LET B(4)=-1

3190 PRINT "traditional start=";B(1);B(2);B(3);B(4)
3195 PRINT #3,"traditional start=";B(1);B(2);B(3);B(4)
3200 RETURN

3500 I F I >6 THEN 3900: REM WOODR. RES resi dual s

3520 ON | @QOTO 3600, 3610, 3620, 3630, 3640, 3650

3600 LET R1= 10 * (B(2) - B(1) * B(1))

3605 GOTO 3680

3610 LET R1=1 - B(1)

3615 GOTO 3680

3620 LET R1= (B(4) - B(3) * B(3)) * SQR (90)

3625 GOTO 3680

3630 LET R1= 1 - B(3)

3635 GOTO 3680

3640 LET R1= (B(2) + B(4) - 2) * SQR(10)

r

—

c
0

Appendi x A 423

3645
3650
3680
3900
3905
3907
3910
4000
4010
4050
4060
4070
4080
4090
4100
4110
4120
4130
4140
4150
4160
4170
4180
4190
4200
4210
4220
4230
4240
4250
4260
4270
4280
4290
4300
4310
4320
4330
4340

GOTO 3680

LET Rl= (B(2) - B(4)) * SQR(.1)
RETURN

LET 13=1

PRI NT "error in index variable I"

PRI NT #3,"error in index variable I"
STOP

I'F I >6 THEN 3900: REM WOODR. RES Jacobi an
ON | @OTO 4050, 4100, 4150, 4200, 4250, 4300
LET D(3)=0

LET D(4)=0

LET D(2)=10

LET D(1)=-20*B(1)

RETURN

LET D(2)=0

LET D(3)=0

LET D(4)=0

LET D(1)=-1

RETURN

LET D(1)=0

LET D(2)=0

LET D(4)=SQR(90)

LET D(3)=-D(4)*B(3)*2

RETURN

1
3
LET D(2
LET D(4
RETURN
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APPENDI X B

DATA DI CTI ONARY

The foll owing variabl es have been used in our paraneter

estimation program codes.

The ancillary prograns PLOT. BAS

and DUBLTEST. BAS, and any problemfiles are excluded
Tabl e 15-1-1 gives the | ocations of the codes

A
A(
A(

A2
A7
A8
A9
B(

MRT, PCSTMVRT
POSTVM VM
TN

TN

MRT

MRT

MRT

CG, DRI VER, FGTEST,
HJ, MRT, NM NUMGRAD,
NUMJAC, POSTGEN,

POSTMRT, POSTVM
RITEST, TN, VM

the Jacobi an inner product matrix
stored as a vector

the Hessi an inverse approxi mation
(matrix)

product of Hessian approxi mati on and
search direction

residual update paraneter in cg step
| anmbda i ncrease factor

Nash phi factor

| anbda decrease factor (A9/A7)

the paraneter vector
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B2
B9

Q

8 R RR @ 8

E(

E3
E3

E4
E4

426

TN

CG, ENVRON, HJ, NM
POSTGEN, POSTMRT,
PCSTVM

MRT, PCSTMVRT

VM

POSTGEN, POSTMRT
POSTVM

POSTGEN, POSTVRT
POSTVM

POSTGEN, POSTVRT
POSTVM

CG

CG

MRT, RITEST, SUMBQR
NUMI AC

POSTMVRT

ENVRON NUMGRAD,
NUMJIAC

ENVRON
VM
TN

VM
TN

TN

TN

NUMGRAD, NUMJAC
TN

NUMGRAD
NUMJIAC

Appendi x B

cg update paraneter

a "large" number

Jacobi an inner product matrix stored
as a vector
change i n gradient

denomi nator for curvature

linear term

quadratic term

st epsi ze reduction factor
stepsi ze increase factor

vector for I-th row of Jacobian

t he nunerical approximations to
the I-th row of the Jacobian
standard error

a tenmporary floating-point scal ar
a tenporary floating-point scal ar
used 1 n Hessian inverse update
used to update preconditioning

used i n Hessian inverse update
used in preconditioning update

stepsi ze in Hessian approxi mation
within cg step

preconditioning scaling factors

stepsize in derivative approxi mation
linear cg convergence tol erance

common st epsi ze factor
step size for derivatives

Appendi x B

E5

E6

E7
E8
E8
E8
E9

F$
F$

FO

F1

F1

F3
F3

F4
F4

CG, ENVRON, FGTEST
HJ, MRT, NUMCRAD
NUMJAC, POSTGEN
POSTNVRT, POSTVM
RITEST, TN, VM

ENVRON

TN

CG

FGTEST, RITEST,
POSTGEN, POSTVRT
POSTVM

TN

CG, ENVRON, FGTEST
HJ, MRT, NM NUMGRAD,
NUMJAC, POSTGEN
POSTMVRT, POSTVM
RITEST, TN, VM

CG, HJ, MRT, NM
NUMGRAD, POSTGEN,
POSTNMRT, POSTVM
SUMSQR, TN, VM
FGTEST

FGTEST, RITEST
RESSAVE

CG, DRI VER, FGTEST
HJ, MRT, NM POSTGEN
POSTMRT, POSTVM
TN, VM

CG HJ
DRI VER POSTGEN
POSTMRT, POSTVM

NM

POSTGEN, POSTVRT
POSTVM

NUMGRAD
POSTGEN, POSTMRT,
POSTVM

427

a val ue used for scal ed conparisons
(= 10)

the radi x of the floating-point
arithmetic

epsilon for tests

tol erance scaling

a stepsize

acceptabl e point test tolerance

t he machi ne precision

the 1 oss function val ue
or sumof squares

a tenporary function val ue

the file for consol e i mage
nanme of file

val ue of the function at the
supposed m ni num

a temporary function val ue
| ower value of loss function, if any,
found by post-solution analysis

hi ghest function value in current
pol yt ope

function value mnus stepsize from
supposed m ni num

to save function value on entry
function val ue plus stepsize from
supposed m ni num
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F9
F9

8 8 8 R

T8

H(
H(

W N RRR

14
15

NM

POSTGEN, POSTMRT,
POSTVM

DRI VER

CG, FGTEST, MRT,
NUMGRAD, POSTMRT,
POSTVM SUMBQR,
TN, VM

G

G

MRT

VM

CG TN
FGTEST, RITEST

TN
VM

CG, FGTEST, MRT,
RESSAVE, RITEST, VM
SUMBQR

CG
FGTEST
TN

CG

CG, FGTEST, HJ, MRT,
NM POSTGEN, POSTNRT,
POSTVM RJTEST,
SUMBQR TN, VM

TN
CG, DRI VER, HJ, MRT,

NM POSTCEN, POSTMRT,
POSTVM TN, VM

Appendi x B

adjusted initial function value

I oss function per degree of freedom
(sigman2)

consol e inage file

the gradi ent vector

cg updat e paraneter

"ol d" gradient norm

proj ection of search direction
into constraint space

gradi ent projection on search

direction

the gradi ent norm

the stepsize for the nunerica
approximation to the gradi ent

or Jacobi an

precondi ti oni ng vector
Hessi an inverse matrix

a | oop control counter

index for residuals

counter for steepest descent |oop
a | oop control counter

mai n | oop counter

nunber of cycles before restart

flag for function not conputable
(set to 1 on failure)

nunber of cg iterations in inner |oop

the nunber of masked (fixed)
par anmeters

Appendi x B

16

~N~

J1
J1
J2
J5
J6

J7
J8

J9

K$

POSTGEN, POSTVRT,
POSTVM

CG, HJ, MRT, TN, VM

TN
VM

CG, DRI VER, MRT, TN,
VM

CG, DRI VER, HJ, MRT,
NM TN, VM

CG, DRI VER, FGTEST
HJ, MRT, NM POSTGEN
POSTMRT, POSTVM
RITEST, SUMSQR, TN,
VM

ENVRON

NM RITEST

RITEST

CG

POSTGEN, POSTVM
SUMBQR

CG HJ, NM MRT, TN, W
CG, HJ, NM MRT, TN, W

NUMGRAD, NUMJAC

CG, MRT, NM POSTGEN,
POSTMRT, POSTVM

NM

429

flag for active bounds

(- 2=l ower bound, -1=upper bound

O=i nacti ve)

a counter for the nunber of
paranmeters which are unchanged in a
step

conj ugat e gradients | oop counter
gradient iteration count at |ast
st eepest descent direction

counter for gradient eval uations
per f or med

counter for function eval uations
per f or med

a |l oop control counter

the nunber of radix digits in the
manti ssa of a floating point nunber
a |l oop control counter

a |l oop control counter

marker to ensure a step is taken

flag which is 1 if residuals can be
conput ed

paraneter display control index
paraneters are displayed every J8
function evaluations (no display if
J8=0)

a | oop control counter

a | oop control counter

indicator string for type of polytope

operation
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K1
K1

K2

K3

K9
K9

N2

P$

R(

NM

MRT
TN
NM

CG
POSTMVRT

MRT, POSTGEN, POSTMRT
POSTVM RESSAVE

RITEST, SUMSCQR
TN

CG, DRI VER, FGTEST, HJ,
MRT, NM NUMGRAD,
NUMJAC, POSTGEN
POSTMRT, POSTVM
RITEST, SUMSQR, TN, VM

MRT, PCSTMVRT

NM

CG, DRI VER, FGTEST, HJ,
MRT, NM NUMGRAD
NUMJAC, POSTGEN,
POSTMRT, POSTVM

RITEST, TN, VM
DRI VER FGTEST

CG, HJ, MRT, NM TN, W

TN
NUMJIAC RITEST

Appendi x B

triangul ar array el ement index for
Chol eski deconposition

an index variable (often refers to
the |l owest vertex in the polytope)

triangul ar array el ement index
pointer to upper or |ower bound

an index variable (often refers to
the highest vertex in the polytope)

poi nter to upper or |ower bound
a |l oop control counter

t he nunber of data points or
residual s
iteration limt

the nunber of paranmeters in |loss
function

nunmber of elenments in upper
triangul ar matrix hol di ng Jacobi an
inner product or its Chol esk
deconposi ti on

nunber of dinmensions in polytope

bounds and nmasks information storage

the nane of the problem

used to hold display information
regarding masks and active bounds

linear cg residuals

residual value at initial parameters

Appendi x B

R1
R1
R1
R1
R2
R9

S

(

S1
S1
S1
S1

S2
S2
S2

S3
S3

S4

S5
S6
S7
S7
S8
S8
S9
S9

S9
S9

MRT, RESSAVE, SUMS(R

NUMJAC
RITEST
TN
TN
TN

MRT
RITEST
CG TN, VM

DRI VER MRT
NM

DRI VER

NM
NM

MRT, TN, VM
NM

CG MRT, TN, VM
NM

NM

RITEST
VM

431

the value of the residua

residual at (original point + delta)
tenporary storage of the residua
used in linear cg step

used in linear cg step
residual norm

tenmporary accunulator / factor in
Chol eski al gorithm

a flag that the relative deviation
of the derivative is unacceptable

the stepsize

initial step size

the current stepsize for axial search
stepsize used to build the initial or
restart pol ytope

initial step length
additional initial stepsize

i nformation

the stepsize reduction factor

best stepsize in line search
a tenporary variable

stepsize on entry to inverse
quadratic interpolation

pol ytope reflection factor

pol yt ope reduction and shrinkage
factor

di stance to bound
pol yt ope extension factor

maxi mum st epsi ze al | owed by bounds
"size" of polytope before shrink
operation

| anbda (danpi ng factor)

"size" of polytope after shrink
operation

the sumof the squared residual s
accunulator for H* Growl
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TO

T1
T1

T1
T1

T2
T2
T2
T3
T4

T5
T5

T7

T8
T9

ul

DRI VER
RESSAVE

CG, MRT, TN, VM
FGTEST, RITEST
HJ, NM

POSTGEN, POSTMRT,
PCSTVM

RITEST

DRI VER
POSTVRT

RESSAVE
RITEST

CG TN
DRI VER
RESSAVE
DRI VER
DRI VER
DRI VER

POSTGEN, POSTMRT,
POSTVM

RITEST

TN

CG TN
DRI VER
DRI VER
DRI VER
DRI VER

Appendi x B

used to store tine-stanp
tenporary string variable for file
information

the search direction

tenporary storage for paraneters

a tenmporary vector needed by POSTGEN
tilt angles

interpolated error of "best" fit

used in conputing el apsed tine

denomi nator for paranmeter correlation
estinate

tenporary variable for file
information

stabilized denom nator for derivative
estimate conpari sons

proj ection of gradi ent on search
direction

used in conputing el apsed tine
tenporary variable for file

i nformation

used in conputing el apsed tine
used in conputing el apsed tine
el apsed seconds in ninimzation
a "large" nunber assigned to the
function value when constraints are
vi ol at ed

user-specified tolerance for
acceptabl e rel ative deviation

tenporary storage for gradient
convergence tol erance

used to store tine-stanp

used in conputing el apsed tine
used in conputing el apsed tine

used in conputing el apsed tine

Appendi x B 433

w DRI VER used in conputing el apsed tine

W FGTEST, RITEST the nunerical approximtions to the

gradi ent or Jacobian

W NM an array to store the pol ytope and
function val ues
W TN step direction in linear cg iteration

X$ DRI VER FGTEST

tenporary user input
POSTMRT, RITEST

X( CG, DRI VER, HJ, MRT, the vector of final paraneter
NM POSTCEN, POSTMRT, esti mates
POSTVM TN, VM

Y(  RESSAVE

the data array for the problem

Users may wish to note that the following letters of the
al phabet have NOT been used in prograns.

L - could be reserved for integers within the user problem
P, Q U V, Z - can be used for REALs i.e. floating-point
(U1, U2, U3, and U4 are used to conpute the el apsed tine

in DRIVER after the paraneters have been esti mated.)

In Mcrosoft BASIC, all our prograns can be operated in double
preci sion by prefacing code with the statenent

1 DEFDBL A-H, O Z

This is placed at line 1, which will be the first line in the
program
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APPENDI X C

LI NE NUMBER CONVENTI ONS

For greater detail, the reader is referred to Chapter 15 and
the discussion and tabl es therein.

1- 999 Driver program

1000- 1999 Function or sum of squares minimzation routine

2000- 2499 Function: F=f(B); increnent |9

2500-2999 Gradient: g(B); increnent |8

3000-3499 Setup i.e. get data in Y(,), possibly fromdata
files; set bounds and masks; initialize B

3500- 3999 Residual | of nonlinear |east squares problemin Rl

4000- 4499 Partial derivatives of Ith residual (R1) with
respect to Bin D (Row | of Jacobian J)

4500- 5999 Resul ts-analysis (probl em dependent)

J C Nash & M Walker-Smith, Nonlinear Parameter Estimation: An Integrated System in BASIC
Copyright © 1987, 1995 Nash Information Services Inc., 373 Laurier Avenue E, #903, Ottawa, Ontario, KIN 8X6 www.nashinfo.com



436 Appendi x C 437

6000- 6899 Post-anal ysis (minimzation al gorithm dependent)

6900- 6999 Save residual s APPENDI X D
7000- 7330 Environment for calculations (called at |ine 7120) EXCEPTI ONS FROM M NI MAL
BASI C

In the program code presented in this book we have tried to
keep the style close to the International Standard M ninal
BASI C (I SO 6373/ 1984). However, M nimal BASI C does not | end
itself to easily readable listings, nor does it allow for
data files. Thus we have all owed ourselves the liberty of
the following extensions to M ninal BASIC.

1. W allowthe use of trailing REMark statenments, but
retain the principle of only one executabl e statenent per
line. Trailing REMarks may indi cate nachine specific
constructs for timng or docunmentation as discussed bel ow

2. Lower-case characters may be found in REMark and
PRI NT statenents

3. Input/Qutput of data to files follows the Mcrosoft
conventions, that is,

OPEN <fil ename> FOR <I NPUT/ QUTPUT> AS <fil e nunber>
I NPUT #<file nunber>, <variable |ist>
PRI NT #<file nunber>, <print list>
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We do not use READ #<file number> or WRI TE #<fil e nunber>
constructs in our prograns, since these use binary files
whi ch cannot be printed or edited directly. However, READ
statements which acquire informati on from DATA statenents are
used in exanpl e problenms. Apart from statenents which begin
"PRINT #3,..." to allow console output to be saved in a file,
data file operations are confined to a few subroutines to
limt the work required to nmake nodifications.

4. W allow the use of

I F <l ogi cal condition> THEN <execut abl e st atenent>
rather than the Mnimal BASIC form
I F <l ogi cal condition> THEN <Iline nunber>

since this yields progranms which are nore obviously readable.
Users who are restricted to Mniml BASIC can nodify our
progranms trivially as in the follow ng exanpl e.

100 | F K<N THEN LET X=2*LOG B)
becones

100 | F K>=N THEN 110
101 LET X=2*LOGB)
110 ...

5. In progranms which produce tabular output, and in
particul ar the derivative testing programs FGTEST and RITEST
and the post-solution anal ysis routines POSTGEN, POSTMRT and
POSTVM we have used the PRINT USING facility of M crosoft
BASI C rather than invoke rather conplicated program code to
provi de scal ed out put.
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6. Wiere necessary for the calcul ati on processes, and
again in the derivative testing programs FGIEST and RITEST,
we al low the use of doubl e precision variables via the
st at ement

DEFDBL A-H, O Z

This is consistent with our variabl e nami ng conventions which
have been presented in Appendix B. Users may find it useful
to insert such a statenent at the begi nning of consolidated
programs if the loss function used for nonlinear paraneter
estimation is believed to have a small variation (i.e.

rel ati ve or percentage change) over the domain of the
paraneters of interest.

7. To indicate how prograns are tined and how certain
conveni ent run-tinme docunentation may be incorporated into
programs, in particular into the DRI VER program code, we use
sone progranmi ng | anguage constructs which nmay be specific to
Ms- DOS versions of Mcrosoft BASIC, or at least to Mcrosoft
BASI C character handling. Such statements are marked wth
the trailing REMark

REM !'! <optional text>
Sonme of the M ninal BASIC conventions which ARE used are

- LET for assignnent statements

- we avoi d using character string operations apart for
assignnent of text to a character string variable

- scalar variables have names nade up of a single
letter followed by a single digit

- array variabl es have nanmes which are a single
letter.
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Thus we are fairly confident that users will have no trouble
using the code presented in al nost any conputer which runs a
BASI C having floating-point arithmetic and at |east the

M ni mal BASI C vari abl e nam ng conventi ons.

Users may note that no "subroutine" starts with a REMark
statenent, since on occasion it may be desirable to take out
such statements to shorten overall code Iength. Furthernore,
we have noted that the Mcrosoft BASIC conpil ers may not
generate correct object code if an attenpt is made to branch
to a REMark.

441

APPENDI X E

COVPUTI NG ENVI RONVENT

In several sections of this book we have indicated that the
properties of the conputing systemused are inportant to the
operation of the methods used. The main concerns (apart from
programi ng | anguage features and syntax dial ects) are:

- the radix of floating-point arithnetic avail able

- the machine precision (i.e. nunber of radix digits)
of this arithnetic

- the precision to which special functions are

conput ed.

An especial ly ingenious and rigorous approach to these
(and other) conputing environnment features has been devised
by Professor W Kahan of the University of California-
Ber kel ey (Karpinski, 1985). This is the collection of
conputer prograns known as PARANA A which befit their name in
the extent of the report on conputational properties
provi ded.

Si npl er approaches are provided by other authors
(Mal col m 1972; Gentl eman and Marovi ch, 1974; Nash, 1981; Cody
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and Waite, 1980).

The machine precision E9 is the snallest positive nunmber
such that

1.0 + E9 > 1.0

If the arithnetic is to base E6, also called the radix.
and J1 digits are available to store a floating-point nunber
this nunber will be represented as a polynom al in powers
of E6 times sone exponent and sone sign. The exponent is
sinply a power of E6 which scal es the nunmber. Just as we can

wite 13.467 as 1.3467 * 10 * 10 = 1.3467E+1, we can put the

radi x_point (which is the deci mal point for E6=10) just
after the first digit. Thus we wite the genera
representation of a floating-point nunber as

J1
( AE- 1) number ~ (sign) * E6°° « > ¢(j) * Eel1])
j=1
where the dj), j =1,2,...J1 are the digits of the nunber

Clearly, 1.0 has

q1) =1
qj) =0 if j>1
X9 =0

The snal | est positive nunmber which, when added to 1.0, gives
a nunber which is represented as a nunber greater than 1.0 is
thus the nunber having (un-normalized) representation

aj) =0 if j<i1
qJil) =1
X9 =0

whi ch has val ue E9 = E6(1"I%)
This is the machine precision The program ENVRON bel ow
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finds E6 and J1 for nost conputing environnents

Unfortunately, some environments may store nunbers to a
hi gher precision than that to which functions may be
conputed. Mcrosoft BASIC, for exanple, allows variables and
arrays to be defined as double precision (Mcrosoft, 1983).
However, many variants of this popul ar progranm ng | anguage
processor wll only compute special functions such as square
root, sin, cos, tan, arctan, log or exp to single precision
Clearly this may conprom se our work if high accuracy
functions are needed, for exanple, in surveying or navigation
appl i cations.

The user can test functions to see if they are double
preci sion using the short program DUBLTEST bel ow. The
program uses sinple MLaurin series approxi mati ons conput ed
in doubl e precision near points where these approxi mations
converge qui ckly. W use the followi ng tests for x "small":

log(1l-x), sin(x)/x, exp(x), arctan(x), sqgrt(l+x*(2+x))

The absol ute deviations and rel ati ve devi ations between the
function val ues returned by invoking the desired function in
BASI C and the series-conputed function val ue should be of the
order of the doubl e precision value for the machi ne precision
If larger deviations are observed, then it is probable that
functions are intended to return results only to single

preci sion. Wen the precision of such special functions is
critical, the user will have to conpute their val ues by other
means, such as the series approach shown. However, we warn
that this is NOT a good idea unless such series are known to
converge rapidly for the arguments supplied
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7000
7010
7020
7030
7040
7050
7060
7070
7080
7090
7100
7110
7120
7130
7140
7150
7160
7170
7180
7190
7200
7210
7220
7230
7240
7250
7260
7270
7280
7290
7300
7310
7320
7330

Appendi x E
ENVRON. BAS 09-10-1985 21:32:24

REM ENVRON - - SUBROUTI NE TO DETERM NE MACHI NE PRECI S| ON
REM AND SET SOME STANDARD VARI ABLES
REM I NPUTS:  NONE
REM
REM QUTPUTS
REM B9 -- A LARGE NUMBER ( CURRENTLY 1E+35)
REM E5 -- A NUMBER FOR RELATI VE EQUALI TY TESTS ( CURRENTLY 10)
REM E9 -- THE MACHINE PRECI SION, E9=M N (X : 1+X>1)
REM E6 -- THE RADI X OF ARI THVETIC
REM J1 -- THE NUMBER OF RADI X DIG TS I N MANTI SSA OF
REM FLQATI NG PO NT NUVBERS
REM

LET D1=1: REM USE A VARI ABLE TO AVO D CONSTANTS WHEN DOUBLE
REM PRECI SION | S | NVCKED

LET E5=10: REM ARBI TRARY SCALI NG FOR ADDI TI VE EQUALI TY TESTS
LET B9=1E+35: REM BI G NUMBER, NOT NECESSARI LY Bl GGEST PGCSSI BLE
LET E6=1: REM I N TI AL VALUE FOR RADI X

LET BE9=1: REM IN TI AL VALUE FOR MACHI NE PRECI SI ON

LET E9=E9/2: REM START OF LOOP TO DECREASE EST. MACHI NE PREQ SI ON
LET DO=E6+E9: REM FORCE STORAGE OF SUM | NTO A FLOATI NG- POl NT SCALAR
| F DO>E6 THEN 7180: REM REPEAT REDUCTION WHI LE (1+E9) > 1

LET E9=E9*2: REM RESTORE SMALLEST E9 WHICH G VES (1+E9) > 1
LET E6=E6+1: REM TRY DI FFERENT RADI X VALUES

LET DO=E6+E9

| F DO>E6 THEN 7220: REM UNTIL A SHI FT | S OBSERVED

LET J1=1: REMIN TIAL COUNT OF RADI X DDA TS I N MANTI SSA

LET E9=1: REM USE RADI X FOR EXACT MACH NE PRECI SI ON

LET E9=E9/E6: REM LOOP WHI LE DI VI DI NG BY RADI X

LET J1=J1+1: REM | NCREMENT COUNTER

LET DO=D1+E9: REM ADD TO 1

| F DO>D1 THEN 7270: REM TEST AND REPEAT UNTIL EQUALITY

LET E9=E9*E6: REM RECOVER LAST VALUE CF MACHI NE PRECI SI ON

LET J1=J1-1: REM AND ADJUST THE NUMBER OF DIG TS

RETURN
Li ne no. Ref erenced in line(s)
7180 7200
7220 7240
7270 7300
Synbol Ref erenced in line(s)
B9 7150 -- a big nunber
DO 7190 7200 7230 7240 7290 7300 -- a tenporary
fl oating-point scalar
D1 7120 7290 7300 -- a tenporary floating-point scal ar
E5 7140 -- a scaling factor for additive equality tests

E6 7160 7190 7200 7220 7230 7240 7270 7310
-- the radix of the floating-point arithmetic

App

250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
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E9 7170 7180 7190 7210 7230 7260 7270 7290 7310
-- the machine precision (snallest positive nunber
whi ch gives (1+E9) > 1 in the available arithnetic

J1 7250 7280 7320 -- the nunmber of radix digits in
the manti ssa of a floating point numnber

LI NES: 34 BYTES: 1632 SYMBOLS: 11 REFERENCES: 35

DUBLTEST. BAS 11-24-1985  11:20:57

PRI NT "DUBLTEST - 851116 - to test precision of functions"

PRI NT

PRI NT "Conput es functional approximations using double"

PRI NT "precision using MlLaurin series and conpares results”
PRINT "with BASIC internal function called with double"

PRI NT "precision argument. Absolute and rel ative deviati ons"
PRI NT "are reported which SHOUD be of the order of the"

PRI NT "machi ne precision for double precision argunents if the"
PRINT "internal functions are conputed to doubl e precision.”

PRI NT

DEFSNG A- C

DEFDBL D-H, O-Z

LET A=1

LET D=1#

LET B=.1

LET E=. 1#

PRI NT "functions avail abl e"

PRI NT " 1) log(1-x)"

PRI NT " 2) sin(x)/x"

PRI NT " 3) exp(x)"

PRI NT " 4) arctan(x)"

PRI NT " 5) sgrt (1+2*x+x*x) - 1"
PRI NT

I NPUT "function to be used (1-5) ?";K8
PRI NT

ON K8 GOTO 270, 290, 310, 330, 350

PRI NT "l og(1-x)"

GOTO 360

PRI NT "sin(x)/x"

GOTO 360

PRI NT "exp(x)"

GOTO 360

PRI NT "arctan(x)"

GOTO 360

PRI NT "sqgrt(1l+x*(2+x)) - 1"

PRI NT

PRI NT " x"; TAB(24) ;" function (series)"
PRI NT TAB(48);" abs. & rel. deviations"
LET C=A
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400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760

770 LET

780
790
800
810
820
830
840
850
860
870
880
890

LET F=D

FOR K=1 TO 16

LET C=C*B

LET F=F*E

ON K8 GOTO 450, 470, 490, 510, 530

GOSUB 640: REM | og

GOrO 510

GOSUB 760: REM sin(x)/x

GOTO 540

GOSUB 870: REM exp(x)

GOTO 540

GOSUB 980: REM arct an(x)

GOTO 540

GOSUB 1090: REM sqrt (

PRI NT X; TAB(24);Z; TAB(48)

PRI NT USI NG " ##. ### """ ABS( Y- Z) ;
PRI NT * "

| F Z=0# THEN 590

PRI NT USI NG " ##. ### A" (Y-2) 1 Z;

PRI NT

NEXT K

PRI NT

PRI NT

STOP

REM subroutine to evaluate fns in db
REM | og( 1-x)

LET X=F

LET Z=
LET T=
LET J=
LET J=J+1

LET T=T*X*(J-1)/J

LET Z=2-T

| F Z<>Z-T THEN 700
LET Y=LOG 1#- X)
RETURN

REM sin(x)/x

X=F

LET Z=1#

LET T=Z

LET J=1

LET J=J+2

LET T=-T*X*X/ (J*(J-1))
LET Z=Z+T

| F Z<>Z-T THEN 810
LET Y=SI N(X)/ X

RETURN

REM exp( X)

LET X=F

LET Z=1#

=X
X
1
J
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900 LET J=0

910 LET T=1#

920 LET J=J+1

930 LET T=T*X/J

940 LET Z=zZ+T

950 | F Z<>Z-T THEN 920
960 LET Y=EXP( X)

970 RETURN

980 REM arctan

990 LET X=F

1000 LET z=X

1010 LET T=X

1020 LET J=1

1030 LET J=J+2

1040 LET T=-T*X*X*(J-2)/J
1050 LET Z=zZ+T

1060 | F Z<>Z-T THEN 1030
1070 LET Y=ATN( X)

1080 RETURN

1090 REM sqrt (1+x*(2+x))-1
1100 LET X=F

1110 LET Z=2#+X

1120 LET Z=1#+X*Z

1130 LET Y=SQR(Z)-1#
1140 LET Z=X

1150 RETURN
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Bel sl ey, D. A
Bjorck, A 199, 218,
Bl easdale, J.K. A 396

Estimati on Met hods BMDP 24, 355
Box, G E.P.

An Integrated Systemin BASIC Box, MJ.
Bradbury, WW 295
Brenernmann, H 297
Brent, R P. 95
Brown, K. M 402
Brown, R D.
Caceci, MS.
Cacheris, WP,
Cauchy, A
Chanbers, J. M
Cody, WJ. 441
Conn, AR 30
Cook, R D. 19
Craig, RJ. 117
Dahl qui st, G
Davi don, WC.
Denmbo, R S.
Dennis, J.E Jr. 18,
Di xon, L.C.W
Donal dson, J.R

Nonl i near Par anet er

17, 94

46, 248, 249, 280
374

117, 158, 253

24
24, 110, 341, 349
24, 110, 341, 349
16, 133, 134, 141

23

199, 218, 374
17, 138, 179
18, 134, 163

25, 164
95, 150, 299, 301, 393
260

Evans, J.W 117
Farazdaghi, H 397
61

Fiacco, A V.
Fenton, R G 101 "
Fletcher, R

181, 295, 309
Garbow, B.S. 159, 189, 402
Gass, S.|. 114
Gauss, C. F.

Gay, DM 18,
Gentl eman, WM 441
Ggll, P. E

218, 295, 303
Goodal I, C. 46
Gregory, NW 42, 341
Cuar dabasso, V. 24

Hal sey, G D. 42, 341
Harris, P.M 397
Hartley, H O 17, 201

Havriliak, S. Jr.
Hestenes, MR
Hillstrom K E.
Hock, W 189, 402
Hocking, R R 249
Hol I iday, R 397

18, 134, 138, 149, 179,

16, 133, 139, 193
25

29, 30, 60, 61, 180, 200,
254, 400
Colub, GH 163, 196, 198, 200, 204,

19, 42
136, 149, 150, 163
159, 189,

402
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Holt, J.N. 285

Hooke, R 17, 95, 101

Hut chinson, D. 114, 117, 121, 122
I MBL 24

Intriligator, MD. 67, 365, 375
Jacoby, S.L.S. 393, 399

Janes, F. 24

Jeeves, T.A 17, 95, 101
Johnston, EER Jr.

Johnston, J. 67, 365

Jones, A 200

Kapsalis, C. 365, 366

Kar pi nski, R 159, 234

Knenta, J. 379

Kauf man, L. 303

Koontz, J.E. 145
Kowal i k, J.S. 393, 399
Krogh, F. T

. 303
Kuh, E. 46, 248, 280
Laidler, K J. 38
Lanczos, C. 285
Landriani, GS. 24
Lawton, WH. 7
Levenberg, K. 17

Lo, K L. 42

Makridakis, S. 42, 380

Malcolm M 441

Mal oy, R 337

Manno, J.E. 24

Marovich, S.B. 441

Marquardt, D.W 17, 24, 141, 202, 203

MColl, RD. 42

McCormick, GP. 61

MeCul | agh, P. 19, 22, 23, 35

MGee, V.E. 42, 380

Mead, R 17

Meade, N. 42

Mcrosoft 31, 359, 443

M adi neo, R H 299

Moel wn- Hughes, E. A. 12, 42, 341, 358,
361

Mffatt, AM 42

Moler, CM 363

Moré, J.J. 159, 189, 402

Mrrey, C.B., Jr. 26, 262

Moyes, |. 42

Mirrray, W 29, 30, 60, 61, 180, 200,
4

Aut hor | ndex

Nash, J.C. 4, 5, 24, 31, 35, 38, 39,
40, 47, 57, 66, 114, 117, 120, 145,
159, 181, 196, 197, 198, 199, 200,
202, 203, 204, 218, 256, 257, 263,
285, 369, 375, 381, 393, 394, 441

Nash, S.G 18, 138, 149, 163, 165, 392

Nel der, J.A. 17, 19, 22, 23, 35, 396

Neter, J. 3

Ong, P.S. 42

Gsborne, MR 285

Parkinson, J.M 114, 117, 121, 122

Peck, C.C. 24

Pedersen, P.V. 24

Pereyra, V. 303

Pfeffer, M 24

Pizzo, J.T. 393, 399

Pol ak, E. 151

Powel |, MJ.D. 18, 138, 151, 179, 402

Protter, MH 26, 262

Rabi novitch, B.S. 42, 341

Rat kowsky, D.A. 12, 22, 36, 158, 251,
253, 396, 397, 412

Reeves, C.M 18, 134, 149

Ribiere, G 151

Rice, J. 198

Rosenbrock, H. H 17, 95, 392, 393
Rocchetti, M 24

Roos, M 24

Ruhe, A 285, 303

SAS 23

Schey, J.A. 43

Schiff, L.1. 19

Schi ttkowski, K. 189, 402
Schnabel, R B. 145, 164, 260
Sedman, A.J. 24

Shearer, J.M 91, 134

Smith, H 67, 215, 248
Sommerfeld, A 2

Spendl ey, W 121, 260
Steihaug, T. 18, 134, 163
Stevens, WL. 89

Stiefel, E. 136, 149, 150, 163
Sulley, J. 42

Swann, WH. 95

Syl vestre, ELA. 7

Szegd, G P. 299, 301

Tal paz, H 379

Aut hor | ndex 483

Teeter, N.J. 39

Van Loan, C.F. 163, 196, 198, 200, 204,
218, 295, 363

Wagner, J.G 24

Wiite, W 442

Wal ker-Snith, M 375, 381

Wasserman, W 3

watts, D.G 6, 18, 19, 42, 158, 251,
252, 256, 341, 363

Wedin, P-A 285, 303

Weiss, B.E. 145

Welsch, RE 18, 25, 46, 248, 280

Wieelwright, S.C. 42, 380

Wl kinson, J.H 296

Wl f, D.A 363

Wlfe, MA 91, 134

Wight, MH 29, 30, 60, 61, 180, 200,
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Subj ect

I ndex

Subj ect | ndex

SUBJECT | NDEX

al pha (NM 116

ABS.FN 97, 311, 390-391

ABS. FN code 405

acceleration, intrinsic 252

access tine

additive error 367, 375

anal ytic derivative see derivative,
anal ytic

approxi mation, finite-difference 66,
74, 137ff, 140, 141, 145ff,
164- 165, 260, 308, 327, see al so
derivative, nunerical

arithmetic, machine 69, 98, 130,
145-146, 159, 202, 229-230, 234,
245, 294, 370, 440-441, see also
nmachi ne precision

ASCl | 226, 328

assunptions 20, 22

asymmetric |oss function 383

asynmetric sum of deviations 385

asynptotic approxi mation 398

Aut o- Regr essi ve/ Movi ng Aver age (ARVA)
nodel 381

aut omat ed derivative cal cul ation 91,
134, see al so synbolic
mani pul ation

axi al search 63, 96, 98-99, 102-104,
123, 229, 256, 261, 263, 313, 351,
391- 392

BAGLI VO RES  215ff, 311, 403

BAGLI VO RES code 406

BALF. RES 159-160, 174, 176ff, 311,
320, 4

485

BARD. RES  38ff, 311, 352ff

BARD. RES code 353f f

barrier constraint function 61ff, 92,
100, 119-120

BASCOM conpl i | er 237ff, 241, 298ff,

328, 440

BASIC 9-10, 131, 138, 158, 204, 218,
226, 301, 303, 319, 325, 328-329,
335, 342, 363, 440, 443

BASIC, International Standard M ni mal

, 437f

BASI C conpi | er 330, 440, see also
BASCOM conpi | er

BASIC interpreter 174, 201, 205, 226,
233-234, 301, 312, 330 see also
BASI CA; GWBASI C

BASI CA interpreter 159, 226, 234,
237, 241, 325-326, 328-330,
359-360, 388, 391-392

Bat es/ Watts convergence test 257

Bates/Watts nonlinearity nmeasures 252

beta (NM 116, 118

BVDP 24

BVDP. RES 311, 355ff

BVDP. RES code  355ff

bootstrap 262

bounds constraints 10, 27, 47, 60,
62, 68, 72, 75, 89, 100, 102, 104,
123, 142ff, 144-145, 166, 189,
201, 203, 216, 232-233, 254, 259,
261, 262, 296-297, 310-311, 314,
319-320, 326, 329, 345, 383,
390ff, 393, 402, 435
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486 Subj ect | ndex Subj ect | ndex 487

Box- Jenki ns met hodol ogy 381 configuration 329-330, see al so data points, nunber of 221 EIGV. FN  295ff, 300, 311
Brown Alnost Linear Function see conputing environnent deconposition see matrix o EIGV. FN code  322ff
BALF. RES conjugate direction  135ff, 150 deconposition; chemical kinetics endogenous variable 373
Brown' s doubl e exponential smot hi ng conjugate gradients 18, 69, 139-141, DELETER 328 ENVRON 206, 232, 307-308, 436, 442,
381 149ff, 163, 174-175, 182, 228-230, depreci ation 40 see al so conputing environment
Broyden- Fl et cher - Gol df ar b- Shanno ( BFGS) 233ff, 237ff, 240, 242-243, 251, derivative, analytic 74, 76ff, 227, ENVRON code  444ff
update 180 255, 296ff, 300, 307-308, 326-327, 226, 228, 229, 230, 294, 319, 328, equal ity constraints see constraints,
BT.RES 311, 390ff 357, 369, 388-389, 391-392, 395 . 345, 350, 351, 359 equal ity
BT. RES code 407 conj ugate gradients source-code  151ff derivative, numerical 66, 73, 75ff, equality test  54ff, 98
BYTE. CHM  110ff, 343ff, 350 conjugate gradients, linear 138, 141, 95, 137ff, 140, 145ff, 165-166, equi libriumnodels — 42ff
BYTE.CHM fil e 349 149, 165-166 221ff, 227ff, 230, 294, 307-308, error 4, 19, 68, 103, 121, 206,
Caceci and Cacheris kinetic problem constraints 27-28, 46ff, 58ff, 60ff, 320, 327-329, 345, 350, 359-360, 245ff, 259, 268, 344, 367,
see CHEM RES 88, 92, 100, 119-120, 144, 182, 379, see also Jacobian, nunerical 375-376, 397
CAL4. FN 159, 161, 175, 311, 393 226-227, 232, 247, 254, 258, derivative eval uations, nunber of 137 error distribution 20, 22, 25, 44,
CAL4. FN code 407 291ff, 293, 296, 319, 400, see derivative testing 73ff, 134, 333ff, 46, 258, see al so Gaussian
CG see conjugate gradients al so bounds constraint see al so FGTEST, RITEST di stribution
characterization of problems 25 constraints, equality 27, 58ff, descent methods 133, see al so estimation criterion see |oss
CHEM RES  110ff, 311, 341ff, see al so 60-61, 142, 292 ~ steepest descent function
BYTE. CHM Perrel |l a nodel s; constraints, inequality 27, 59ff, dielectric constant 42 Evol utionary Operation 94
WATTS. CHM , DI Mensi on 226 execution tinme 60, 221, 231ff, 351
CHEM RES code 346f f constraints, |inear 59- 60 direct search nethods 17, 62-63, 72, exogenous variabl e 373
chemical kinetics 12, 14, 24, 88, continuous function 38, 56, 195 91ff, 101, 113, 120, 133, 229, expansion (NVM 114, 116, 121
196, 311, 341ff, 345ff, see al so contraction (NV  114ff, 116, 118 231, 261, 294-295, 297, 308, 320, expansion coefficient ~ see gamma (NV
CHEM RES, MHKI NX. RES contraction coefficient see beta 342, 383, see al so Hooke and exponential decay 40, see al so
chemical reaction  38ff, 284, 311, (NM Jeeves; Nelder - Mead pol yt ope BARD. RES
358ff, see al so BARD. RES convergence test  96ff, 117, 119, 144, ) et hod ) exponential functions 250, 293, 369,
Chol eski deconposition  196ff, 159, 165, 206, 220, 230, 253ff, di scontinous gradi ent 390 379, see also LANCZOS. RES
199-201, 203, 205-206, 221 see also ternmnation criteria di scontinuous or non-snooth |oss exponential growh nodel 6, see also
clams, soft-shelled see BAGLI VO RES convergence, false 143, 221, 297 ) functions 92, 94, 119, 121, 140 BAGLI VO. RES
clock speed 234 convergence, premature 123, 158, 160, discrete function  38ff exponential snoothing 381
COBB. RES 67ff, 311, 375ff 294 di spersi on estinmates, paraneter 73, FGTEST 74ff, 138, 226, 229-230,
COBB. RES code  377ff convergence, quadratic 136, 174, 181 103, 121, 123, 227, 232-233, 307-308, 438-439, see also
Cobb- Dougl as production function see convergence, rate of 51, 92, 99-100, ) 258ff, 342, 351, 357 derivative testing; function
COBB. RES 103, 136, 138, 140, 159, 166, 182, divergence 249 testing
code |ength 60, 95, 100-101, 136-137, 195, 206, 229, 251, 352, 400 domai n 55 FGTEST code 78f f
151, 164-166, 182, 203, 231ff, convergence, slow 134, 158, 230-231, doubl e precision 160, 204, 373, 389, file Input/Qutput 232, 325ff, 437ff
235ff, 440 351 433, 439, 443 finite-difference see approxi nation,
conpart ment nodel s 362f f correl ation 247, 259 DRI VER 100, 256, 301, 307-308, 312ff, finite-difference
conpiler 130, 216, 226, 233, 237, coverage 260 319, 325, 330, 433, 439 flag variable 226, 320
312, 327, 337, 359, see also BASIC data dictionary A(-B2 425 DRI VER code  314ff FLEPOM N 138, 179
conpi | er data dictionary B9-E4 426 DUBLTEST 443 Fl et cher- Reeves nethod 150
conputational effort 49, 94, 96, 123, data dictionary E5-F4 427 DUBLTEST code  445ff floating-point arithmetic see
133-134, 137, 165, 201-202, 220, data dictionary F9-15 428 econonetric nodel estimation  365ff, arithmetic, machine
230 data dictionary 16-K$ 429 see al so KAPESTW RES FM N see function mninization
conput i ng environnent 10, 62, 166, data dictionary Ki-RO 430 econonetric nodel simulation 373f f FN file 252, 280, 307, 310, 320ff,
206, 221, 240, 329, 335, 436, data dictionary R1-S9 431 econom ¢ nodeling 45, 365ff, 375, 381 327, 329-330, 333, 435
441ff, see al so ENVRON, nachi ne data dictionary T$-U3 432 eigenval ue  197-198, 363, see also forecasting 42, 365ff, 373, 380ff
preci si on data dictionary U4-Y( 433 ~ EIGV.FN FORTRAN 198, 252
confidence region 260 data entry 227, 319 ei genvect or 198 function see FN file; loss function
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function eval uations, )
102, 116, 119, 122, 140, 146, 201,
207, 221, 234, 313

function minimzation 17, 26-27, 29,
49, 307, 310, 320

function surface
expl oration of functional

function testing 134, 226, 333ff,

Gauss-Jordan inversion
Gauss- Newt on coef ficient
207

Gauss- Newt on equati ons

Gauss- Newt on_net hod
20

Gaussi an distribution
Ceneral i zed Least Squar es’ (G_S)

general i zed 1| nverse

general i zed |inear nodel s , 22

174, 178, 233, 236-238,
242, 311, 392ff

GENRCSE. FN code 408

174, 233, 236-238, 242,

GENRCSEJ. RES code

see step procedure,

27, 294, 299ff
Gonpertz signoi dal

ient eval uations,
140, 146, 164, 207, 233, 313

66,
229, 230, 231, 242ff
256, 294 298ff
al so conj ugate gradi ent s;
truncat ed Newt on;
ient projection norm
i i see derivative

variable netric

see also plotting

Subj ect | ndex

grid search 103, 299

grow h and decay nodel s 6, 12, 34ff,
40, 43, 89, 215, 284, 341, see
al so BAGLI VO. RES; BARD. RES;
HOBBS. RES

GWBASI C interpreter 130, 159, 234,
241, 251, 325-326, 328-330, 333,
353, 357, 359, 379

Hartley's nethod 202

Harwel | library 24

Heavi si de function 61

Hei senberg uncertainty principle 19

Hessi an 194, see al so singul ar
Hessi an

Hessi an di spersion see POSTVI

heuristics  92-93, 95, 98, 113 114,
122, 146, 195, 228

HJ see Hooke and Jeeves

Hobbs weed i nfestation problem see

BS. RES

HOBBS. RES  35ff, 64ff, 73, 75ff, 88ff,

108ff, 130ff, 158, 161, 174ff,
189ff, 215, 217, 219ff, 234, 241,
257, 273ff, 279, 311, 321

HOBBS. RES code  64ff

Hock and Schi ttkowski probl em nunber 25

see HS25. RES
Hooke and Jeeves 63, 93, 95, 96, 97,

99ff, 120, 123, 140, 226, 228-229,

233, 235ff, 238ff, 240, 242-243,
307-308, 320, 326-327, 344, 357,
360, 388-389, 391-392, 400

Hooke and Jeeves source-code 104f f

honoskedasticity 247

HS25. RES  189ff, 240, 311, 402ff

Huber function 46

identity 367

inplicit gradient techniques 95

| MBL 24

i ndet er m nacy 296

inequality constraints see
constraints, inequality

initial parameter estinmates 69, 73,

88ff, 99, 123, 181, 204, 227, 230,

297, 299-300, 314, 319-320, 3583,
403

i nteger progranm ng 29
Intel 8080 103
Intel 8086 234

Subj ect | ndex

Intel 8088 234
interpreter see BASIC interpreter
1 SO standard 335, see also BASIC,
International Standard M ninal
jackknife 262
Jacobi an matrix 48, 82, 194, 307,
?;P, 321, 327, 435, see also RES
ile
Jacobi an, nuneri cal 140, 221ff, 230,
307-308, 327, 329, 360, see also
derivatives, nunerical
Jacobi iteration 374
KAPESTW RES 311, 365ff, 373
KAPESTW RES code 370f f
Kapsal i s econonetric nodel see
KAPESTW RES
kinetics see chemical kinetics
Kl ei n econoni ¢ nodel 45, 375, 381
Kment a- Tal paz nodel see KMENTALP. RES
KMENTALP. RES 311, 379ff
KMENTALP. RES code 411
| ack-of -fit method 260
| anbda (VRT) 202ff, 206, 251
LANCLIN. FN 285, 287, 311
LANCLI N. FN code 289f f
LANCZGCS. RES 283ff, 294, 302, 311
LANCZCS. RES code 288f f
| east squares (L-2) 4, 45ff, 47,
195ff, 218, 228, 230-231, 353,
366, 368, 375, 379, 393, see also
linear |east squares; nonlinear
| east squares; sum of squares
LEQBOS 200, 218ff, 231, 257, 394
Levenber g- Marquardt see Marquardt
l'ine graph 335
line search 63, 94, 150, 164-165,
179-182, 201, 383
i near dependence 195, 199-200, 248
i near equations 59, 67, 135ff,
149-150, 199, 206, 374
i near |east squares 200, 204- 205,
218, 246ff, 302, 311, 388ff, see
al so |inear regression
i near nodel 5, 18, 22, 46ff, 258,
369

Li near Progranm ng 28, 114

i near regression 3, 89, 246ff, 249,
284-285, 367

i nearization 259, 268, 379

489

LI NTEST. RES 311, 388ff

LI NTEST. RES code 413

local minima 102, 137, 181, 256,
292ff, 297, 300ff, 383

|l ogistic growth functi on see
HOBBS. R

LONION. RES 12, 311, 396ff

LONI ON. RES code 414

I oss function 7, 17, 54ff, 225, 319,
435

LP  see Linear Progranm ng

machi ne preci sion 69, 103, 119, 146,
204, 221, 230, 255, 359, 368, 370,
393, 441-442, see also arithnetic,
nmachi ne; conputing environnent;
doubl e precision; single precision

machine tool life

magni tude of nunbers 51, 55-57, 63,
97, 250, 370

MARKET. RES 311, 381ff

MARKET. RES code 384ff

Mar kov nodel see MARKET. RES

Mar quar dt Equat i ons 204, 206, 302

Mar quardt correction see phi (MRT)

Mar quar dt  net hod 17, 69, 140-141,
158, 202ff, 215ff, 218, 221,
227-229, 233, 235ff, 237-238, 240,
242, 251, 258, 260, 268, 285, 287,
298, 307-308, 313, 326-327, 350,
353, 357, 360, 369, 373, 376,
380- 381, 383, 388-389, 392-394,
398

Mar quar dt sour ce- code 207f f

Mar quar dt par amet er see | ambda (MRT)

masks 60, 75, 88, 99ff, 102, 104,
123, 142ff, 144-145, 201, 203,
216, 232-233, 259, 296, 310-311,
314, 319-320, 326, 345, 351-352,
369- 370, 390ff, 435

mat henmati cal nodel s 2, 20

mat henati cal progranmm ng 28

matrix deconposition 196, 205- 206,
see al so Chol eski deconposition

nmaxi mum absol ute deviation (L-infinity)

310, 343ff, 385

maxi mum | i kel i hood esti mation 3, 21,
44ff, 195, 260, 380

mean absolute error 344

nean 45,
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490

neasures of nonlinearity 220, 231,
251f f

nenory, conputer 138, 149

met hod, choice of 72, 140, 225ff

MHKI NX. RES 12, 14, 311, 358ff

MHKI NX. RES code 361f f

M chael i s- Ment en nodel

ni cropr ocessor 103, 234

Mcrosoft BASIC 138, 204, 226, 433,

see CHEM RES

437-439, 443
M crosoft BASIC conpilers see BASCOM
conpi | er
M crosoft BASIC i nterpreters see
BASI CA; GWBASI C

m ni ma see gl obal mninum | ocal
m nima; stationary point

m ni mi zation 7

nodel s 2

Mol er matrix 199f f

nonent s 4

Moor e- Penr ose i nverse 218, 302

Mor gan- Mer cer - Fl odi n (MVF) si gnoi dal
curve 38

Most ek 6502 103

MRT  see Marquardt nethod

MB- DCS 72, 130, 239-240, 325, 327,
329-330, 337, 439

mul ticollinearity 248

nul ti pl e exponenti al see LANCZOS. RES

nul tiple linear regression see |inear
regression

nmul tiplicative error 68, 367, 375,
397

NAG 23

NASHEASY. FN 311, 395

NASHEASY. FN code 417

NASHHARD. FN 295, 299, 311, 395ff

NASHHARD. FN code 418

NEC V20 234

Nel der - Mead pol yt ope net hod 63,
93-94, 98-100, 113ff, 140, 226,
228-229, 233, 235ff, 237ff, 240,
242-243, 255-256, 260, 263,
307-308, 313, 320, 326-327, 342,
357, 360, 369, 373, 383, 385,
388-389, 391-392

Nel der - Mead source-code 123f f

Newt on Raphson iteration see Newton's
met hod

Subj ect | ndex

Newt on equat i ons 138, 149

Newt on' s net hod 5, 15-16 69,
133-134, 136ff. 139, 141, 143,
163, 170, 193-194, 248, 251, 295

NGL  57ff

NL. BAT  327ff

NL. BAT code  331ff

NL2SOL 18, 25

NLE  see nonl i near equat i ons

NLI N ( SAS) 23

NLLS  see nonlinear |east squares

NLP  see nonlinear programing

NM see Nel der - Meade pol yt ope net hod

non- conput abl e poi nt 75, see also
flag variable

nonl i near equations 26, 29, 49, 54,
136

nonl i near estimation - history 15

nonl i near | east squares 18, 25, 29,
35, 48-49, 54, 57-58, 82, 193ff,
227, 229, 248, 251, 253, 256, 258,
261, 302, 308, 310, 321, 342ff,
394, 402, 435

nonl i near nodel s 2

nonl i near paraneters 6

nonl i near progranmi ng 27, 29

normal distribution see Gaussi an
di stribution

normal equations 204- 205, 248

normal i zati on 296

nunerical approximations see
approxi nmation, finite-difference;
derivatives, nunerical; Jacobian,
nuneri cal

NUMGRAD  see derivatives, nunerical

NUMGRAD code  146f f

NUMJIAC  see Jacobi an, nunerical

NUMIAC code 222f f

one-site plus NSB enzyne kinetic nodel
345

one-site signoid + NSB enzyne kinetic
nmodel 345

one-site signoid enzynme kinetic nodel
345

operating system 72, 330, 335, see
al so Ms-DOS; PC-DOS

optimality conditions 254

orbi t 293

Ordinary Least Squares 366, 379

Subj ect | ndex

outliers 19, 25, 216
overdet erm ned system

54
overflow underflow 96, 189, 255, 319,
8

P3R ( BVDP) 24

packages, software 23

PAR ( BVMDP) 24

par aret er 2

paranet er display 325

paranmeter effects curvature 253

paranet ers, nunber of 102, 120, 138,
140- 141, 166, 228-229, 230, 233,
238ff, 242ff, 320

PARANO A 159, 234, 441

PASCAL 9, 24, 138

pattern search nove 93, 96, 102, 104

PC-DOS 238, 240, 325, 327

penal ty function 61, 119, 400

Perrel |l a nodel s 345t f, 350

PERRELL8. CHM fil e 349

phar macoki neti cs 24, 196, see also
chenical kinetics

phi  (MRT) 195, 201, 207, 220, 221

PLD file 280, 335ff

PLOT 280, 308, 335ff

PLOT code 337ff

plotting 10, 13, 325, see also PLOT

poi nt graph 337

pol yal gorithm 24

pol yt ope "size" 118

positive definite matrix 149, 196,
198-199, 254

post -anal ysi s 10, 73, 310, 313, 335,
436, see al so POSTGEN, POSTMRT;
PCSTVM

POSTGEN 227, 256, 263ff, 299-300,
307-308, 310, 357, 360, 389, 391
398, 438

POSTGEN code 264f f

POSTMRT 259, 263, 268ff, 307-308,
310, 351, 357, 438

PCSTMRT code  268ff

POSTVM 263, 274ff, 307-308, 310, 357,

438
POSTVM code 275f f
power distribution, electric 42
power functions 250
POWSI NG RES 298, 295, 311, 402
pre-condi tioning 149, 163, 165

491

preci si on see machi ne precision
precision of special functions see

printer 335

Print Screen 335f f

probability density

problemfile 73, 319ff 327, 330, see
also FN file; RES file

production function see COBB. RES;
KNVENTALP. RES

programdchecki ng see testing program
code

program libraries 23
psuedo-r andom nunber s 297, 300
R deconposi tion 205
quadratic approxi mation 149
quadratic function 67, 135-136, 150,
201, 261, see al so QUADSN. FN
quadratic programing 29
EN 239, 243, 311, 389ff
QUADSN. FN code 419
quasi - Newt on net hod see variable
metric nethod
Radi o Shack Pocket Conputer 101
radi oacti ve decay 284
radi oi nmunoassay see BMDP. RES
radi us of curvature 262-263, 344, 357

radi x 442
RAMIi sk 329
range 55

rate constant 40ff, 88, 283

Rat kowsky si gnoi dal curve 37

Rayl ei gh quoti ent 295

real -tine optimzation 103

reflection (NV 114, 116, 118, 120,
122

reflection coefficient see al pha (NVW

regression see linear regression

REMar k 232, 437

RES file 279, 310, 327, 329-330, 333

resanmpling pl ans 262

resi dual 21, 26, 35, 48, 193, 307,
310, 321, 327, 435-436, see also
RES file

residuals, "large" 139, 189, 194, 370

residual and Jacobi an testing see

RITEST
RESSAVE  279ff, 307-308, 368
RESSAVE code  280f f
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restart
resul ts-anal ysis
321, 327, 435

73, 160, 228, 256, 301, 313
227, 307, 310, 319,

Ri chards signoidal curve 38

RITEST 75, 82ff, 138, 229, 307-308,
351, 438-439

RITEST code  82ff

robust estimation techniques 45f f

root nean square error 4

root finding 26

Rosenbrock, generalized see
ROSE. FN; GENROSEJ. RES

RS. FN 311, 399ff

RS. FN code 420

SAS 23

scal i ng 8, 49, 55ff, 62ff, 67, 69,
72, 74tf, 98-99, 102-103, 119-120,

122 134, 136, 139 141, 144-146,

158, 160, 163, 182, 202, 204, 215,
247, 249, 255, 292, 326, 360, 368,

397
scaling, data 62f f
scal ing, function
scal i ng, paraneters 62f f
search direction 66, 94, 102,
135-136, 142-143, 151, 163, 179,
200, 206, 220, 234
seasonal ity 381
sensitivity of loss function 261
separ abl e nodel 302, 369
Sequential Unconstrained M nimzation
Techni que (SUMT) 61
72, 307, 310, 319, 320-321,
435 see also problemfile
Sharp PCl211 101
shift 62
shrinkage (NVW 115, 118, 119
shrinkage coefficient (NV 116
si gnoi dal curve 35-38, 40ff
si npl ex 113, see al so Nelder -
pol yt ope net hod

sinulation 366

singl e precision 160, 204, 395, 443

si ngul ar Hessi an 137, 143, 158, 182,
230- 231, 254,

199- 202, 228,
295-297, 390, 394, 396, 402
si ngul ar Jacobi an 220, 268
197, 206

singular matrix

55f f

set up

Mead

Subj ect | ndex

si ngul ar val ue deconposition (svd)
200- 201, 205, 218

smal | conput er 9

smooth | oss function 56, 95, 140

sof tware (for nonlinear estination)
23

sof tware packages 23
SORTER 328
SPIRAL 200

standard error 121, 259, 268

starting val ues see initial paraneter
estimates

STAT/ PC Library (1 ML) 24

stationary nodel 382

stationary point 26, 254

statistical approaches 44

st eepest descent 16, 134ff 141, 180,

182, 207, 228, 234 238ff 256,

274, 297

step procedure
306

stepsize 74, 97, 99, 123, 135, 143,
145, 164-166, 179, 181, 195,
201- 203

stepsize reduction 96, 164, 383

storage requirenents 49, 95, 102-103,
120, 136, 138, 140, 151, 158,
163°166, 181, 204-205, 221,
228-229, 231ff, 236, 312-313

structure for parameter estimation
2ff, 307ff, see also problemfile

substitution 60

general i zed 144ff,

sum of absol ute deviations (L-1) 195,
310, 343ff, 5

sum of squares 26, 48ff, 55, 68, 75,
133, 139-141, 193ff, 250, 307,
309, 385, 397, 403

sum of squares and cross products
SSCP) matrix 48

SUMBQR  see sum of squares

SUMBQR code 50f f

surface, exploration of functional
93, 103, 226, 229, 314

synbol i ¢ mani pul ation 70, 91, 137,

see al so automated derivative
cal cul ation
symmetric matrix 198, 295, 300
symmetry of |oss function 261
systematic error

Subj ect | ndex

Tayl or exponent 43

termination criteria 103, 118, 150,
256ff, see al so convergence tests

TEST. BAT  333ff

TEST. BAT code 334

test problenms 57, 387ff

testing program code 8, 10, 103, see

al so derivative testing; FGTEST

function testing; RITEST, TEST.BAT

262- 263, 344, 357, see also

post - anal ysi s

time series 381

timng 313

TN  see truncated Newton nethod

trajectory 293

transformation
231,

transformation, |inear 67, 88

transition probability 381

transl ation (mathematical operation)
56, 62, 117, 122

trend 381

truncated Newton nethod 18, 69,

tilt

5, 55, 62-63, 67ff,

138ff, 140-141, 149-150, 158,
163ff, 182, 228-230, 233, 235ff,
237ff, 240, 242-243, 251, 255,
296ff, 300, 307, 309, 326-327,

357, 369, 373, 388-392, 396
truncated Newton source-code 167ff
Tukey's biweight function 46
Turbo PASCAL 9, 138
two-site enzyme kinetic nodel 345
under det erm ned system 54
user-defined variabl es 433
Van der Waals equation of state 42
variable metric method 18, 69, 138,

140- 141, 379, 179ff, 227- 230 233

235ff, 237ff, 240, 242- 243, 251,

255, 274, 285, 287, 296ff, 300,

307, 309, 313, 326-327, 357,

359-360, 369, 373, 380, 383, 388,

389, 391-392, 396, 398
variable metric source-code 183f f
vari abl e projection nethod 302f f
vari ance 45, 196, 246, 258, 262ff,

8

vi bration, danped 43
viscosity of gases 42
VM see variable netric nethod

49

3

Von Bertal anffy growth function 215

WATTS. CHM

343

ff,

weed infestation
Wi bul | -type si gnoi dal

wei ght's

350
see

HOBBS. RES
curve 38

49, 51, 61, 319, 368

W | ki nson series of matrices 296

WOOD. FN
WOOD. FN code
WOODR. RES

WOCDR. RES co

de

311, 393ff

421
311, 393ff

422

yi el d-density nodel

Zi |l og Z80

103

see LONI ON. RES
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Nash J.C., Walker-Smith M. Nonlinear parameter estimation.. an integrated system in BASIC. Errata.txt
1-4 Errata list for Nonlinear Parameter Estimation (NLPE)

The following document lists errors discovered or points
needing clarification in NLPE which have been brought to our
attention since publication.  This list was last updated at

    date             time
 1996-07-12         14:00

Error reports, notes on usage, and comments on NLPE are welcome
to either John C. Nash or Mary Walker-Smith, Nash Information
Services Inc., 1975 Bel Air Drive, Ottawa, Ontario, K2C 0X1,
Canada, telephone (613) 225 3781 (answering machine). 
Electronic mail can be sent to JXNHG@UOTTAWA on BITNET.

Line numbers which are negative are counted from the bottom of
the page.

Rear page of frontespiece: Address correction 
       Nash Information Services Inc.  
       1975 Bel Air Drive, 
       Ottawa, Ontario, K2C 0X1, Canada

Page iv: Address correction 
       Nash Information Services Inc.  
       1975 Bel Air Drive, 
       Ottawa, Ontario, K2C 0X1, Canada

Page 5: Equation (1-1-8)  replace B'(t) with B'(2)

Page 21: Last paragraph needs some expansion.  Second sentence
       should read: "The joint probability density that
       observations i and j are sampled, i.e. that they are
       independently drawn at random in a sample of size 2, is
       ..."


Page 22: line 8 should have "parameters", not "paramters"
       (This error may occur elsewhere, and is a result of
       our typing style and the particular keyboards in use
       when entering the text.)

Page 39: The last sentence on the page should be deleted, as
       we discuss the discrete growth curve immediately.

Page 54: line -11 should read "respectively", not "resepctively"

Page 55: line 9 should read "Chapter 13", not "Chapter 8"

Page 62: line 8. The expression "one-off" means "one-time-only".
       Some readers may prefer the form "one-of", or that the
       authors avoid idiomatic expressions of this type.

Page 66: Equation (3-3-8) needs an extra closing parenthesis
       before the + sign.  It should read

             h = tol * (ABS(B(k)) + tol)

Page 67: line 10 should read "function, but linear" instead
       of "function, but the linear"
       
Page 123: NM.BAS code omits to re-evaluate the polytope vertex function 
       values after a "shrink" operation around line 1480. The new code 
       has somewhat different line numbering.

Page 138: Turbo Pascal version 4 has better memory management
       facilities.  Earlier versions had some access via the
       "heap" handling mechanisms.

Page 140: line 13 should read "fewer" rather than "less"

Page 194: The first equation labelled (11-0-7) should be
       relabelled (11-0-6).

Page 261: Equation (13-5-2) needs to be terminated with a closing
       parenthesis. The last factor is

          (ABS(B(J)) + E8)

       Note that E8 is described on this page as the square root
       of the machine precision, but the actual value used in the
       program codes (line 6165 of POSTGEN, page 264, line 6440 of
       POSTMRT, page 270, and line 6245 of POSTVM, page 276) is
       E5 times the square root of the machine precision. E5 is
       set to 10 in our codes, and is a constant used to test for
       equality between numbers.

Page 262: In Equations (13-5-3) and (13-5-4), E8 is the step size
       for the particular parameter at hand, and not the scaling
       factor used on Page 261 (see errata comment above). That is,
       E8 has been redefined (lines 6170, 6445, and 6250, 
       respectively, of POSTGEN, POSTMRT, and POSTVM) to be the 
       step size for the parameter. This re-definition of E8 is
       not made clear in the text.

Page 327ff: Sections 15-5. Consolidation of program segments.
       The batch file NL.BAT invokes the Microsoft BASIC
       interpreter GWBASIC.  Instructions within GWBASIC clear
       the terminal screen before loading the program PROG.BAS
       which has been consolidated by the batch commands.  The
       screen may stay blank for some time (up to approximately
       20 seconds) which causes concern to some users.  In our
       work "Example Problems and Software Extensions to
       accompany Nonlinear Parameter Estimation Methods: an
       Integrated System in BASIC", Nash Information Services
       Inc., Ottawa, 1988, we have enhanced NL.BAT and now have
       it load a small program called LOADMSG.BAS, which warns
       the user that there will be a wait, then CHAINs to
       PROG.BAS.  CHAIN does not blank the screen, so that the
       user is less likely to be alarmed.  PROG.BAS is
       consolidated as a text file, with lines out of order. 
       Both the text form and the lack of order slow the
       program load.  If a program is to be re-used, then it is
       a good idea to SAVE it in tokenized form, which is the
       default form for Microsoft BASIC.

       In "Example Problems ..." we also show how to
       consolidate programs entirely within a BASIC interpreter
       environment.  A public domain example of nonlinear
       parameter determination (NLPDEX) also shows how this may
       be accomplished.

Page 342: Note that the evaluation of the derivatives in 
       Equations (16-1-3) and (16-1-4) requires the latter
       expression to be evaluated first. This is not an error in
       the text, but could lead to incorrect programs if readers
       are not aware of the need to have D(2) evaluated before
       D(1) is computed.

Page 355: line 30 of BMDP.RES should declare the array O(), i.e.

       30 DIM B(3),O(3,3),X(3),Y(14,2): REM fix 890303


Page 378: line 3540 of the program COBB.RES should read

       3540 LET Y(I,4)=EXP(B(1))*(Y(I,2)^B(2))*(Y(I,3)^B(3))-Y(I,1)

       that is, the exponent of Y(I,2) in the expression is now
       B(2) NOT B(1). This error is also in the distribution
       diskette copy of COBB.RES, and will give incorrect results
       for the results-analysis. However, the example output on
       page 376 is correct; we suspect an old version of the code
       was not replaced.

Page 382:  Equation (17-4-6) should read either

                   t
           x(t) = T  x(0)

       or 
                     t
           x(t+1) = T x(1)

       but the present expression is incorrect.  A similar
       correction is necessary in the following sentence.

Page 397: Line 13, replace "Ratkowski" with "Ratkowsky"

Page 398: line 5.
       The implication that the yield/density models may be
       difficult to estimate may be misleading.  Later in
       this chapter we show that adequate computational
       precision is needed to allow some forms of yield /
       density models to be evaluated correctly, and that
       once adequate precision is available, then the models
       can be estimated without great difficulty.

Page 407: Line 2510 of routine CAL4.FN should be deleted.

Page 462: Goldberg, M.L. (1983) should be
       Goldberg, M.L., Bates, D.M., and Watts, D.G. (1983)
       and should have page references 67-74 in the
       citation.

General: readers may welcome a recipe for quickly trying 
some of the software on the NLPE diskette. The following
brief instructions may be useful:

NLQUICK - a short-cut to running the Nash & Walker-Smith
   nonlinear parameter estimation software.

1.  Use a 2-drive PC or compatible with at least 512K memory.

2.  Configure the PC to boot with a RAMdisk (VDISK) of as large
a size as you can afford.  We suggest 360K in a 640K system. 
To do this, include a line

     device=VDISK.SYS 360 256 100

in the CONFIG.SYS file on the system disk of your PC, and make
sure the file VDISK.SYS is also on this disk. Reboot the system
to install the RAMdisk. Copy gwbasic.exe to the RAMdisk (c:), or
ensure the active PATH points to a directory containing 
gwbasic.exe. BASICA users will need to alter the batch file
nl.bat, replacing 'gwbasic' with 'basica'.

3.  Put the Nash/Walker-Smith disk (or preferably a copy for
security) in drive b:

4. Try the following commands

     c:    <-- to log in drive c:, the ramdisk
     copy b:nl.bat    <-- puts the main batch file on c:
     nl mrt hobbs     <-- estimates the parameters of a 
                          logistic model using Marquardt's
                          method. We suggest starting values
                          of 2, 5, and 3 for the parameters.

Good luck.
   - - - - - - - - - - - - - - - - - - - - - - - - - - - -
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The following document lists errors discovered or points

needing clarification in NLPE which have been brought to our

attention since publication.  This list was last updated at



    date             time

 1996-07-12         14:00



Error reports, notes on usage, and comments on NLPE are welcome

to either John C. Nash or Mary Walker-Smith, Nash Information

Services Inc., 1975 Bel Air Drive, Ottawa, Ontario, K2C 0X1,

Canada, telephone (613) 225 3781 (answering machine). 

Electronic mail can be sent to JXNHG@UOTTAWA on BITNET.



Line numbers which are negative are counted from the bottom of

the page.



Rear page of frontespiece: Address correction 

       Nash Information Services Inc.  

       1975 Bel Air Drive, 

       Ottawa, Ontario, K2C 0X1, Canada



Page iv: Address correction 

       Nash Information Services Inc.  

       1975 Bel Air Drive, 

       Ottawa, Ontario, K2C 0X1, Canada



Page 5: Equation (1-1-8)  replace B'(t) with B'(2)



Page 21: Last paragraph needs some expansion.  Second sentence

       should read: "The joint probability density that

       observations i and j are sampled, i.e. that they are

       independently drawn at random in a sample of size 2, is

       ..."





Page 22: line 8 should have "parameters", not "paramters"

       (This error may occur elsewhere, and is a result of

       our typing style and the particular keyboards in use

       when entering the text.)



Page 39: The last sentence on the page should be deleted, as

       we discuss the discrete growth curve immediately.



Page 54: line -11 should read "respectively", not "resepctively"



Page 55: line 9 should read "Chapter 13", not "Chapter 8"



Page 62: line 8. The expression "one-off" means "one-time-only".

       Some readers may prefer the form "one-of", or that the

       authors avoid idiomatic expressions of this type.



Page 66: Equation (3-3-8) needs an extra closing parenthesis

       before the + sign.  It should read



             h = tol * (ABS(B(k)) + tol)



Page 67: line 10 should read "function, but linear" instead

       of "function, but the linear"

       

Page 123: NM.BAS code omits to re-evaluate the polytope vertex function 

       values after a "shrink" operation around line 1480. The new code 

       has somewhat different line numbering.



Page 138: Turbo Pascal version 4 has better memory management

       facilities.  Earlier versions had some access via the

       "heap" handling mechanisms.



Page 140: line 13 should read "fewer" rather than "less"



Page 194: The first equation labelled (11-0-7) should be

       relabelled (11-0-6).



Page 261: Equation (13-5-2) needs to be terminated with a closing

       parenthesis. The last factor is



          (ABS(B(J)) + E8)



       Note that E8 is described on this page as the square root

       of the machine precision, but the actual value used in the

       program codes (line 6165 of POSTGEN, page 264, line 6440 of

       POSTMRT, page 270, and line 6245 of POSTVM, page 276) is

       E5 times the square root of the machine precision. E5 is

       set to 10 in our codes, and is a constant used to test for

       equality between numbers.



Page 262: In Equations (13-5-3) and (13-5-4), E8 is the step size

       for the particular parameter at hand, and not the scaling

       factor used on Page 261 (see errata comment above). That is,

       E8 has been redefined (lines 6170, 6445, and 6250, 

       respectively, of POSTGEN, POSTMRT, and POSTVM) to be the 

       step size for the parameter. This re-definition of E8 is

       not made clear in the text.



Page 327ff: Sections 15-5. Consolidation of program segments.

       The batch file NL.BAT invokes the Microsoft BASIC

       interpreter GWBASIC.  Instructions within GWBASIC clear

       the terminal screen before loading the program PROG.BAS

       which has been consolidated by the batch commands.  The

       screen may stay blank for some time (up to approximately

       20 seconds) which causes concern to some users.  In our

       work "Example Problems and Software Extensions to

       accompany Nonlinear Parameter Estimation Methods: an

       Integrated System in BASIC", Nash Information Services

       Inc., Ottawa, 1988, we have enhanced NL.BAT and now have

       it load a small program called LOADMSG.BAS, which warns

       the user that there will be a wait, then CHAINs to

       PROG.BAS.  CHAIN does not blank the screen, so that the

       user is less likely to be alarmed.  PROG.BAS is

       consolidated as a text file, with lines out of order. 

       Both the text form and the lack of order slow the

       program load.  If a program is to be re-used, then it is

       a good idea to SAVE it in tokenized form, which is the

       default form for Microsoft BASIC.



       In "Example Problems ..." we also show how to

       consolidate programs entirely within a BASIC interpreter

       environment.  A public domain example of nonlinear

       parameter determination (NLPDEX) also shows how this may

       be accomplished.



Page 342: Note that the evaluation of the derivatives in 

       Equations (16-1-3) and (16-1-4) requires the latter

       expression to be evaluated first. This is not an error in

       the text, but could lead to incorrect programs if readers

       are not aware of the need to have D(2) evaluated before

       D(1) is computed.



Page 355: line 30 of BMDP.RES should declare the array O(), i.e.



       30 DIM B(3),O(3,3),X(3),Y(14,2): REM fix 890303





Page 378: line 3540 of the program COBB.RES should read



       3540 LET Y(I,4)=EXP(B(1))*(Y(I,2)^B(2))*(Y(I,3)^B(3))-Y(I,1)



       that is, the exponent of Y(I,2) in the expression is now

       B(2) NOT B(1). This error is also in the distribution

       diskette copy of COBB.RES, and will give incorrect results

       for the results-analysis. However, the example output on

       page 376 is correct; we suspect an old version of the code

       was not replaced.



Page 382:  Equation (17-4-6) should read either



                   t

           x(t) = T  x(0)



       or 

                     t

           x(t+1) = T x(1)



       but the present expression is incorrect.  A similar

       correction is necessary in the following sentence.



Page 397: Line 13, replace "Ratkowski" with "Ratkowsky"



Page 398: line 5.

       The implication that the yield/density models may be

       difficult to estimate may be misleading.  Later in

       this chapter we show that adequate computational

       precision is needed to allow some forms of yield /

       density models to be evaluated correctly, and that

       once adequate precision is available, then the models

       can be estimated without great difficulty.



Page 407: Line 2510 of routine CAL4.FN should be deleted.



Page 462: Goldberg, M.L. (1983) should be

       Goldberg, M.L., Bates, D.M., and Watts, D.G. (1983)

       and should have page references 67-74 in the

       citation.



General: readers may welcome a recipe for quickly trying 

some of the software on the NLPE diskette. The following

brief instructions may be useful:



NLQUICK - a short-cut to running the Nash & Walker-Smith

   nonlinear parameter estimation software.



1.  Use a 2-drive PC or compatible with at least 512K memory.



2.  Configure the PC to boot with a RAMdisk (VDISK) of as large

a size as you can afford.  We suggest 360K in a 640K system. 

To do this, include a line



     device=VDISK.SYS 360 256 100



in the CONFIG.SYS file on the system disk of your PC, and make

sure the file VDISK.SYS is also on this disk. Reboot the system

to install the RAMdisk. Copy gwbasic.exe to the RAMdisk (c:), or

ensure the active PATH points to a directory containing 

gwbasic.exe. BASICA users will need to alter the batch file

nl.bat, replacing 'gwbasic' with 'basica'.



3.  Put the Nash/Walker-Smith disk (or preferably a copy for

security) in drive b:



4. Try the following commands



     c:    <-- to log in drive c:, the ramdisk

     copy b:nl.bat    <-- puts the main batch file on c:

     nl mrt hobbs     <-- estimates the parameters of a 

                          logistic model using Marquardt's

                          method. We suggest starting values

                          of 2, 5, and 3 for the parameters.



Good luck.

   - - - - - - - - - - - - - - - - - - - - - - - - - - - -






JNMWSD95/CGG.BAS
40 DIM T(25),G(25)

1000 PRINT "CG -- conjugate gradients minimizer -- 851231"

1002 LET M$="CGG"

1004 PRINT #3,"CG -- conjugate gradients minimizer -- 851231"

1008 REM CALLS:  

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     GRADIENT G(B)  -- line 2500

1020 REM     ENVRON (computing environment) -- line 7120

1024 REM

1028 REM INPUTS TO THE ROUTINE:  

1032 REM    B() -- a vector of initial parameter estimates

1036 REM    N   -- the number of parameters in the function F(B)

1040 REM  O( , ) -- masks and bounds; assume set on input

1044 REM    I2  -- number of cycles before restart.

1048 REM           Set to N-I5+2 if I2=0 on entry.

1052 REM    I5  -- the number of masked parameters. Must be zero if

1056 REM           masks are not used. 

1057 REM    MI9 -- maximum number of function evaluations allowed

1060 REM OUTPUT FROM THE ROUTINE:  

1064 REM    X() -- a vector of final parameter estimates for the

1068 REM           values of the parameters which minimize the function.

1072 REM    F0  -- value of the function at the minimum

1076 REM    G() -- value of the gradient at the minimum

1080 REM    I8  -- the number of gradient evaluations

1084 REM    I9  -- the number of function evaluations

1088 REM

1092 REM uses n-vectors B (parameters),T,A,G,X

1096 REM GOSUB 7120: REM computing environment

1100 LET E8=.0001: REM for acceptable function test

1104 LET C4=1.7: REM stepsize increase factor

1108 LET C3=.3: REM stepsize reduction factor

1112 LET T9=N*E9: REM convergence tolerance

1116 LET J8=10: REM no of fn eval before parameter display

1120 LET J7=1: REM counter for parameter display

1124 LET S2=1: REM initial step length

1128 IF I2=0 THEN LET I2=N-I5+2: REM number of cycles until restart

1132 LET I9=I9+1

1136 PRINT "controls e8,c3,i2,c4";E8;C3;I2;C4

1140 PRINT #3,"controls e8,c3,i2,c4";E8;C3;I2;C4

1144 GOSUB 2000: REM compute function

1148 IF I3=0 THEN 1164: REM function cannot be computed

1152 PRINT "FUNCTION NOT COMPUTABLE"

1156 PRINT #3,"FUNCTION NOT COMPUTABLE"

1160 STOP

1164 LET F0=F: REM save function value

1168 PRINT "INITIAL FUNCTION VALUE =";F0

1172 PRINT #3,"INITIAL FUNCTION VALUE =";F0

1176 LET T9=T9*SQR(1+ABS(F0)): REM adjust size of tolerance

1180 FOR I=1 TO N: REM top of steepest descent cycle

1184 LET T(I)=0

1188 NEXT I

1192 LET G2=0: REM "old" gradient norm

1196 FOR I1=1 TO I2: REM main loop

1200 PRINT "GRADS ";I8;"  FNS ";I9;"  FN VALUE=";F0;" CYCLE ";I1;

1204 PRINT #3,"GRADS ";I8;"  FNS ";I9;"  FN VALUE=";F0;" CYCLE ";I1;

1208 GOSUB 1616: REM compute gradient & check constraints

1212 FOR I=1 TO N

1216 LET X(I)=B(I): REM save best parameter values

1220 NEXT I

1224 PRINT " G^2=";G9

1228 PRINT #3," G^2=";G9

1232 GOSUB 1676: REM display parameters

1236 IF G9<T9*T9 THEN 1344: REM done if gradient small

1237 IF I9>=MI9 THEN RETURN: REM exit check

1240 LET G1=0

1244 IF G2>0 THEN G1=G9/G2

1248 REM if not, compute new search direction

1252 LET G2=G9: REM save "old" gradient norm

1256 LET T2=0: REM projection of gradient on search dirn

1260 FOR J=1 TO N

1264 IF O(J,3)=1 THEN 1272: REM free parameter

1268 LET T(J)=0: REM masked parameter or active constraint

1272 LET T(J)=T(J)*G1-G(J): REM G(J)=0 if B(J) constrained

1276 LET T2=T2+G(J)*T(J)

1280 NEXT J

1284 IF T2<0 THEN 1300

1288 PRINT ">";: REM symbol > implies "uphill" search dirn

1292 PRINT #3,">";

1296 GOTO 1344: REM don't uphill search in this version

1300 LET S3=0

1304 LET J5=I9: REM marker to ensure a step is taken

1308 LET S1=S2: REM S2 contains initial stepsize from last iter'n

1312 GOSUB 1548: REM step along search direction

1316 IF I6<N-I5 THEN 1360: REM check if any progress made

1320 IF I9=J5 THEN 1352: REM always make step large enough on 1st pass

1324 PRINT "%";: REM symbol % means no progress in step

1328 PRINT #3,"%";

1332 FOR J=1 TO N

1336 LET B(J)=X(J): REM ensure B reset exactly

1340 NEXT J: REM cannot proceed downhill

1344 IF I1>1 THEN 1180: REM so try steepest descent

1348 GOTO 1540: REM else converged

1352 LET S2=S2*10+1/B9: REM 1/B9 ensures eventual adequate size

1356 GOTO 1308: REM and retry step

1360 LET I9=I9+1

1364 GOSUB 2000: REM compute function

1368 IF I3=1 THEN 1376: REM computable function? No, then reduce step

1372 IF F<F0+T2*S8*E8 THEN 1392: REM acceptable point?

1376 PRINT "*";: REM symbol * means stepsize being reduced

1380 PRINT #3,"*";

1384 LET S2=C3*S8: REM reduce stepsize

1386 IF S2<1/B9 THEN 1344: REM safety check for Turbo BASIC

1388 GOTO 1308

1392 LET S3=S8: REM save best stepsize in line search

1396 LET S4=S1: REM stepsize on entry == s8 if no bound hit

1400 LET F1=F: REM and save value

1404 LET S1=2*((F1-F0)-T2*S3): REM quadratic inverse interpolation

1408 IF S1=0 THEN 1460: REM cannot use interpolation

1412 LET S1=-T2*S3*S3/S1: REM interpolation point

1416 IF S1<=0 THEN 1460: REM ignore interpolation if step is negative

1420 IF S1>S3 AND S8<S4 THEN 1468: REM no use in trying if bounds hit

1424 GOSUB 1548: REM step to interp posn

1428 IF I6=N-I5 THEN 1468: REM any progress? (masks counted)

1436 LET I9=I9+1

1440 GOSUB 2000

1444 IF I3=1 THEN 1460

1448 IF F>=F1 THEN 1460: REM any lower function value?

1452 LET F0=F: REM save good value

1456 GOTO 1480

1460 PRINT "\";: REM symbol \ means interpolation has failed

1464 PRINT #3,"\";

1468 LET S1=S3: REM reset the stepsize

1472 GOSUB 1548: REM and the parameters

1476 LET F0=F1: REM save best function value

1480 LET S2=C4*S2: REM increase stepsize

1484 IF S2>1 THEN LET S2=1: REM but limit to 1

1488 FOR J=1 TO N: REM check bounds

1492 IF O(J,3)<=0 THEN 1528: REM masked or constrained

1496 IF (B(J)-O(J,1))<=E9*(ABS(O(J,1))+1) THEN LET O(J,3)=-2

1500 IF -(B(J)-O(J,2))<=E9*(ABS(O(J,2))+1) THEN LET O(J,3)=-1

1504 REM the tolerance in this test may need adjustment (??too small)

1508 IF O(J,3)=1 THEN 1528

1512 IF O(J,3)=-1 THEN PRINT " upper "; ELSE PRINT " lower ";: REM !!

1516 IF O(J,3)=-1 THEN PRINT #3," upper "; ELSE PRINT #3," lower ";

1520 PRINT "bound imposed on parameter ";J

1524 PRINT #3,"bound imposed on parameter ";J

1528 NEXT J

1532 NEXT I1: REM end of main loop

1536 GOTO 1180: REM restart with another main loop

1540 RETURN: REM done!

1544 REM GENSTEP--stepping subroutine with masks and bounds

1548 LET S8=S1: REM to save S1

1552 FOR J=1 TO N

1556 IF O(J,3)=0 THEN 1580: REM mask check

1560 IF T(J)=0 THEN 1580: REM zero test

1564 LET K9=1: REM default lower bound

1568 IF T(J)>0 THEN K9=2: REM upper bound check

1572 IF S8<=(O(J,K9)-X(J))/T(J) THEN 1580: REM test if within bound

1576 LET S8=(O(J,K9)-X(J))/T(J): REM new maximum stepsize

1580 NEXT J

1584 LET I6=0: REM counter for parameters unchanged in step

1588 FOR J=1 TO N

1592 IF O(J,3)=0 THEN 1608: REM mask check

1596 LET B(J)=X(J)+S8*T(J)

1600 IF E5+X(J)<>E5+B(J) THEN 1608: REM scaled comparison

1602 LET B(J)=X(J): REM reset to avoid "drift"

1604 LET I6=I6+1

1608 NEXT J

1612 RETURN

1616 LET G9=0: REM gradient norm

1620 LET I8=I8+1

1624 GOSUB 2500: REM compute gradient

1628 FOR K=1 TO N

1632 IF O(K,3)=0 THEN 1660: REM masked

1636 IF O(K,3)>0 THEN 1664: REM free

1640 IF (O(K,3)+1.5)*G(K)<0 THEN 1660: REM L.M. non-negative

1644 LET O(K,3)=1: REM free parameter

1648 PRINT "freeing parameter ";K

1652 PRINT #3,"freeing parameter ";K

1656 GOTO 1664

1660 LET G(K)=0: REM active constraint on parameter B(k)

1664 LET G9=G9+G(K)*G(K)

1668 NEXT K

1672 RETURN

1676 IF J8=0 THEN RETURN: REM no parameter display

1680 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1684 LET J7=INT(I9/J8)+1: REM increment parameter display control

1688 PRINT "parameters";

1692 PRINT #3,"parameters";

1696 FOR J=1 TO N

1700 LET Q$=""

1704 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1708 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1712 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1716 PRINT "  ";B(J);Q$;

1720 PRINT #3,"  ";B(J);Q$;

1724 IF 5*INT(J/5)<>J THEN 1744

1728 PRINT

1732 PRINT "          ";

1736 PRINT #3,

1740 PRINT #3,"          ";

1744 NEXT J

1748 PRINT

1752 PRINT #3,

1756 RETURN

�




JNMWSD95/CGS.BAS
40 DIM T(25),G(25)

1000 PRINT "CGS.BAS -- Shortened conjugate gradients minimizer -- 851231"

1096 GOSUB 7120

1100 LET E8=.0001

1104 LET C4=1.7

1108 LET C3=.3

1112 LET T9=N*E9

1124 LET S2=1

1128 IF I2=0 THEN LET I2=N+2

1132 LET I9=I9+1

1136 PRINT "controls e8,c3,i2,c4";E8;C3;I2;C4

1144 GOSUB 2000

1148 IF I3=0 THEN 1164

1152 PRINT "FUNCTION NOT COMPUTABLE"

1160 STOP

1164 LET F0=F

1168 PRINT "INITIAL FUNCTION VALUE =";F0

1176 LET T9=T9*SQR(1+ABS(F0))

1180 FOR I=1 TO N

1184 LET T(I)=0

1188 NEXT I

1192 LET G2=0

1196 FOR I1=1 TO I2

1200 PRINT "GRADS ";I8;"  FNS ";I9;"  FN VALUE=";F0;" CYCLE "; I1;

1208 GOSUB 1616

1212 FOR I=1 TO N

1216 LET X(I)=B(I)

1220 NEXT I

1224 PRINT " G^2=";G9

1236 IF G9<T9*T9 THEN 1344

1240 LET G1=0

1244 IF G2>0 THEN G1=G9/G2

1252 LET G2=G9

1256 LET T2=0

1260 FOR J=1 TO N

1272 LET T(J)=T(J)*G1-G(J)

1276 LET T2=T2+G(J)*T(J)

1280 NEXT J

1284 IF T2<0 THEN 1300

1288 PRINT ">";

1296 GOTO 1344

1300 LET S3=0

1304 LET J5=I9

1308 LET S1=S2

1312 GOSUB 1548

1316 IF I6<N THEN 1360

1320 IF I9=J5 THEN 1352

1324 PRINT "%";

1332 FOR J=1 TO N

1336 LET B(J)=X(J)

1340 NEXT J

1344 IF I1>1 THEN 1180

1348 GOTO 1540

1352 LET S2=S2*10+1/B9

1356 GOTO 1308

1360 LET I9=I9+1

1364 GOSUB 2000

1368 IF I3=1 THEN 1376

1372 IF F<F0+T2*S8*E8 THEN 1392

1376 PRINT "*";

1384 LET S2=C3*S8

1388 GOTO 1308

1392 LET S3=S8

1396 LET S4=S1

1400 LET F1=F

1404 LET S1=2*((F1-F0)-T2*S3)

1408 IF S1=0 THEN 1460

1412 LET S1=-T2*S3*S3/S1

1416 IF S1<=0 THEN 1460

1424 GOSUB 1548

1428 IF I6=N THEN 1468

1436 LET I9=I9+1

1440 GOSUB 2000

1444 IF I3=1 THEN 1460

1448 IF F>=F1 THEN 1460

1452 LET F0=F

1456 GOTO 1480

1460 PRINT "\";

1468 LET S1=S3

1472 GOSUB 1548

1476 LET F0=F1

1480 LET S2=C4*S2

1484 IF S2>1 THEN LET S2=1

1532 NEXT I1

1536 GOTO 1180

1540 RETURN

1548 LET S8=S1

1584 LET I6=0

1588 FOR J=1 TO N

1596 LET B(J)=X(J)+S8*T(J)

1600 IF E5+X(J)<>E5+B(J) THEN 1608

1602 LET B(J)=X(J)

1604 LET I6=I6+1

1608 NEXT J

1612 RETURN

1616 LET G9=0

1620 LET I8=I8+1

1624 GOSUB 2500

1628 FOR K=1 TO N

1664 LET G9=G9+G(K)*G(K)

1668 NEXT K

1672 RETURN






JNMWSD95/DELETER.BAS
10 PRINT "DELETER -- to remove derivative lines in problem code  -- 851116"

15 REM Note change of t1, t2 to t&&&1 t&&&2   1989-01-29

20 OPEN "t&&&1" FOR INPUT AS 1

30 OPEN "t&&&2" FOR OUTPUT AS 2

40 IF EOF(1) THEN 160: REM check for end of file

50 LINE INPUT #1,C$: REM read line

60 GOSUB 180: REM deblank

70 IF C9=0 THEN 40: REM ignore null line

80 LET K=INSTR(1,C$," "): REM get line no

90 LET V=VAL(LEFT$(C$,K))

100 IF V>=2500 AND V<3000 THEN 140: REM check if part of  gradient code

110 IF V>=4000 AND V<4500 THEN 140: REM check if part of  Jacobian code

120 PRINT #2,C$

130 GOTO 40

140 PRINT "deleting :";C$

150 GOTO 40

160 CLOSE

170 SYSTEM

180 LET C9=LEN(C$): REM deblanking routine

190 IF C9=0 THEN RETURN: REM check if null line

200 IF LEFT$(C$,1)<>" " THEN RETURN: REM check if leading blank

210 LET C$=RIGHT$(C$,C9-1): REM remove leading blank

220 LET C9=C9-1

230 GOTO 190






JNMWSD95/FOUROUT.BAS
10 DIM B(40),X(40)

20 OPEN "fourout.con" FOR OUTPUT AS 1

30 PRINT "fourout -- proper results for fourth.hsn by Newton"

40 PRINT #1, "fourout -- proper results for fourth.hsn by  Newton"

50 INPUT "order of problem =";N

60 PRINT #1,"order of problem =";N

70 PRINT "enter parameters"

80 PRINT #1, "enter parameters"

90 FOR I=1 TO N

100 PRINT "B(";I;")=";

110 INPUT B(I)

120 PRINT #1,"B(";I;")=";B(I)

130 NEXT I

140 LET K=0

150 LET K=K+1

160 PRINT "ITERATION ";K

170 PRINT #1,"ITERATION ";K

180 FOR I=1 TO N

190 LET X(I)=(2*B(I)+I)/3

200 LET T=X(I)-B(I)

210 LET B(I)=X(I)

220 PRINT "B(";I;")=";B(I);"    change =";T

230 PRINT #1,"B(";I;")=";B(I);"    change =";T

240 NEXT I

250 PRINT

260 PRINT #1,

270 INPUT "another iteration [cr]=y ";X$

280 IF LEN(X$)=0 THEN 150

290 IF X$<>"n" OR X$<>"N" THEN 150

300 CLOSE

310 STOP

�
270 INPUT "another iteration [cr]=y ";X$

280 IF




JNMWSD95/GDRIVE.BAS
5 PRINT "GDRIVE -- GLOBAL MINIMIZATION DRIVER - 870513"

10 INPUT "FILE FOR CONSOLE IMAGE = ";G$

15 IF G$="" THEN LET G$="NUL"

20 OPEN G$ FOR APPEND AS 3: REM !! may be non-standard

25 PRINT #3,"GDRIVE -- GLOBAL MINIMIZATION DRIVER - 870513"

30 REM line 30 reserved for dimensions from problem (B,X,Y,O)

35 REM in case of extra line

40 REM line 40 reserved for dimensions from minimizer

45 REM in case of extra line

49 DIM XM(25)

50 PRINT #3,TIME$,DATE$: REM !!

55 PRINT TIME$,DATE$: REM !!

60 REM CALLS:

65 REM    FUNCTION MINIMIZER  -- line 1000

70 REM    SETUP               -- line 3000

75 REM    POST-SOL'N ANALYSIS -- line 6000

80 REM    RESULT ANALYSIS     -- line 4500

85 REM

90 REM X$, T$ and U$ are used for responses and time

94 GOSUB 3000: REM setup of user-specified problem

98 INPUT "filename for restart ([cr] for new file) ";RS$

102 IF LEN(RS$)=0 THEN 138

106 OPEN RS$ FOR INPUT AS 1

108 PRINT "RESTART FROM FILE ";RS$: PRINT #3, "RESTART FROM FILE ";RS$

110 INPUT #1,MT$,PT$

111 PRINT MT$,PT$: PRINT #3,MT$,PT$

112 INPUT #1,FM0,RX,RY,RZ,NI8,NI9

113 PRINT FM0,RX,RY,RZ,NI8,NI9: PRINT #3,FM0,RX,RY,RZ,NI8,NI9

114 PRINT "restart using minimum so far of ";FM0

118 PRINT #3,"restart using minimum so far of ";FM0

119 INPUT "continue ([cr] = yes) ";X$

120 PRINT #3,"continue ([cr] = yes) ";X$

121 IF X$="N" OR X$="n" THEN 98

122 FOR J=1 TO N: PRINT #3,XM(J);" ";: NEXT J: PRINT #3,

126 PRINT

130 CLOSE #1

134 GOTO 154

138 GOSUB 8900: REM initialize random number generator

142 GOSUB 7120: REM envron

146 LET FM0=1E+35: LET NI8=0: LET NI9=0

150 FOR J=1 TO N: LET XM(J)=FM0: NEXT J: REM initialization

154 PRINT P$: REM display problem title (user supplied)

158 PRINT #3,P$

162 GOSUB 546: REM display bounds

166 INPUT " are masks or bounds to be set or altered ([cr] = no) ";X$

170 PRINT #3," are masks or bounds to be set or altered ([cr] = no) ";X$

174 IF X$="y" OR X$="Y" THEN 182

178 GOTO 254: REM note that already masked parameters stay masked

182 FOR J=1 TO N

186 PRINT "b(";J;")  mask ([cr] = no) ";

190 INPUT X$

194 PRINT #3,"b(";J;")  mask ([cr] = no) ";X$

198 LET O(J,3)=0: REM masked parameter

202 IF X$="y" OR X$="Y" THEN 250: REM if masked, no need for bounds

206 LET O(J,3)=1: REM free parameter

210 PRINT "lower bound =";O(J,1);"  ([cr] = no change) ";

214 INPUT X$

218 PRINT #3,"lower bound =";O(J,1);"  ([cr] = no change) ";X$

222 IF X$="" THEN GOTO 230: REM no change

226 LET O(J,1)=VAL(X$): REM new lower bound

230 PRINT "upper bound =";O(J,2);"  ([cr] = no change) ";

234 INPUT X$

238 PRINT #3,"upper bound =";O(J,2);"  ([cr] = no change) ";X$

242 IF X$="" THEN GOTO 250: REM no change

246 LET O(J,2)=VAL(X$): REM new upper bound

250 NEXT J

254 INPUT "how many trials to make =";NTRY

258 PRINT #3,"how many trials to make =";NTRY

262 INPUT "number of function evaluations per search allowed=";MI9

266 PRINT #3,"number of function evaluations per search allowed=";MI9

270 LET JTRY=0

274 LET JTRY=JTRY+1

278 LET S1=0: REM set steplength parameters within minimizer

282 LET S2=0: REM or change these lines of code

286 GOSUB 690: REM generate starting point

290 GOSUB 594: REM gdrive masks check

294 LET T$=TIME$: REM !! SYSTEM DEPENDENT

298 LET I8=0: REM count of iterations or gradient evaluations

302 LET I9=0: REM count of function or sum of squares evaluations

306 GOSUB 1000: REM function minimization routine

310 LET U$=TIME$: REM !! system dependent

314 GOSUB 494: REM !! system dependent time display routine

318 PRINT "FUNCTION VALUE = ";F0

322 PRINT #3,"FUNCTION VALUE = ";F0

326 LET NI8=NI8+I8: LET NI9=NI9+I9: REM COUNTERS

330 IF F0>=FM0 THEN 354

334 LET FM0=F0

338 PRINT "NEW LOWEST VALUE AT"

342 PRINT #3,"NEW LOWEST VALUE AT"

346 FOR J=1 TO N: LET XM(J)=X(J): PRINT XM(J);: PRINT #3,XM(J);: NEXT J

350 PRINT: PRINT #3,

354 IF JTRY<NTRY THEN 274

358 LET F0=FM0

362 PRINT "CALCULATED FUNCTION MINIMUM = ";F0

366 PRINT #3,"CALCULATED FUNCTION MINIMUM = ";F0

370 PRINT "PARAMETER ESTIMATES"

374 PRINT #3,"PARAMETER ESTIMATES"

378 FOR J=1 TO N

382 LET X(J)=XM(J): LET B(J)=X(J)

386 PRINT "B(";J;") = ";X(J)

390 PRINT #3,"B(";J;") = ";X(J)

394 NEXT J

398 GOSUB 6000: REM post-solution analysis

402 IF F0<=F1 THEN 422: REM no lower point found

406 INPUT "continue from lower point found ([cr] = Y) ";X$

410 PRINT #3,"continue from lower point found ([cr] = Y) ";X$

414 IF X$<>"N" AND X$<>"n" THEN 154

418 REM finished

422 INPUT " call problem-dependent results-analysis ( [cr] = N ) ";X$

426 PRINT #3," call problem-dependent results-analysis ( [cr] = N ) ";X$

430 IF X$="Y" THEN GOSUB 4500

434 IF X$="y" THEN GOSUB 4500

438 PRINT " another set of starting parameters ( [cr] = N ) ";

442 INPUT X$

446 PRINT #3," another set of starting parameters ( [cr] = N ) ";X$

450 IF X$="Y" THEN 154

454 IF X$="y" THEN 154

458 INPUT "name of file for restarting search ([cr]=stop) ";RS$

462 PRINT #3,"name of file for restarting search ([cr]=stop) ";RS$

466 IF LEN(RS$)=0 THEN 486

470 OPEN RS$ FOR OUTPUT AS 1

474 PRINT #1,M$;",";P$: PRINT M$;",";P$

475 PRINT #1,FM0;",";RX;",";RY;",";RZ;",";NI8;",";NI9

476 PRINT FM0;",";RX;",";RY;",";RZ;",";NI8;",";NI9

478 FOR J=1 TO N: PRINT #1,XM(J): PRINT XM(J): NEXT J

482 CLOSE #1

486 CLOSE #3

490 STOP

494 LET T1=VAL(LEFT$(T$,2)): REM !!

498 LET T2=VAL(MID$(T$,4,2)): REM !!

502 LET T3=VAL(RIGHT$(T$,2)): REM !!

506 LET U1=VAL(LEFT$(U$,2)): REM !!

510 LET U2=VAL(MID$(U$,4,2)): REM !!

514 LET U3=VAL(RIGHT$(U$,2)): REM !!

518 LET T4=T3+60*T2+3600*T1: REM !!

522 LET U4=U3+60*U2+3600*U1: REM !!

526 LET T5=U4-T4: REM !!

530 IF T5<0 THEN LET T5=T5+24*3600!: REM !! ASSUME NEVER OVER 24 HRS

534 PRINT "  ELAPSED SECS=";T5;" AFTER";I8;" GRAD &";I9;" FN EVAL"

538 PRINT #3,"  ELAPSED SECS=";T5;" AFTER";I8;" GRAD &";I9;" FN EVAL"

542 RETURN: REM !!

546 PRINT "bounds on parameters for problem"

550 PRINT #3,"bounds on parameters for problem"

554 FOR J=1 TO N

558 IF O(J,3)=0 THEN 574

562 PRINT O(J,1);" <=   b(";J;")  <=  ";O(J,2)

566 PRINT #3,O(J,1);" <=   b(";J;")  <=  ";O(J,2)

570 GOTO 582

574 PRINT " ****  b(";J;") WILL BE MASKED (FIXED) ****"

578 PRINT #3," ****  b(";J;") WILL BE MASKED (FIXED) ****"

582 NEXT J

586 RETURN

590 REM check bounds and set up indicator

594 LET I5=N: REM count masks set

598 FOR J=1 TO N

602 IF O(J,3)=0 THEN  678

606 LET O(J,3)=1: REM reset free or active bound (below)

610 LET I5=I5-1: REM not a masked parameter

614 IF B(J)>O(J,1) THEN  634

618 PRINT "parameter B(";J;") reset from ";B(J);"  to  ";O(J,1)

622 PRINT #3,"parameter B(";J;") reset from ";B(J);"  to  ";O(J,1)

626 LET B(J)=O(J,1)

630 LET O(J,3)=-2 : REM lower bound active

634 IF B(J)<O(J,2) THEN  678

638 PRINT "parameter B(";J;") reset from ";B(J);"  to  ";O(J,2)

642 PRINT #3,"parameter B(";J;") reset from ";B(J);"  to  ";O(J,2)

646 IF O(J,3)>-2 THEN 670:REM are lower, upper bounds equal (masked)?

650 LET O(J,3)=0: REM set mask on

654 LET I5=I5+1: REM adjust mask count

658 PRINT " mask imposed on parameter B(";J;") at upper bound ";O(J,2)

662 PRINT #3," mask imposed on parameter B(";J;") at upper bound ";O(J,2)

666 GOTO 678

670 LET B(J)=O(J,2)

674 LET O(J,3)=-1: REM upper bound active

678 LET X(J)=B(J): REM to ensure "best" parameters are saved

682 NEXT J

686 RETURN

690 PRINT "NEWSTART ";JTRY;":";: PRINT #3,"NEWSTART ";JTRY;":";

692 FOR J=1 TO N

696 IF O(J,3)=0 THEN 706: REM masked

698 GOSUB 9000: REM get random number in RR

702 LET B(J)=O(J,1)+RR*(O(J,2)-O(J,1)): REM adjust

703 PRINT B(J);: PRINT #3,B(J);

706 NEXT J

708 PRINT: PRINT #3,

710 RETURN






JNMWSD95/GRID.BAS
10 PRINT "GRID.BAS -- GRID SEARCH FOR GLOBAL MINIMUM"

20 INPUT "FILE FOR CONSOLE IMAGE ([CR]=NUL) ";F$

25 IF LEN(F$)=0 THEN LET F$="NUL"

40 OPEN F$ FOR OUTPUT AS 3

50 PRINT #3, "GRID.BAS -- GRID SEARCH FOR GLOBAL MINIMUM"

60 DIM STP(10),ZER(10),LP(10),KP(10),XG(25),G(25)

70 GOSUB 3000: REM SETUP

78 GOSUB 646: REM DISPLAY BOUNDS

82 GOSUB 600: REM SET BOUNDS

86 INPUT "NUMBER OF STEPS FOR EACH AXIS =";NS

88 PRINT #3, "NUMBER OF STEPS FOR EACH AXIS =";NS

89 LET NP=NS+1: REM NUMBER OF POINTS INCREASES THIS BY 1

90 FOR I=1 TO N: REM COMPUTE ZERO AND STEP FOR EACH AXIS

91 IF O(I,3)=1 THEN 94

92 LET STP(I)=0

93 GOTO 102

94 LET STP(I)=(O(I,2)-O(I,1))/NS

98 LET ZER(I)=O(I,1)

102 PRINT "ZERO FOR AXIS ";I;"=";ZER(I);"  STEP=";STP(I)

106 PRINT #3, "ZERO FOR AXIS ";I;"=";ZER(I);"  STEP=";STP(I)

110 NEXT I

114 LET STSC=0

118 FOR J=1 TO N: LET STSC=STSC+STP(J)*STP(J): NEXT J

122 LET STSC=SQR(STSC): REM SCALE FOR SPACE

126 REM NOW STARTING SEARCH

130 LET NPX=1: REM UNITS LAYER OF COUNTERS

132 FOR LP1=1 TO N: REM LOOP OVER AXES

133 IF O(LP1,3)=1 THEN 138

134 LET LP(LP1)=0: REM TO INDICATE MASK

135 GOTO 142: REM SKIP INCREMENT OF NPX

138 LET LP(LP1)=NPX

140 LET NPX=NPX*NP: REM AT END OF LOOP NPX HAS TOTAL NO OF POINTS

142 NEXT LP1

143 PRINT "TOTAL POINTS=";NPX

145 INPUT "HIT [CR] TO PERFORM GRID SEARCH ";X$

150 LET F0=1E+35: REM MINIMUM FOUND SO FAR

154 LET GN0=0: REM MAX GRADIENT NORM FOUND SO FAR

158 REM CLS

162 FOR LP2=1 TO NPX: REM LOOP OVER THE TOTAL NUMBER OF POINTS

170 LET LL=LP2-1

174 FOR JJ=N TO 1 STEP -1

178 IF LP(JJ)=0 THEN LET KP(JJ)=0 ELSE LET KP(JJ)=INT(LL/LP(JJ))

182 LET LL=LL-LP(JJ)*KP(JJ)

186 REM PRINT 1+KP(JJ);

192 LET B(JJ)=ZER(JJ)+KP(JJ)*STP(JJ): REM ALSO WORKS FOR MASKED PARAMETERS

194 NEXT JJ

198 REM PRINT

202 GOSUB 2000: REM COMPUTE FUNCTION

206 GOSUB 2500: REM COMPUTE GRADIENT

210 LET GN=0

214 FOR J=1 TO N: LET GN=GN+G(J)*G(J): NEXT J

216 IF GN>0 THEN 218: REM NOTE !! Microsoft can't find sqrt !!

217 LET GN=0

218 LET GN=SQR(GN)

222 IF GN<=GN0 THEN 236

226 REM GOSUB 900: REM DISPLAY FN

230 LET GN0=GN

234 FOR J=1 TO N: LET XG(J)=B(J): NEXT J

236 IF F>=F0 THEN 246

238 LET F0=F

240 FOR J=1 TO N: LET X(J)=B(J): NEXT J

242 LET GNL=GN: REM save local gradient norm

246 PRINT LP2;"/";NPX;TAB(15);"FMIN ";F0;TAB(40);"GMAX ";GN0

247 PRINT #3,LP2;"/";NPX;TAB(15);"FMIN ";F0;TAB(40);"GMAX ";GN0

248 PRINT #3,LP2;",";F,GN: REM OUTPUT LOCAL VALUES TO FILE

258 NEXT LP2

262 PRINT

266 PRINT "problem: ";P$;" method: ";M$

270 PRINT "grid using ";NP;" cell-corner points along each axis"

274 PRINT #3,"problem: ";P$;" method: ";M$

278 PRINT #3,"grid using ";NP;" cell-corner points along each axis"

282 PRINT #3,

286 PRINT "LOWEST VALUE FOUND = ";F0

290 PRINT #3,"LOWEST VALUE FOUND = ";F0

294 FOR J=1 TO N: PRINT X(J);" ";: NEXT J: PRINT

298 FOR J=1 TO N: PRINT #3,X(J);" ";: NEXT J: PRINT #3,

302 PRINT "LARGEST GRADIENT NORM FOUND = ";GN0

306 PRINT #3,"LARGEST GRADIENT NORM FOUND = ";GN0

310 FOR J=1 TO N: PRINT XG(J);" ";: NEXT J: PRINT

314 FOR J=1 TO N: PRINT #3,XG(J);" ";: NEXT J: PRINT #3,

318 PRINT "USING LARGEST GRADIENT AS LIPSHITZ BOUND AND STEP SCALE=";STSC

322 PRINT "LOWER BOUND ON FUNCTION IS ";F0-GN0*STSC/2

324 REM POINT IN MID-GRID

326 PRINT #3,"USING LARGEST GRADIENT AS LIPSHITZ BOUND AND STEP SCALE=";

328 PRINT #3,STSC

330 PRINT #3,"LOWER BOUND ON FUNCTION IS ";F0-GN0*STSC/2:

334 PRINT "USING LOCAL GRADIENT AS LIPSHITZ BOUND AND STEP SCALE=";STSC

338 PRINT "LOWER BOUND ON FUNCTION IS ";F0-GNL*STSC/2

340 REM POINT IN MID-GRID

342 PRINT #3,"USING LOCAL GRADIENT AS LIPSHITZ BOUND AND STEP SCALE=";

344 PRINT #3,STSC

346 PRINT #3,"LOWER BOUND ON FUNCTION IS ";F0-GNL*STSC/2:

350 INPUT "ANOTHER TRY ?";Q$

354 PRINT #3,"ANOTHER TRY ?";Q$

358 IF Q$="y" OR Q$="Y" THEN 70

362 CLOSE #3

366 STOP

600 INPUT " are masks or bounds to be set or altered ([cr] = no) ";X$

602 PRINT #3," are masks or bounds to be set or altered ([cr] = no) ";X$

604 IF X$="y" OR X$="Y" THEN 608

606 GOTO 644: REM note that already masked parameters stay masked

608 FOR J=1 TO N

610 PRINT "b(";J;")  mask ([cr] = no) ";

612 INPUT X$

614 PRINT #3,"b(";J;")  mask ([cr] = no) ";X$

616 LET O(J,3)=0: REM masked parameter

617 IF X$<>"y" AND X$<>"Y" THEN 625: REM if masked, no need for bounds

618 INPUT "VALUE FOR MASKED PARAMETER = ";ZER(J)

619 PRINT #3,"VALUE FOR MASKED PARAMETER = ";ZER(J)

620 GOTO 642

625 LET O(J,3)=1: REM free parameter

626 PRINT "lower bound =";O(J,1);"  ([cr] = no change) ";

627 INPUT X$

628 PRINT #3,"lower bound =";O(J,1);"  ([cr] = no change) ";X$

629 IF X$="" THEN GOTO 632: REM no change

630 LET O(J,1)=VAL(X$): REM new lower bound

632 PRINT "upper bound =";O(J,2);"  ([cr] = no change) ";

634 INPUT X$

636 PRINT #3,"upper bound =";O(J,2);"  ([cr] = no change) ";X$

638 IF X$="" THEN GOTO 642: REM no change

640 LET O(J,2)=VAL(X$): REM new upper bound

642 NEXT J

644 RETURN

646 PRINT "bounds on parameters for problem"

648 PRINT #3,"bounds on parameters for problem"

650 FOR J=1 TO N

652 IF O(J,3)=0 THEN 660

654 PRINT O(J,1);" <=   b(";J;")  <=  ";O(J,2)

656 PRINT #3,O(J,1);" <=   b(";J;")  <=  ";O(J,2)

658 GOTO 664

660 PRINT " ****  b(";J;") WILL BE MASKED (FIXED) ****"

662 PRINT #3," ****  b(";J;") WILL BE MASKED (FIXED) ****"

664 NEXT J

666 RETURN

900 PRINT F;":";

910 FOR J=1 TO N: PRINT B(J);" ";: NEXT J: PRINT

920 PRINT #3,F;":";

930 FOR J=1 TO N: PRINT #3,B(J);" ";: NEXT J: PRINT #3,

940 RETURN






JNMWSD95/HESBUILD.BAS
37 DIM S(325): REM FOR JACOBIAN SECOND DERIVATIVES

8000 FOR I=1 TO N2: REM hesbuild.bas

8010 REM build Hessian matrix from second derivatives of  Jacobian

8020 LET A(I)=0: REM initialize elements

8030 NEXT I

8040 FOR I=1 TO N

8050 LET G(I)=0: REM initialize gradient

8060 NEXT I

8070 LET I3=0: REM computability flag set OK to start with

8080 FOR I=1 TO M: REM loop over data points

8090 GOSUB 3500: REM residual

8100 IF I3=1 THEN 8220: REM failure in computation

8110 GOSUB 4000: REM first derivatives of residual

8120 GOSUB 8500: REM second derivatives of residual

8130 FOR J=1 TO N

8140 LET G(J)=G(J)+D(J)*R1: REM accumulate gradient

8150 LET K2=J*(J-1)/2

8160 FOR K=1 TO J

8170 LET A(K2+K)=A(K2+K)+D(J)*D(K)+R1*S(K2+K)

8180 NEXT K

8190 NEXT J

8200 NEXT I

8210 RETURN

8220 PRINT "Hessian not computable -- data point ";I

8230 PRINT #3,"Hessian not computable -- data point ";I

8240 RETURN

�N

8220 PRINT "Hessian not computable -- data point ";I

8230 PRINT #3,"Hessian not computable -- data po




JNMWSD95/HJG.BAS
40 DIM T(25): REM DIMension only needed for POSTGEN, not HJ

1000 PRINT "Hooke and Jeeves -- 19851018"

1002 LET M$="HJG"

1004 PRINT #3,"Hooke and Jeeves -- 19851018"

1008 REM CALLS:

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     ENVRON (computing  environment) -- line 7120

1020 REM

1024 REM INPUTS TO THE ROUTINE:

1028 REM    B() -- a vector of initial parameter estimates

1032 REM    S1  -- initial stepsize for search (set to 1 if zero)

1036 REM    S2  -- stepsize reduction factor, which is applied to

1040 REM           S1 when axial search fails (set to 0.1 if zero)

1044 REM    N   -- the number of parameters in the function F(B)

1048 REM    O( , ) -- masks and bounds 

1052 REM    I5  -- the number of masked parameters. must be zero if

1056 REM           masks are not used

1057 REM    MI9 -- maximum function evaluations allowed

1060 REM OUTPUT FROM THE ROUTINE:

1064 REM    X() -- a vector of final parameter estimates for the

1068 REM           values of the parameters which minimize the function.

1072 REM    F0  -- value of the function at the minimum

1076 REM    I8  -- number of gradient evaluations (unchanged)

1080 REM    I9  -- number of function evaluations

1084 REM 

1088 IF S1<=0 THEN LET S1=1: REM !! warning -- is variable undefined?

1092 IF S2<=0 THEN LET S2=.1: REM !!  ditto

1096 LET J8=40: REM no of fn eval before parameter display

1100 LET J7=1: REM counter for parameter display

1104 REM GOSUB 7120: REM computing environment

1108 GOSUB 1440: REM copy B() into X() (lowest point so far)

1112 PRINT "STEP-SIZE =";S1

1116 PRINT "STEP-SIZE REDUCTION FACTOR =";S2

1120 PRINT #3,"STEP-SIZE =";S1

1124 PRINT #3,"STEP-SIZE REDUCTION FACTOR =";S2

1128 GOSUB 1456: REM compute function in F, set I3<>0 if not possible.

1132 IF I3<>0 THEN 1412

1136 PRINT "INITIAL FUNCTION VALUE =";F

1140 PRINT #3,"INITIAL FUNCTION VALUE =";F

1144 LET F1=F: REM store function value at base point

1148 LET F0=F: REM store lowest function value so far

1152 GOSUB 1252: REM axial exploratory search

1156 IF I6=2*(N-I5) THEN 1176: REM parameters unchanged in axial search

1160 IF F0>=F1 THEN 1176: REM test for a lower function value

1164 LET F1=F0: REM update function value at base

1168 GOSUB 1368: REM pattern move

1172 GOTO 1152: REM repeat axial search

1176 FOR J=1 TO N: REM is B() still the current base point?

1180 IF B(J)<>X(J) THEN 1192: REM test for changes in parameters

1184 NEXT J: REM in above test look for equality since B:=X at base

1188 GOTO 1208: REM reduce step-size as search has not reduced function

1192 GOSUB 1424: REM copy X into B (B() is now at the base point)

1196 PRINT " RETURN TO BASE POINT ";

1200 PRINT #3," RETURN TO BASE POINT ";

1204 GOTO 1152: REM try another axial search

1208 LET S1=S1*S2: REM reduce step-size

1212 PRINT

1216 PRINT I9,F0,"STEPSIZE=";S1

1220 PRINT #3,

1224 PRINT #3,I9,F0,"STEPSIZE=";S1

1228 GOSUB 1476: REM display parameters

1230 IF I9>=MI9 THEN RETURN: REM exit check

1232 IF I6<2*(N-I5) THEN 1152: REM convergence test (no altered param's)

1236 PRINT

1240 PRINT #3,

1244 RETURN: REM function minimization complete

1248 REM axial exploratory search subroutine

1252 LET I6=0: REM counter for number of unchanged parameters

1256 FOR J=1 TO N

1260 IF O(J,3)=0 THEN 1344: REM parameter J is masked

1264 LET S3=B(J): REM store parameter value

1268 IF S3=O(J,2) THEN 1284: REM avoid change if at upper bound

1272 LET B(J)=S3+S1: REM step forward

1276 IF B(J)>O(J,2) THEN LET B(J)=O(J,2): REM bound -- assume +VE step

1280 IF B(J)+E5<>S3+E5 THEN 1292: REM test equality relative to E5

1284 LET I6=I6+1

1288 GOTO 1300: REM now try negative step

1292 GOSUB 1456: REM function evaluation

1296 IF F<F0 THEN 1340: REM test if function value < current lowest value

1300 IF S3=O(J,1) THEN 1328: REM no change if at lower bound

1304 LET B(J)=S3-S1: REM step backward

1308 IF B(J)<O(J,1) THEN LET B(J)=O(J,1): REM lower bound

1312 IF B(J)+E5=S3+E5 THEN 1328: REM test equality

1316 GOSUB 1456: REM function evaluation

1320 IF F<F0 THEN 1340

1324 GOTO 1332

1328 LET I6=I6+1: REM count number of times parameter unchanged

1332 LET B(J)=S3: REM restore original parameter (not by addition!!)

1336 GOTO 1344

1340 LET F0=F: REM store new lowest function value

1344 NEXT J

1348 PRINT " AXIAL SEARCH F0=";F0 

1352 PRINT #3," AXIAL SEARCH F0=";F0 

1356 GOSUB 1476: REM print parameters

1360 RETURN: REM end axial search

1364 REM PATTERN MOVE

1368 FOR J=1 TO N

1372 IF O(J,3)=0 THEN 1396: REM masked parameter

1376 LET S3=2*B(J)-X(J): REM element of new base point

1380 LET X(J)=B(J): REM store current point

1384 IF S3<O(J,1) THEN LET S3=O(J,1): REM lower bound check

1388 IF S3>O(J,2) THEN LET S3=O(J,2): REM upper bound check

1392 LET B(J)=S3: REM store new base point

1396 NEXT J

1400 PRINT " PMOVE ";

1404 PRINT #3," PMOVE ";

1408 RETURN: REM end pattern move

1412 PRINT "FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1416 PRINT #3,"FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1420 STOP

1424 FOR J=1 TO N: REM copy X into B

1428 LET B(J)=X(J)

1432 NEXT J

1436 RETURN

1440 FOR J=1 TO N: REM copy B into X

1444 LET X(J)=B(J)

1448 NEXT J

1452 RETURN

1456 LET I3=0: REM compute function -- reset failure flag

1460 GOSUB 2000: REM user routine

1464 IF I3<>0 THEN LET F=B9: REM large value assigned

1468 LET I9=I9+1: REM function evaluation counter

1472 RETURN

1476 IF J8=0 THEN RETURN: REM no parameter display

1480 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1484 LET J7=INT(I9/J8)+1: REM parameter display control

1488 PRINT "parameters";

1492 PRINT #3,"parameters";

1496 FOR J=1 TO N

1500 LET Q$=""

1504 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1508 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1512 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1516 PRINT "  ";B(J);Q$;

1520 PRINT #3,"  ";B(J);Q$;

1524 IF 5*INT(J/5)<>J THEN 1544

1528 PRINT

1532 PRINT "          ";

1536 PRINT #3,

1540 PRINT #3,"          ";

1544 NEXT J

1548 PRINT

1552 PRINT #3,

1556 RETURN

�




JNMWSD95/HJS.BAS
1000 PRINT "HJS.BAS -- Shortened Hooke and Jeeves -- 19851018"

1088 IF S1<=0 THEN LET S1=1

1092 IF S2<=0 THEN LET S2=.1

1104 GOSUB 7120

1108 GOSUB 1440

1112 PRINT "STEP-SIZE =";S1

1116 PRINT "STEP-SIZE REDUCTION FACTOR =";S2

1128 GOSUB 1456

1132 IF I3<>0 THEN 1412

1136 PRINT "INITIAL FUNCTION VALUE =";F

1144 LET F1=F

1148 LET F0=F

1152 GOSUB 1252

1156 IF I6=2*N THEN 1176

1160 IF F0>=F1 THEN 1176

1164 LET F1=F0

1168 GOSUB 1368

1172 GOTO 1152

1176 FOR J=1 TO N

1180 IF B(J)<>X(J) THEN 1192

1184 NEXT J

1188 GOTO 1208

1192 GOSUB 1424

1196 PRINT " RETURN TO BASE POINT ";

1204 GOTO 1152

1208 LET S1=S1*S2

1212 PRINT

1216 PRINT I9,F0,"STEPSIZE=";S1

1232 IF I6<2*N THEN 1152

1236 PRINT

1244 RETURN

1252 LET I6=0

1256 FOR J=1 TO N

1264 LET S3=B(J)

1272 LET B(J)=S3+S1

1280 IF B(J)+E5<>S3+E5 THEN 1292

1284 LET I6=I6+1

1288 GOTO 1304

1292 GOSUB 1456

1296 IF F<F0 THEN 1340

1304 LET B(J)=S3-S1

1312 IF B(J)+E5=S3+E5 THEN 1328

1316 GOSUB 1456

1320 IF F<F0 THEN 1340

1324 GOTO 1332

1328 LET I6=I6+1

1332 LET B(J)=S3

1336 GOTO 1344

1340 LET F0=F

1344 NEXT J

1348 PRINT " AXIAL SEARCH F0=";F0 

1360 RETURN

1368 FOR J=1 TO N

1376 LET S3=2*B(J)-X(J)

1380 LET X(J)=B(J)

1392 LET B(J)=S3

1396 NEXT J

1400 PRINT " PMOVE ";

1408 RETURN

1412 PRINT "FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1420 STOP

1424 FOR J=1 TO N

1428 LET B(J)=X(J)

1432 NEXT J

1436 RETURN

1440 FOR J=1 TO N

1444 LET X(J)=B(J)

1448 NEXT J

1452 RETURN

1456 LET I3=0

1460 GOSUB 2000

1464 IF I3<>0 THEN LET F=B9

1468 LET I9=I9+1

1472 RETURN






JNMWSD95/LOADMSG.BAS
10 PRINT "LOADMSG -- Copyright J.C.Nash 1987"

20 REM 19871125

30 PRINT

40 PRINT "**** There will be a delay while the text form of your ****"

50 PRINT "****    consolidated program is loaded into memory.    ****"

60 PRINT

70 CHAIN "PROG"






JNMWSD95/MRTG.BAS
40 DIM A(325),C(325),T(25),G(25),D(25)

1000 PRINT "MRT -- MARQUARDT/NASH -- 860412"

1002 LET M$="MRTG"

1004 PRINT #3,"MRT -- MARQUARDT/NASH -- 860412"

1008 REM CALLS:

1012 REM     RESIDUAL R1    -- line 3500

1016 REM     JACOBIAN D(B)  -- line 4000

1020 REM     ENVRON (computing environment) -- line 7120

1024 REM

1028 REM INPUTS TO THE ROUTINE:

1032 REM    B() -- a vector of initial parameter estimates

1036 REM    N   -- the number of parameters in the sum of squares

1040 REM    M   -- the number of data points

1044 REM    O( , ) -- masks and bounds

1048 REM    I5  -- the number of masked parameters. Must be zero if

1052 REM           masks are not used.

1053 REM    MI9 -- maximum function evaluations

1056 REM OUTPUT FROM THE ROUTINE:

1060 REM    X() -- a vector of final parameter estimates for the

1064 REM           parameter values which minimize the sum of squares

1068 REM    F0  -- value of the sum of squares at the minimum

1072 REM    I8  -- number of Jacobian evaluations

1076 REM    I9  -- number of sum of squares evaluations

1080 REM 

1084 REM GOSUB 7120: REM machine environment

1088 LET J8=1: REM no of fn eval before parameter display

1092 LET J7=1: REM counter for parameter display

1096 LET A7=10: REM lambda increase factor

1100 LET A9=4: REM lambda decrease factor = A9/A7

1104 LET A8=1: REM Nash phi factor

1108 LET S9=.0001: REM initial lambda

1112 LET N2=N*(N+1)/2

1116 REM DIM A(N2),C(N2),T(N),G(N),D(N)

1120 IF M>N THEN 1132

1124 PRINT "WARNING: NO. OF DATA POINTS <= NO. OF VARIABLES."

1128 PRINT #3,"WARNING: NO. OF DATA POINTS <= NO. OF VARIABLES."

1132 LET I3=0: REM non-computability flag

1136 GOSUB 1848: REM compute sum of squares

1140 IF I3=0 THEN 1156

1144 PRINT "ERROR:  FUNCTION NOT COMPUTABLE"

1148 PRINT #3,"ERROR:  FUNCTION NOT COMPUTABLE"

1152 STOP

1156 LET S9=A9*S9/A7: REM decrease lambda -- top of cycle

1160 LET F0=F: REM save lowest value of sum of squares

1164 PRINT "ITN";I8;"  EVAL'N";I9;" SS=";F0

1168 PRINT #3,"ITN";I8;"  EVAL'N";I9;" SS=";F0

1172 GOSUB 1884: REM display parameters

1173 IF I9>=MI9 THEN RETURN: REM exit check

1176 FOR I=1 TO N2: REM form JT * J (sscp matrix) and JT * r (rhs)

1180 LET A(I)=0: REM initialize sscp matrix

1184 NEXT I

1188 FOR I=1 TO N

1192 LET G(I)=0: REM initialize gradient (JT * r)

1196 NEXT I

1200 FOR I=1 TO M: REM loop over residuals

1204 GOSUB 3500: REM & compute I'th residual in R1

1208 REM this call not necessary if residuals have been saved

1212 GOSUB 4000: REM compute I'th row of Jacobian in D()

1216 FOR J=1 TO N

1220 LET G(J)=G(J)+D(J)*R1: REM accumulate gradient (better in dbl)

1224 LET K2=J*(J-1)/2

1228 FOR K=1 TO J

1232 LET A(K2+K)=A(K2+K)+D(J)*D(K): REM accumulate sscp (better in dbl)

1236 NEXT K

1240 NEXT J

1244 NEXT I: REM end sum of squares and cross-products formation

1248 LET I8=I8+1: REM count evaluation of Hessian

1252 FOR J=1 TO N2

1256 LET C(J)=A(J): REM save sscp matrix

1260 NEXT J

1264 FOR J=1 TO N

1268 LET X(J)=B(J): REM save current best parameters

1272 NEXT J

1276 FOR J=1 TO N: REM adjust gradient for bounds constraints

1280 IF O(J,3)>=0 THEN 1308: REM masked or free

1284 IF (O(J,3)+1.5)*G(J)<=0 THEN 1304: REM Lagrange multiplier

1288 LET O(J,3)=1: REM free parameter

1292 PRINT "freeing parameter ";J

1296 PRINT #3,"freeing parameter ";J

1300 GOTO 1308

1304 LET G(J)=0: REM constraint on parameter j active

1308 NEXT J: REM bounds constraints on G imposed

1312 FOR J=1 TO N: REM augment sscp matrix on diagonal

1316 LET K2=J*(J+1)/2

1320 LET A(K2)=C(K2)*(1+S9)+A8*S9

1324 LET T(J)=-G(J): REM right hand side of equations

1328 IF J=1 THEN 1344

1332 FOR I=1 TO J-1

1336 LET A(K2-I)=C(K2-I): REM off-diagonal elements

1340 NEXT I

1344 NEXT J

1348 PRINT "LAMDA = ";S9

1352 PRINT #3,"LAMDA = ";S9

1356 LET I3=0: REM use non-computability flag for Choleski decomposition

1360 GOSUB 1596: REM Choleski decomposition

1364 IF I3=0 THEN 1380

1368 PRINT "SSCP MATRIX NOT COMPUTATIONALLY POSITIVE DEFINITE"

1372 PRINT #3,"SSCP MATRIX NOT COMPUTATIONALLY POSITIVE DEFINITE"

1376 GOTO 1576: REM so we increase lambda and try again

1380 GOSUB 1696: REM Choleski back-substitution

1384 LET G8=0: REM project solution (before step)

1388 FOR J=1 TO N

1392 IF O(J,3)=1 THEN 1400: REM free parameter

1396 LET T(J)=0: REM bound constraint or mask active

1400 LET G8=G8+G(J)*T(J): REM gradient times step

1404 NEXT J

1408 IF G8>0 THEN 1576: REM uphill direction

1412 LET S1=1: REM initial step size is always 1.0

1416 LET S8=S1: REM find max-step and check new constraint

1420 FOR J=1 TO N

1424 IF T(J)=0 THEN 1460: REM no sense in checking

1428 REM T(J)=0 when mask or bound is active

1432 IF T(J)>0 THEN 1448: REM check upper bound

1436 LET S7=(O(J,1)-X(J))/T(J): REM distance to lower bd.

1440 IF S7>S8 THEN 1460: REM smaller step in effect

1444 GOTO 1456

1448 LET S7=(O(J,2)-X(J))/T(J): REM distance to upper bd.

1452 IF S8<S7 THEN 1460: REM step smaller than limit (J7 may = 0 if <=)

1456 LET S8=S7

1460 NEXT J

1464 IF S8<S1 THEN PRINT "stepsize reduced to ";S8;" by bounds"

1468 IF S8<S1 THEN PRINT #3,"stepsize reduced to ";S8;" by bounds"

1472 LET I6=0: REM step along search direction

1476 FOR J=1 TO N: REM loop over parameters

1480 IF O(J,3)=0 THEN 1496: REM masked parameter?

1484 LET B(J)=X(J)+S8*T(J): REM use restricted stepsize

1488 IF B(J)+E5<>X(J)+E5 THEN 1496: REM test of difference

1490 LET B(J)=X(J): REM reset to avoid "drift"

1492 LET I6=I6+1

1496 NEXT J

1500 IF I6=N-I5 THEN 1592: REM convergence test -- note masks

1504 GOSUB 1848: REM compute sum of squares

1508 IF I3=0 THEN 1524

1512 PRINT "SUM OF SQUARES NOT COMPUTABLE"

1516 PRINT #3,"SUM OF SQUARES NOT COMPUTABLE"

1520 GOTO 1576: REM so increase lambda and try again

1524 IF F>=F0 THEN 1576

1528 FOR J=1 TO N: REM check bounds on new parameters

1532 IF O(J,3)<=0 THEN 1568: REM masked or constrained

1536 IF B(J)-O(J,1)>E9*(ABS(O(J,1))+E9) THEN 1552

1540 PRINT "lower bound on parameter ";J;" active"

1544 PRINT #3,"lower bound on parameter ";J;" active"

1548 LET O(J,3)=-2

1552 IF O(J,2)-B(J)>E9*(ABS(O(J,2))+E9) THEN 1568

1556 PRINT "upper bound on parameter ";J;" active"

1560 PRINT #3,"upper bound on parameter ";J;" active"

1564 LET O(J,3)=-1

1568 NEXT J

1572 GOTO 1156: REM try another cycle

1576 LET S9=S9*A7: REM increase lambda

1580 IF S9>0 THEN 1312: REM safety check to ensure positive lambda

1584 LET S9=E9: REM set lambda to machine precision (> 0)

1588 GOTO 1312: REM augment sscp matrix and repeat solution

1592 RETURN: REM converged -- finish of MRT

1596 FOR J=1 TO N: REM Choleski decomposition (Alg. 7 Nash, 1979)

1600 LET K2=J*(J+1)/2

1604 IF J=1 THEN 1640

1608 FOR I=J TO N

1612 LET K1=I*(I-1)/2+J

1616 LET S=A(K1)

1620 FOR K=1 TO J-1

1624 LET S=S-A(K1-K)*A(K2-K)

1628 NEXT K

1632 LET A(K1)=S

1636 NEXT I

1640 IF O(J,3)<=0 THEN 1656: REM mask or active bound

1644 IF A(K2)>0 THEN 1668

1648 LET I3=1: REM not computationally positive definite

1652 GOTO 1692: REM return with flag set

1656 LET S=0: REM constraint active -- null out row

1660 LET A(K2)=0

1664 GOTO 1672

1668 LET S=1/SQR(A(K2))

1672 FOR I=J TO N

1676 LET K1=I*(I-1)/2+J

1680 LET A(K1)=A(K1)*S

1684 NEXT I

1688 NEXT J

1692 RETURN: REM end of Choleski decomposition

1696 IF O(1,3)<=0 THEN 1708: REM mask or active bound

1700 LET S=1/A(1)

1704 GOTO 1712

1708 LET S=0

1712 LET T(1)=T(1)*S: REM Cholback   (Nash, 1979, Alg. 8)

1716 REM Choleski back-substitution -- L * G = X

1720 IF N=1 THEN 1776: REM 1 by 1 matrix

1724 LET K2=1

1728 FOR I=2 TO N

1732 FOR J=1 TO I-1

1736 LET K2=K2+1

1740 LET T(I)=T(I)-A(K2)*T(J)

1744 NEXT J

1748 LET K2=K2+1

1752 IF O(I,3)<=0 THEN 1764: REM mask or active bound

1756 LET S=1/A(K2)

1760 GOTO 1768

1764 LET S=0

1768 LET T(I)=T(I)*S

1772 NEXT I

1776 IF O(N,3)<=0 THEN 1788: REM mask or active bound

1780 LET S=1/A(N2)

1784 GOTO 1792

1788 LET S=0: REM active constraint

1792 LET T(N)=T(N)*S: REM begin LT * X = G solution

1796 IF N=1 THEN 1844

1800 FOR I=N TO 2 STEP -1

1804 LET K2=I*(I-1)/2

1808 FOR J=1 TO I-1

1812 LET T(J)=T(J)-T(I)*A(K2+J)

1816 NEXT J

1820 IF O(I-1,3)<=0 THEN 1832

1824 LET S=1/A(K2)

1828 GOTO 1836

1832 LET S=0

1836 LET T(I-1)=T(I-1)*S

1840 NEXT I

1844 RETURN: REM end Choleski back-substitution

1848 LET F=0: REM sum of squares calculation

1852 LET I3=0

1856 LET I9=I9+1

1860 FOR I=1 TO M

1864 GOSUB 3500

1868 IF I3=1 THEN 1880: REM is function computable?

1872 LET F=F+R1*R1

1876 NEXT I: REM PRINT "after sumsquares calcn f=";F;" i3=";I3

1880 RETURN

1884 IF J8=0 THEN RETURN: REM no parameter display

1888 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1892 LET J7=INT(I9/J8)+1: REM increment parameter display control

1896 PRINT "parameters";

1900 PRINT #3,"parameters";

1904 FOR J=1 TO N

1908 LET Q$=""

1912 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1916 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1920 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1924 PRINT "  ";B(J);Q$;

1928 PRINT #3,"  ";B(J);Q$;

1932 IF 5*INT(J/5)<>J THEN 1952

1936 PRINT

1940 PRINT "          ";

1944 PRINT #3,

1948 PRINT #3,"          ";

1952 NEXT J

1956 PRINT

1960 PRINT #3,

1964 RETURN

6410 REM -- do not want to hold up execution with "Hit return ..." in postmrt

�




JNMWSD95/MRTS.BAS
40 DIM A(325),C(325),T(25),G(25),D(25)

1000 PRINT "MRTS.BAS -- Shortened Marquardt/Nash method -- 860412"

1084 GOSUB 7120

1096 LET A7=10

1100 LET A9=4

1104 LET A8=1

1108 LET S9=.0001

1112 LET N2=N*(N+1)/2

1120 IF M>N THEN 1132

1124 PRINT "WARNING: NO. OF DATA POINTS <= NO. OF VARIABLES."

1132 LET I3=0

1136 GOSUB 1848

1140 IF I3=0 THEN 1156

1144 PRINT "ERROR:  FUNCTION NOT COMPUTABLE"

1152 STOP

1156 LET S9=A9*S9/A7

1160 LET F0=F

1164 PRINT "ITN";I8;"  EVAL'N";I9;" SS=";F0

1176 FOR I=1 TO N2

1180 LET A(I)=0

1184 NEXT I

1188 FOR I=1 TO N

1192 LET G(I)=0

1196 NEXT I

1200 FOR I=1 TO M

1204 GOSUB 3500

1212 GOSUB 4000

1216 FOR J=1 TO N

1220 LET G(J)=G(J)+D(J)*R1

1224 LET K2=J*(J-1)/2

1228 FOR K=1 TO J

1232 LET A(K2+K)=A(K2+K)+D(J)*D(K)

1236 NEXT K

1240 NEXT J

1244 NEXT I

1248 LET I8=I8+1

1252 FOR J=1 TO N2

1256 LET C(J)=A(J)

1260 NEXT J

1264 FOR J=1 TO N

1268 LET X(J)=B(J)

1272 NEXT J

1312 FOR J=1 TO N

1316 LET K2=J*(J+1)/2

1320 LET A(K2)=C(K2)*(1+S9)+A8*S9

1324 LET T(J)=-G(J)

1328 IF J=1 THEN 1344

1332 FOR I=1 TO J-1

1336 LET A(K2-I)=C(K2-I)

1340 NEXT I

1344 NEXT J

1348 PRINT "LAMDA = ";S9

1356 LET I3=0

1360 GOSUB 1596

1364 IF I3=0 THEN 1380

1368 PRINT "SSCP MATRIX NOT COMPUTATIONALLY POSITIVE DEFINITE"

1376 GOTO 1576

1380 GOSUB 1700

1384 LET G8=0

1388 FOR J=1 TO N

1400 LET G8=G8+G(J)*T(J)

1404 NEXT J

1408 IF G8>0 THEN 1576

1412 LET S1=1

1416 LET S8=S1

1472 LET I6=0

1476 FOR J=1 TO N

1484 LET B(J)=X(J)+S8*T(J)

1488 IF B(J)+E5<>X(J)+E5 THEN 1496

1490 LET B(J)=X(J)

1492 LET I6=I6+1

1496 NEXT J

1500 IF I6=N THEN 1592

1504 GOSUB 1848

1508 IF I3=0 THEN 1524

1512 PRINT "SUM OF SQUARES NOT COMPUTABLE"

1520 GOTO 1576

1524 IF F>=F0 THEN 1576

1572 GOTO 1156

1576 LET S9=S9*A7

1580 IF S9>0 THEN 1312

1584 LET S9=E9

1588 GOTO 1312

1592 RETURN

1596 FOR J=1 TO N

1600 LET K2=J*(J+1)/2

1604 IF J=1 THEN 1640

1608 FOR I=J TO N

1612 LET K1=I*(I-1)/2+J

1616 LET S=A(K1)

1620 FOR K=1 TO J-1

1624 LET S=S-A(K1-K)*A(K2-K)

1628 NEXT K

1632 LET A(K1)=S

1636 NEXT I

1644 IF A(K2)>0 THEN 1668

1648 LET I3=1

1652 GOTO 1692

1656 LET S=0

1660 LET A(K2)=0

1664 GOTO 1672

1668 LET S=1/SQR(A(K2))

1672 FOR I=J TO N

1676 LET K1=I*(I-1)/2+J

1680 LET A(K1)=A(K1)*S

1684 NEXT I

1688 NEXT J

1692 RETURN

1700 LET S=1/A(1)

1704 GOTO 1712

1708 LET S=0

1712 LET T(1)=T(1)*S

1720 IF N=1 THEN 1780

1724 LET K2=1

1728 FOR I=2 TO N

1732 FOR J=1 TO I-1

1736 LET K2=K2+1

1740 LET T(I)=T(I)-A(K2)*T(J)

1744 NEXT J

1748 LET K2=K2+1

1756 LET S=1/A(K2)

1760 GOTO 1768

1764 LET S=0

1768 LET T(I)=T(I)*S

1772 NEXT I

1780 LET S=1/A(N2)

1784 GOTO 1792

1788 LET S=0

1792 LET T(N)=T(N)*S

1796 IF N=1 THEN 1844

1800 FOR I=N TO 2 STEP -1

1804 LET K2=I*(I-1)/2

1808 FOR J=1 TO I-1

1812 LET T(J)=T(J)-T(I)*A(K2+J)

1816 NEXT J

1824 LET S=1/A(K2)

1828 GOTO 1836

1832 LET S=0

1836 LET T(I-1)=T(I-1)*S

1840 NEXT I

1844 RETURN

1848 LET F=0

1852 LET I3=0

1856 LET I9=I9+1

1860 FOR I=1 TO M

1864 GOSUB 3500

1868 IF I3=1 THEN 1880

1872 LET F=F+R1*R1

1876 NEXT I

1880 RETURN






JNMWSD95/NLCONFIG.BAS
10 PRINT "nlconfig.bas -- 1989-02-19"

20 PRINT "Copyright (C) J C Nash and M Walker-Smith 1989"

30 PRINT "This program configures batch command files in the suite"

40 PRINT " of codes which extend Nash and Walker-Smith, Nonlinear"

50 PRINT " Parameter Estimation: an Integrated System in BASIC,"

60 PRINT " Marcel Dekker Inc., New York, 1987"

61 PRINT "Republished by Nash Information Services Inc."

62 PRINT "1975 Bel-Air Drive, Ottawa, Ontario, Canada, K2C 0X1"

63 PRINT "  (613) 225 3781, fax (613) 225 6553"

64 PRINT " Email c/o: jcnash@aix1.uottawa.ca"

70 PRINT

80 PRINT "Programs in the suite require several 'paths' to allow"

90 PRINT " user code to be merged with our program segments."

100 PRINT "In particular, we need:"

110 PRINT "  1) a 'scratch' disk area"

120 PRINT "  2) a path to the original programs (1987)"

130 PRINT "  3) a path to the extension programs "

140 PRINT "  4) a path to the basic compiler (Use default if not installed)"

150 PRINT " Not all of these need be different, but all must be provided."

160 PRINT

170 PRINT " Paths are specified as follows"

180 PRINT "  drive:\dir1\dir2\dir3\"

190 PRINT " e.g.    c:\nash\programs\test\"

200 PRINT

210 RESTORE 970

220 READ S$

230 PRINT "Enter the scratch path ([cr] = ";S$;") : ";

240 INPUT W$

250 IF LEN(W$)>0 THEN LET S$=W$

260 READ O$

270 PRINT "Enter the path to the original programs ([cr] = ";O$;") : ";

280 INPUT  W$

290 IF LEN(W$)>0 THEN LET O$=W$

300 READ E$

310 PRINT "Enter the path to the extension programs ([cr] = ";E$;") : ";

320 INPUT W$

330 IF LEN(W$)>0 THEN LET E$=W$

340 READ B$

350 PRINT "Enter the path to the basic compiler ([cr] = ";B$;") : ";

360 INPUT W$

370 IF LEN(W$)>0 THEN LET B$=W$

380 PRINT

390 PRINT "**** WARNING: SOURCE FILES LISTED IN THE DATA SEGMENT OF THIS"

400 PRINT "              PROGRAM MUST BE IN THE DEFAULT DIRECTORY WHEN IT"

410 PRINT "              IS EXECUTED."

420 PRINT

430 RESTORE 880

440 REM top of loop

450 READ F$

460 IF F$="$$$$" THEN STOP

470 LET K=INSTR(1,F$,".")

480 IF K=0 THEN STOP: REM safety check

490 LET G$=LEFT$(F$,K)+"BAT"

500 PRINT

510 PRINT

520 PRINT "******* WARNING *******"

530 PRINT "BATch file ";G$;" will be output to the default path "

540 PRINT

550 INPUT "hit [cr] to continue ";W$

560 PRINT

570 REM LET G$=E$+G$: REM if you want BATch files in the ~nlprogs directory

580 ON ERROR GOTO 950: REM trap file errors

590 OPEN F$ FOR INPUT AS 1

600 OPEN G$ FOR OUTPUT AS 2

610 ON ERROR GOTO 0

620 IF EOF(1) THEN 780

630 LINE INPUT #1,L$

640 LET K=INSTR(1,L$,"~")

650 IF K=0 THEN 750

660 LET Q$="~nlscr~": LET X$=S$

670 GOSUB 810

680 LET Q$="~nlorig~": LET X$=O$

690 GOSUB 810

700 LET Q$="~bascom~": LET X$=B$

710 GOSUB 810

720 LET Q$="~nlprogs~": LET X$=E$

730 GOSUB 810

740 REM done replacements

750 PRINT #2,L$

760 PRINT L$

770 GOTO 620

780 CLOSE #1

790 CLOSE #2

800 GOTO 450

810 LET K=INSTR(1,L$,Q$)

820 IF K=0 THEN RETURN

830 LET Q9=LEN(Q$)

840 LET L9=LEN(L$)

850 LET T$=LEFT$(L$,K-1)+X$+RIGHT$(L$,L9-K-(Q9-1))

860 LET L$=T$

870 GOTO 810: REM try again

880 DATA "nlgrid.src"

890 DATA "nlran.src"

900 rem DATA "nlrrg.src"

901 DATA "EROBUST.SRC"

902  DATA "NLX.SRC"

903 DATA "TESTX.SRC"

904 DATA "TROBUST.SRC"

910 DATA "$$$$"

930 CLOSE

940 STOP

950 PRINT "ERROR -- FILE PROBABLY NOT PRESENT IN DEFAULT DIRECTORY"

960 RESUME 930

970 DATA "c:\temp\": REM default scratch path

980 DATA "c:\nlpe\" : REM default original NLE program path

990 DATA "c:\nlpe\" : REM default extension program path

1000 DATA "c:\bas6\": REM default BASIC compiler path

1010 END






JNMWSD95/NM.BAS
40 DIM W(26,27): REM should be (N+1) by (N+2) at least

44 DIM T(25): REM for tilts in POSTGEN

1000 PRINT "NM -- nelder-mead polytope method -- 960530"

1004 PRINT #3,"NM -- nelder-mead polytope method -- 960530"

1008 REM CALLS

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     ENVRON (computing environment) -- line 7120

1020 REM

1024 REM INPUTS TO THE ROUTINE

1028 REM    B() -- a vector of initial parameter estimates

1032 REM    N   -- the number of parameters in the function F(B)

1036 REM    O( , ) -- masks and bounds

1040 REM    S1  -- the stepsize to build polytope

1044 REM    I5  -- the number of masked (fixed) parameters

1048 REM

1052 REM OUTPUT FROM THE ROUTINE

1056 REM    X() -- a vector of final parameter estimates for the

1060 REM           values of the parameters which minimuze the function.

1064 REM    F0  -- value of the function at the minimum

1068 REM    I8  -- the number of gradient evaluations (unchanged)

1072 REM    I9  -- the number of function evaluations

1076 REM

1080 REM need arrays B(N),W(N+1,N+2) and output vector X(N)

1084 REM but X() can be deleted by minor programming changes

1088 REM X() is output here for compatibility with other programs

1092 IF S1>0 THEN 1104: REM assume set outside program if positive

1096 INPUT "stepsize to build polytope =";S1

1100 PRINT #3,"stepsize to build polytope =";S1

1104 LET S5=1: REM reflection factor

1108 LET S7=1.2: REM extension factor

1112 LET S6=.5: REM reduction and shrink factor

1116 PRINT "strategy -- refln, extnn and redn factors ";S5;S7;S6

1120 PRINT #3,"strategy -- refln, extnn and redn factors ";S5;S7;S6

1124 GOSUB 7120: REM computing environment

1128 LET J8=40: REM no of fn eval before parameter display

1132 LET J7=1: REM counter for parameter display

1136 GOSUB 1692: REM initial function value

1140 IF I3=0 THEN 1160

1144 PRINT "function not computable at initial point"

1148 PRINT #3,"function not computable at initial point"

1152 STOP

1156 REM now build polytope and put in the values of the other points

1160 PRINT "function at initial guess =";F

1164 PRINT #3,"function at initial guess =";F

1168 LET N2=N-I5: REM polytope has dimensionality n - no. of masks

1172 IF N2=0 THEN STOP: REM done if all parameters fixed

1176 LET F9=ABS(F)+1: REM save adjusted value for use in convergence test

1180 FOR K=1 TO N: REM build polytope

1184 LET W(K,1)=B(K): REM put initial point in first column

1188 NEXT K

1192 LET W(N+1,1)=F: REM to save function value

1196 LET K1=1: REM first parameter to be altered

1200 FOR J=2 TO (N2+1): REM loop over columns

1204 FOR K=1 TO N

1208 LET W(K,J)=B(K)

1212 NEXT K

1216 IF O(K1,3)=0 THEN LET K1=K1+1: REM masked parameter

1220 LET B(K1)=B(K1)+S1: REM step to build polytope

1224 GOSUB 1692: REM compute function

1225 IF B(K1)<>W(K1,J)+S1 THEN PRINT "RESET PARM.";K1;" TO ";B(K1)

1226 IF B(K1)<>W(K1,J)+S1 THEN PRINT #3,"RESET PARM.";K1;" TO ";B(K1)

1227 LET F3=B(K1)

1228 LET B(K1)=W(K1,J): REM reset the parameter

1232 LET W(K1,J)=F3

1236 REM note how we avoid addition and subtraction on B()

1240 LET W(N+1,J)=F: REM function value

1244 PRINT "vertex ";J;" = ";F

1248 PRINT #3,"vertex ";J;" = ";F

1252 LET K1=K1+1: REM increment for next parameter

1256 NEXT J

1260 LET K$="build"

1262 REM make sure "lowest" point defined after shrink

1264 LET F0=W(N+1,1): REM ranking 960530

1268 LET F3=F0: REM largest function value to be in F3

1272 LET K1=1

1276 LET K3=1

1280 FOR J=2 TO (N2+1)

1284 LET F=W(N+1,J)

1288 IF F>=F0 THEN 1308

1292 REM new lowest function value found, so save it and index

1296 LET F0=F

1300 LET K1=J

1304 GOTO 1320

1308 IF F<=F3 THEN 1320: REM 960530

1312 LET K3=J: REM index of new highest

1316 LET F3=F

1320 NEXT J

1324 REM done ranking loop -- now test for convergence

1325 PRINT "F3, F0, E9, F9 :";F3;F0;E9;F9

1326 INPUT A$

1328 PRINT K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1332 PRINT #3,K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1336 REM print low and high fn. vals.

1340 IF F3<=F0+E9*F9 THEN 1648

1344 REM use machine precision E9 for test

1348 GOSUB 1744: REM display parameters

1352 FOR K=1 TO N: REM build centroid in rightmost col. of W( )

1356 LET F=-W(K,K3): REM subtract out highest point

1360 FOR J=1 TO (N2+1)

1364 LET F=F+W(K,J)

1368 NEXT J

1372 LET W(K,N2+2)=F/N2: REM note mod. for masks

1376 NEXT K

1380 REM centroid now stored in col. (N2+2) of W()

1384 FOR K=1 TO N: REM reflection operation

1388 IF O(K,3)=0 THEN 1396: REM masked

1392 LET B(K)=(1+S5)*W(K,N2+2)-S5*W(K,K3): REM reflection point in B()

1396 NEXT K

1400 LET K$="refl'n"

1404 GOSUB 1692: REM compute function at reflection point

1408 REM now try the different cases

1412 IF F<F3 THEN 1492: REM lower than highest?

1416 LET K$="hi-contr'n"

1420 GOSUB 1664: REM contraction

1424 IF F<F3 THEN 1536: REM contraction successful?

1428 REM shrink polytope towards lowest vertex

1432 LET S8=0: REM old polytope size measure in shrink operation

1436 LET S9=0: REM new polytope size measure

1440 FOR J=1 TO (N2+1)

1444 IF J=K1 THEN 1476

1448 FOR K=1 TO N

1452 IF O(K,3)=0 THEN 1472: REM masked

1456 LET F=W(K,J)-W(K,K1)

1460 LET S8=S8+ABS(F)

1464 LET B(K)=S6*F+W(K,K1): REM new vertex of polytope 960530

1466 LET S9=S9+ABS(B(K)-W(K,K1)): REM 960530 new line no.

1468 LET W(K,J)=B(K): REM 960530

1472 NEXT K: REM 960530 new line no

1474 GOSUB 1692: REM 960530 remember to evaluate!!

1476 LET W(N+1,J)=F: REM save function 960530

1478 NEXT J

1480 LET K$="shrink"

1484 IF S9>.5*(1+S6)*S8 THEN 1624: REM test that shrink has worked

1488 GOTO 1264

1492 FOR K=1 TO N

1496 LET W(K,K3)=B(K): REM reflection point is saved in old highest

1500 NEXT K

1504 LET W(N+1,K3)=F: REM with function value

1508 IF F<(1-S6)*F3+S6*F0 THEN 1532

1512 REM use wtd avg of lowest and highest for "next to highest"

1516 LET K$="lo-contr'n"

1520 GOSUB 1664: REM contraction

1524 IF F>W(N+1,K3) THEN 1264: REM restart if not good

1528 GOTO 1536: REM new point as low as H, so save

1532 IF F<W(N+1,K1) THEN 1556: REM lower than best

1536 FOR K=1 TO N

1540 LET W(K,K3)=B(K): REM save new point from line reductions or refl'n

1544 NEXT K

1548 LET W(N+1,K3)=F: REM save function value

1552 GOTO 1264: REM and restart cycle

1556 LET W(N+1,K3)=F: REM save reflection value 

1564 REM col. k3 of work array will be made to store lowest point so far

1568 FOR K=1 TO N

1572 LET W(K,K3)=B(K): REM refln point or extn point

1576 IF O(K,3)=0 THEN 1588: REM masked

1580 LET B(K)=B(K)+S7*(W(K,K3)-W(K,N2+2))

1584 REM extension from reflection point

1588 NEXT K

1592 GOSUB 1692: REM function value at extension point

1596 IF F>=W(N+1,K3) THEN 1264: REM not lower, refln already in place

1600 LET K$="exten'n": REM better, so save 960530

1604 FOR K=1 TO N

1608 LET W(K,K3)=B(K): REM save new low

1612 NEXT K

1616 LET W(N+1,K3)=F

1620 GOTO 1264

1624 PRINT "shrink operation has failed to reduce polytope sufficiently"

1628 PRINT #3,"shrink operation has failed to reduce polytope sufficiently"

1632 PRINT "size measure before shrink operation =";S8

1636 PRINT #3,"size measure before shrink operation =";S8

1640 PRINT "size measure after  shrink operation =";S9

1644 PRINT #3,"size measure after  shrink operation =";S9

1648 FOR K=1 TO N

1652 LET X(K)=W(K,K1): REM copy parameters back

1656 NEXT K

1660 RETURN: REM return to main program

1664 FOR K=1 TO N: REM contraction operation

1668 IF O(K,3)=0 THEN 1676: REM masked

1672 LET B(K)=(1-S6)*W(K,K3)+S6*W(K,N2+2): REM reduce along line H-C

1676 NEXT K

1680 GOSUB 1692: REM compute function

1684 RETURN: REM end contraction

1688 REM test bounds before calling function

1692 LET I3=0: REM turn off flag before testing parameters

1696 LET I9=I9+1: REM to count function evaluations

1700 FOR J1=1 TO N

1704 IF O(J1,3)=0 THEN 1716: REM masked?

1708 IF B(J1)>=O(J1,1) THEN 1712: REM lower bound

1709 LET B(J1)=O(J1,1): REM Note that W() is not updated

1710 LET K$="<"+K$: REM to indicate lower bound active

1711 GOTO 1716

1712 IF B(J1)<=O(J1,2) THEN 1716: REM upper bound

1713 LET B(J1)=O(J1,2)

1714 LET K$=">"+K$: REM to indicate upper bound active

1716 NEXT J1: REM done tests, so compute function

1720 GOSUB 2000: REM user function sub-program

1721 REM print "fn = ",f: print #3,"fn = ",f

1722 REM for l9=1 to n: print b(l9);:print #3,b(l9);: next l9

1723 REM print: print#3,

1724 IF I3=1 THEN 1736: REM non-computable function at B

1728 RETURN

1732 LET I3=1: REM out of bounds

1736 LET F=B9: REM use large value of function

1740 RETURN

1744 IF J8=0 THEN RETURN: REM no parameter display

1748 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1752 LET J7=INT(I9/J8)+1: REM parameter display control

1756 PRINT "parameters";

1760 PRINT #3,"parameters";

1764 FOR J=1 TO N

1768 LET Q$=""

1772 IF W(J,K1)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1776 IF O(J,2)-W(J,K1)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1780 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1784 PRINT "  ";W(J,K1);Q$;

1788 PRINT #3,"  ";W(J,K1);Q$;

1792 IF 5*INT(J/5)<>J THEN 1812

1796 PRINT

1800 PRINT "          ";

1804 PRINT #3,

1808 PRINT #3,"          ";

1812 NEXT J

1816 PRINT

1820 PRINT #3,

1824 RETURN






JNMWSD95/NMG.BAS
40 DIM W(26,27): REM should be (N+1) by (N+2) at least

44 DIM T(25): REM for tilts in POSTGEN

1000 PRINT "NM -- nelder-mead polytope method -- 851110"

1002 LET M$="NMG"

1004 PRINT #3,"NM -- nelder-mead polytope method -- 851110"

1008 REM CALLS

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     ENVRON (computing environment) -- line 7120

1020 REM

1024 REM INPUTS TO THE ROUTINE

1028 REM    B() -- a vector of initial parameter estimates

1032 REM    N   -- the number of parameters in the function F(B)

1036 REM    O( , ) -- masks and bounds

1040 REM    S1  -- the stepsize to build polytope

1044 REM    I5  -- the number of masked (fixed) parameters

1045 REM    MI9 -- maximum function evaluations allowed

1048 REM

1052 REM OUTPUT FROM THE ROUTINE

1056 REM    X() -- a vector of final parameter estimates for the

1060 REM           values of the parameters which minimuze the function.

1064 REM    F0  -- value of the function at the minimum

1068 REM    I8  -- the number of gradient evaluations (unchanged)

1072 REM    I9  -- the number of function evaluations

1076 REM

1080 REM need arrays B(N),W(N+1,N+2) and output vector X(N)

1084 REM but X() can be deleted by minor programming changes

1088 REM X() is output here for compatibility with other programs

1092 IF S1>0 THEN 1104: REM assume set outside program if positive

1096 INPUT "stepsize to build polytope =";S1

1100 PRINT #3,"stepsize to build polytope =";S1

1104 LET S5=1: REM reflection factor

1108 LET S7=1.2: REM extension factor

1112 LET S6=.5: REM reduction and shrink factor

1116 PRINT "strategy -- refln, extnn and redn factors ";S5;S7;S6

1120 PRINT #3,"strategy -- refln, extnn and redn factors ";S5;S7;S6

1124 REM GOSUB 7120: REM computing environment

1128 LET J8=40: REM no of fn eval before parameter display

1132 LET J7=1: REM counter for parameter display

1136 GOSUB 1692: REM initial function value

1140 IF I3=0 THEN 1160

1144 PRINT "function not computable at initial point"

1148 PRINT #3,"function not computable at initial point"

1152 STOP

1156 REM now build polytope and put in the values of the other points

1160 PRINT "function at initial guess =";F

1164 PRINT #3,"function at initial guess =";F

1168 LET N2=N-I5: REM polytope has dimensionality n - no. of masks

1172 IF N2=0 THEN STOP: REM done if all parameters fixed

1176 LET F9=ABS(F)+1: REM save adjusted value for use in convergence test

1180 FOR K=1 TO N: REM build polytope

1184 LET W(K,1)=B(K): REM put initial point in first column

1188 NEXT K

1192 LET W(N+1,1)=F: REM to save function value

1196 LET K1=1: REM first parameter to be altered

1200 FOR J=2 TO (N2+1): REM loop over columns

1204 FOR K=1 TO N

1208 LET W(K,J)=B(K)

1212 NEXT K

1216 IF O(K1,3)=0 THEN LET K1=K1+1: REM masked parameter

1220 LET B(K1)=B(K1)+S1: REM step to build polytope

1224 GOSUB 1692: REM compute function

1225 IF B(K1)<>W(K1,J)+S1 THEN PRINT "RESET PARM.";K1;" TO ";B(K1)

1226 IF B(K1)<>W(K1,J)+S1 THEN PRINT #3,"RESET PARM.";K1;" TO ";B(K1)

1227 LET F3=B(K1)

1228 LET B(K1)=W(K1,J): REM reset the parameter

1232 LET W(K1,J)=F3

1236 REM note how we avoid addition and subtraction on B()

1240 LET W(N+1,J)=F: REM function value

1244 PRINT "vertex ";J;" = ";F

1248 PRINT #3,"vertex ";J;" = ";F

1252 LET K1=K1+1: REM increment for next parameter

1256 NEXT J

1260 LET K$="build"

1264 LET F0=W(N+1,1): REM ranking -- smallest function value in F0

1268 LET F3=F0: REM largest function value to be in F3

1272 LET K1=1

1276 LET K3=1

1280 FOR J=2 TO (N2+1)

1284 LET F=W(N+1,J)

1288 IF F>=F0 THEN 1308

1292 REM new lowest function value found, so save it and index

1296 LET F0=F

1300 LET K1=J

1304 GOTO 1320

1308 IF F<F3 THEN 1320

1312 LET K3=J: REM index of new highest

1316 LET F3=F

1320 NEXT J

1324 REM done ranking loop -- now test for convergence

1328 IF F3<=F0+E9*F9 THEN 1648

1332 REM use machine precision E9 for test

1336 PRINT K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1340 PRINT #3,K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1344 REM print low and high fn. vals.

1348 GOSUB 1744: REM display parameters

1349 IF I9>=MI9 THEN RETURN: REM exit check

1352 FOR K=1 TO N: REM build centroid in rightmost col. of W( )

1356 LET F=-W(K,K3): REM subtract out highest point

1360 FOR J=1 TO (N2+1)

1364 LET F=F+W(K,J)

1368 NEXT J

1372 LET W(K,N2+2)=F/N2: REM note mod. for masks

1376 NEXT K

1380 REM centroid now stored in col. (N2+2) of W()

1384 FOR K=1 TO N: REM reflection operation

1388 IF O(K,3)=0 THEN 1396: REM masked

1392 LET B(K)=(1+S5)*W(K,N2+2)-S5*W(K,K3): REM reflection point in B()

1396 NEXT K

1400 LET K$="refl'n"

1404 GOSUB 1692: REM compute function at reflection point

1408 REM now try the different cases

1412 IF F<F3 THEN 1492: REM lower than highest?

1416 LET K$="hi-contr'n"

1420 GOSUB 1664: REM contraction

1424 IF F<F3 THEN 1536: REM contraction successful?

1428 REM shrink polytope towards lowest vertex

1432 LET S8=0: REM old polytope size measure in shrink operation

1436 LET S9=0: REM new polytope size measure

1440 FOR J=1 TO (N2+1)

1444 IF J=K1 THEN 1476

1448 FOR K=1 TO N

1452 IF O(K,3)=0 THEN 1472: REM masked

1456 LET F=W(K,J)-W(K,K1)

1460 LET S8=S8+ABS(F)

1464 LET W(K,J)=S6*F+W(K,K1): REM new vertex of polytope

1468 LET S9=S9+ABS(W(K,J)-W(K,K1))

1472 NEXT K

1476 NEXT J

1480 LET K$="shrink"

1484 IF S9>.5*(1+S6)*S8 THEN 1624: REM test that shrink has worked

1488 GOTO 1264

1492 FOR K=1 TO N

1496 LET W(K,K3)=B(K): REM reflection point is saved in old highest

1500 NEXT K

1504 LET W(N+1,K3)=F: REM with function value

1508 IF F<(1-S6)*F3+S6*F0 THEN 1532

1512 REM use wtd avg of lowest and highest for "next to highest"

1516 LET K$="lo-contr'n"

1520 GOSUB 1664: REM contraction

1524 IF F>W(N+1,K3) THEN 1264: REM restart if not good

1528 GOTO 1536: REM new point as low as H, so save

1532 IF F<W(N+1,K1) THEN 1556: REM lower than best

1536 FOR K=1 TO N

1540 LET W(K,K3)=B(K): REM save new point from line reductions or refl'n

1544 NEXT K

1548 LET W(N+1,K3)=F: REM save function value

1552 GOTO 1264: REM and restart cycle

1556 LET K$="exten'n"

1560 LET W(N+1,K3)=F

1564 REM col. k3 of work array will be made to store lowest point so far

1568 FOR K=1 TO N

1572 LET W(K,K3)=B(K): REM refln point or extn point

1576 IF O(K,3)=0 THEN 1588: REM masked

1580 LET B(K)=B(K)+S7*(W(K,K3)-W(K,N2+2))

1584 REM extension from reflection point

1588 NEXT K

1592 GOSUB 1692: REM function value at extension point

1596 IF F>=W(N+1,K3) THEN 1264

1600 REM if not lower, try again (refln already in place)

1604 FOR K=1 TO N

1608 LET W(K,K3)=B(K): REM save new low

1612 NEXT K

1616 LET W(N+1,K3)=F

1620 GOTO 1264

1624 PRINT "shrink operation has failed to reduce polytope sufficiently"

1628 PRINT #3,"shrink operation has failed to reduce polytope sufficiently"

1632 PRINT "size measure before shrink operation =";S8

1636 PRINT #3,"size measure before shrink operation =";S8

1640 PRINT "size measure after  shrink operation =";S9

1644 PRINT #3,"size measure after  shrink operation =";S9

1648 FOR K=1 TO N

1652 LET X(K)=W(K,K1): REM copy parameters back

1656 NEXT K

1660 RETURN: REM return to main program

1664 FOR K=1 TO N: REM contraction operation

1668 IF O(K,3)=0 THEN 1676: REM masked

1672 LET B(K)=(1-S6)*W(K,K3)+S6*W(K,N2+2): REM reduce along line H-C

1676 NEXT K

1680 GOSUB 1692: REM compute function

1684 RETURN: REM end contraction

1688 REM test bounds before calling function

1692 LET I3=0: REM turn off flag before testing parameters

1696 LET I9=I9+1: REM to count function evaluations

1700 FOR J1=1 TO N

1704 IF O(J1,3)=0 THEN 1716: REM masked?

1708 IF B(J1)>=O(J1,1) THEN 1712: REM lower bound

1709 LET B(J1)=O(J1,1): REM Note that W() is not updated

1710 LET K$="<"+K$: REM to indicate lower bound active

1711 GOTO 1716

1712 IF B(J1)<=O(J1,2) THEN 1716: REM upper bound

1713 LET B(J1)=O(J1,2)

1714 LET K$=">"+K$: REM to indicate upper bound active

1716 NEXT J1: REM done tests, so compute function

1720 GOSUB 2000: REM user function sub-program

1724 IF I3=1 THEN 1736: REM non-computable function at B

1728 RETURN

1732 LET I3=1: REM out of bounds

1736 LET F=B9: REM use large value of function

1740 RETURN

1744 IF J8=0 THEN RETURN: REM no parameter display

1748 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1752 LET J7=INT(I9/J8)+1: REM parameter display control

1756 PRINT "parameters";

1760 PRINT #3,"parameters";

1764 FOR J=1 TO N

1768 LET Q$=""

1772 IF W(J,K1)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1776 IF O(J,2)-W(J,K1)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1780 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1784 PRINT "  ";W(J,K1);Q$;

1788 PRINT #3,"  ";W(J,K1);Q$;

1792 IF 5*INT(J/5)<>J THEN 1812

1796 PRINT

1800 PRINT "          ";

1804 PRINT #3,

1808 PRINT #3,"          ";

1812 NEXT J

1816 PRINT

1820 PRINT #3,

1824 RETURN

�




JNMWSD95/NMS.BAS
40 DIM W(26,27)

1000 PRINT "NMS.BAS -- Shortened Nelder-Mead polytope method -- 851110"

1092 IF S1>0 THEN 1104

1096 INPUT "stepsize to build polytope =";S1

1104 LET S5=1

1108 LET S7=1.2

1112 LET S6=.5

1116 PRINT "strategy -- refln, extnn and redn factors ";S5;S7;S6

1124 GOSUB 7120

1136 GOSUB 1692

1140 IF I3=0 THEN 1160

1144 PRINT "function not computable at initial point"

1152 STOP

1160 PRINT "function at initial guess =";F

1172 IF N=0 THEN STOP

1176 LET F9=ABS(F)+1

1180 FOR K=1 TO N

1184 LET W(K,1)=B(K)

1188 NEXT K

1192 LET W(N+1,1)=F

1196 LET K1=1

1200 FOR J=2 TO (N+1)

1204 FOR K=1 TO N

1208 LET W(K,J)=B(K)

1212 NEXT K

1220 LET B(K1)=B(K1)+S1

1224 GOSUB 1692

1225 IF B(K1)<>W(K1,J)+S1 THEN PRINT "RESET PARM.";K1;" TO "; B(K1)

1227 LET F3=B(K1)

1228 LET B(K1)=W(K1,J)

1232 LET W(K1,J)=F3

1240 LET W(N+1,J)=F

1244 PRINT "vertex ";J;" = ";F

1252 LET K1=K1+1

1256 NEXT J

1260 LET K$="build"

1264 LET F0=W(N+1,1)

1268 LET F3=F0

1272 LET K1=1

1276 LET K3=1

1280 FOR J=2 TO (N+1)

1284 LET F=W(N+1,J)

1288 IF F>=F0 THEN 1308

1296 LET F0=F

1300 LET K1=J

1304 GOTO 1320

1308 IF F<F3 THEN 1320

1312 LET K3=J

1316 LET F3=F

1320 NEXT J

1328 IF F3<=F0+E9*F9 THEN 1648

1336 PRINT K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1352 FOR K=1 TO N

1356 LET F=-W(K,K3)

1360 FOR J=1 TO (N+1)

1364 LET F=F+W(K,J)

1368 NEXT J

1372 LET W(K,N+2)=F/N

1376 NEXT K

1384 FOR K=1 TO N

1392 LET B(K)=(1+S5)*W(K,N+2)-S5*W(K,K3)

1396 NEXT K

1400 LET K$="refl'n"

1404 GOSUB 1692

1412 IF F<F3 THEN 1492

1416 LET K$="hi-contr'n"

1420 GOSUB 1664

1424 IF F<F3 THEN 1536

1432 LET S8=0

1436 LET S9=0

1440 FOR J=1 TO (N+1)

1444 IF J=K1 THEN 1476

1448 FOR K=1 TO N

1456 LET F=W(K,J)-W(K,K1)

1460 LET S8=S8+ABS(F)

1462 LET B(K)=S6*F+W(K,K1): REM 960530

1464 LET W(K,J)=B(K): REM 960530

1468 LET S9=S9+ABS(W(K,J)-W(K,K1))

1470 NEXT K: REM 960530

1472 GOSUB 1692: REM 960530

1474 LET W(N+1,J)=F: REM 960530

1476 NEXT J

1480 LET K$="shrink"

1484 IF S9>.5*(1+S6)*S8 THEN 1624

1488 GOTO 1264

1492 FOR K=1 TO N

1496 LET W(K,K3)=B(K)

1500 NEXT K

1504 LET W(N+1,K3)=F

1508 IF F<(1-S6)*F3+S6*F0 THEN 1532

1516 LET K$="lo-contr'n"

1520 GOSUB 1664

1524 IF F>W(N+1,K3) THEN 1264

1528 GOTO 1536

1532 IF F<W(N+1,K1) THEN 1556

1536 FOR K=1 TO N

1540 LET W(K,K3)=B(K)

1544 NEXT K

1548 LET W(N+1,K3)=F

1552 GOTO 1264

1556 LET K$="exten'n"

1560 LET W(N+1,K3)=F

1568 FOR K=1 TO N

1572 LET W(K,K3)=B(K)

1580 LET B(K)=B(K)+S7*(W(K,K3)-W(K,N+2))

1588 NEXT K

1592 GOSUB 1692

1596 IF F>=W(N+1,K3) THEN 1264

1604 FOR K=1 TO N

1608 LET W(K,K3)=B(K)

1612 NEXT K

1616 LET W(N+1,K3)=F

1620 GOTO 1264

1624 PRINT "shrink operation has failed to reduce polytope sufficiently"

1632 PRINT "size measure before shrink operation =";S8

1640 PRINT "size measure after  shrink operation =";S9

1648 FOR K=1 TO N

1652 LET X(K)=W(K,K1)

1656 NEXT K

1660 RETURN

1664 FOR K=1 TO N

1672 LET B(K)=(1-S6)*W(K,K3)+S6*W(K,N+2)

1676 NEXT K

1680 GOSUB 1692

1684 RETURN

1692 LET I3=0

1696 LET I9=I9+1

1720 GOSUB 2000

1724 IF I3=1 THEN 1736

1728 RETURN

1736 LET F=B9

1740 RETURN






JNMWSD95/NMS88.BAS
40 DIM W(26,27)

1000 PRINT "NMS.BAS -- Shortened Nelder-Mead polytope method -- 851110"

1092 IF S1>0 THEN 1104

1096 INPUT "stepsize to build polytope =";S1

1104 LET S5=1

1108 LET S7=1.2

1112 LET S6=.5

1116 PRINT "strategy -- refln, extnn and redn factors ";S5;S7;S6

1124 GOSUB 7120

1136 GOSUB 1692

1140 IF I3=0 THEN 1160

1144 PRINT "function not computable at initial point"

1152 STOP

1160 PRINT "function at initial guess =";F

1172 IF N=0 THEN STOP

1176 LET F9=ABS(F)+1

1180 FOR K=1 TO N

1184 LET W(K,1)=B(K)

1188 NEXT K

1192 LET W(N+1,1)=F

1196 LET K1=1

1200 FOR J=2 TO (N+1)

1204 FOR K=1 TO N

1208 LET W(K,J)=B(K)

1212 NEXT K

1220 LET B(K1)=B(K1)+S1

1224 GOSUB 1692

1225 IF B(K1)<>W(K1,J)+S1 THEN PRINT "RESET PARM.";K1;" TO "; B(K1)

1227 LET F3=B(K1)

1228 LET B(K1)=W(K1,J)

1232 LET W(K1,J)=F3

1240 LET W(N+1,J)=F

1244 PRINT "vertex ";J;" = ";F

1252 LET K1=K1+1

1256 NEXT J

1260 LET K$="build"

1264 LET F0=W(N+1,1)

1268 LET F3=F0

1272 LET K1=1

1276 LET K3=1

1280 FOR J=2 TO (N+1)

1284 LET F=W(N+1,J)

1288 IF F>=F0 THEN 1308

1296 LET F0=F

1300 LET K1=J

1304 GOTO 1320

1308 IF F<F3 THEN 1320

1312 LET K3=J

1316 LET F3=F

1320 NEXT J

1328 IF F3<=F0+E9*F9 THEN 1648

1336 PRINT K$;TAB(14) I9;TAB(20) F0;TAB(40) F3

1352 FOR K=1 TO N

1356 LET F=-W(K,K3)

1360 FOR J=1 TO (N+1)

1364 LET F=F+W(K,J)

1368 NEXT J

1372 LET W(K,N+2)=F/N

1376 NEXT K

1384 FOR K=1 TO N

1392 LET B(K)=(1+S5)*W(K,N+2)-S5*W(K,K3)

1396 NEXT K

1400 LET K$="refl'n"

1404 GOSUB 1692

1412 IF F<F3 THEN 1492

1416 LET K$="hi-contr'n"

1420 GOSUB 1664

1424 IF F<F3 THEN 1536

1432 LET S8=0

1436 LET S9=0

1440 FOR J=1 TO (N+1)

1444 IF J=K1 THEN 1476

1448 FOR K=1 TO N

1456 LET F=W(K,J)-W(K,K1)

1460 LET S8=S8+ABS(F)

1464 LET W(K,J)=S6*F+W(K,K1)

1468 LET S9=S9+ABS(W(K,J)-W(K,K1))

1472 NEXT K

1476 NEXT J

1480 LET K$="shrink"

1484 IF S9>.5*(1+S6)*S8 THEN 1624

1488 GOTO 1264

1492 FOR K=1 TO N

1496 LET W(K,K3)=B(K)

1500 NEXT K

1504 LET W(N+1,K3)=F

1508 IF F<(1-S6)*F3+S6*F0 THEN 1532

1516 LET K$="lo-contr'n"

1520 GOSUB 1664

1524 IF F>W(N+1,K3) THEN 1264

1528 GOTO 1536

1532 IF F<W(N+1,K1) THEN 1556

1536 FOR K=1 TO N

1540 LET W(K,K3)=B(K)

1544 NEXT K

1548 LET W(N+1,K3)=F

1552 GOTO 1264

1556 LET K$="exten'n"

1560 LET W(N+1,K3)=F

1568 FOR K=1 TO N

1572 LET W(K,K3)=B(K)

1580 LET B(K)=B(K)+S7*(W(K,K3)-W(K,N+2))

1588 NEXT K

1592 GOSUB 1692

1596 IF F>=W(N+1,K3) THEN 1264

1604 FOR K=1 TO N

1608 LET W(K,K3)=B(K)

1612 NEXT K

1616 LET W(N+1,K3)=F

1620 GOTO 1264

1624 PRINT "shrink operation has failed to reduce polytope sufficiently"

1632 PRINT "size measure before shrink operation =";S8

1640 PRINT "size measure after  shrink operation =";S9

1648 FOR K=1 TO N

1652 LET X(K)=W(K,K1)

1656 NEXT K

1660 RETURN

1664 FOR K=1 TO N

1672 LET B(K)=(1-S6)*W(K,K3)+S6*W(K,N+2)

1676 NEXT K

1680 GOSUB 1692

1684 RETURN

1692 LET I3=0

1696 LET I9=I9+1

1720 GOSUB 2000

1724 IF I3=1 THEN 1736

1728 RETURN

1736 LET F=B9

1740 RETURN






JNMWSD95/NTN.BAS
40 DIM A(325),C(325),T(25),G(25)

1000 PRINT "NTN -- SAFEGUARDED NEWTON METHOD -- 870921,871004"

1002 PRINT #3,"NTN -- SAFEGUARDED NEWTON METHOD -- 870921, 871004"

1004 REM CALLS:

1006 REM     ENVRON (computing environment) -- line 7120

1008 REM     HESSIAN (compute Hessian directly) -- line 8000

1010 REM   WHICH MAY CALL 

1012 REM     RESIDUAL R1    -- line 3500

1014 REM     JACOBIAN D(B)  -- line 4000

1016 REM     JSD (Jacobian second derivatives) -- line 8500

1018 REM

1020 REM INPUTS TO THE ROUTINE:

1022 REM    B() -- a vector of initial parameter estimates

1024 REM    N   -- the number of parameters in the sum of  squares

1026 REM    M   -- the number of data points (if nonlinear least

1028 REM           squares or nonlinear equations

1030 REM    O( , ) -- masks and bounds

1032 REM    I5  -- the number of masked parameters. Must be  zero if

1034 REM           masks are not used.

1036 REM OUTPUT FROM THE ROUTINE:

1038 REM    X() -- a vector of final parameter estimates for the

1040 REM           parameter values which minimize the sum of  squares

1042 REM    F0  -- value of the sum of squares at the minimum

1044 REM    I8  -- number of Jacobian evaluations

1046 REM    I9  -- number of sum of squares evaluations

1048 REM 

1050 GOSUB 7120: REM machine environment

1052 LET J0=1: REM displays Newton equations

1054 INPUT "Display Newton equations and solutions ([cr]=Y)";Z$

1056 PRINT #3,"Display Newton equations and solutions ([cr]=Y)";Z$

1058 IF Z$="N" OR Z$="n" THEN LET J0=0

1060 LET J8=1: REM no of fn eval before parameter display

1062 LET J7=1: REM counter for parameter display

1064 LET A7=10: REM lambda increase factor

1066 LET A9=4: REM lambda decrease factor = A9/A7 

1070 LET S2=.0001: REM sufficient decrease test tolerance

1072 LET S3=.2: REM stepsize reduction in backtracking line search

1074 LET G0=-1: REM STORE INITIAL GRADIENT NORM

1075 LET S9=0: REM initial Marquardt parameter

1076 REM and Marquardt stabilization

1078 LET N2=N*(N+1)/2

1080 REM DIM A(N2),C(N2),T(N),G(N): REM D(N) dimensioned in sumsqr or fn

1082 LET I3=0: REM non-computability flag

1084 GOSUB 2000: REM compute function value or sum of squares

1086 LET I9=I9+1

1088 IF I3=0 THEN 1092

1089 PRINT "ERROR:  FUNCTION NOT COMPUTABLE"

1090 PRINT #3,"ERROR:  FUNCTION NOT COMPUTABLE"

1091 STOP

1092 LET S9=S9*A9/A7: REM start each cycle with no damping

1098 LET F0=F: REM save lowest value of sum of squares

1100 PRINT "ITN";I8;"  EVAL'N";I9;" FUNCTION VALUE=";F0

1102 PRINT #3,"ITN";I8;"  EVAL'N";I9;" FUNCTION VALUE=";F0

1104 GOSUB 1468: REM display parameters

1106 GOSUB 8000: REM compute Hessian and gradient

1108 GOSUB 2500

1110 LET I8=I8+1: REM count evaluation of Hessian

1112 FOR J=1 TO N2

1114 LET C(J)=A(J): REM save Hessian matrix

1116 NEXT J

1118 FOR J=1 TO N

1120 LET X(J)=B(J): REM save current best parameters

1122 NEXT J

1124 LET G2=0: REM GRADIENT NORM

1126 FOR J=1 TO N: REM adjust gradient for bounds constraints

1128 IF O(J,3)>=0 THEN 1142: REM masked or free

1130 IF (O(J,3)+1.5)*G(J)<=0 THEN 1140: REM Lagrange multiplier

1132 LET O(J,3)=1: REM free parameter

1134 PRINT "freeing parameter ";J

1136 PRINT #3,"freeing parameter ";J

1138 GOTO 1142

1140 LET G(J)=0: REM constraint on parameter j active

1142 LET G2=G2+G(J)*G(J)

1144 NEXT J: REM bounds constraints on G imposed

1146 IF G0<0 THEN LET G0=SQR(G2)

1148 FOR J=1 TO N: REM augment sscp matrix on diagonal

1150 LET K2=J*(J+1)/2

1152 LET A(K2)=C(K2)+S9: REM note form because C() may be indefinite

1154 LET T(J)=-G(J): REM right hand side of equations

1156 IF J=1 THEN 1164

1158 FOR I=1 TO J-1

1160 LET A(K2-I)=C(K2-I): REM off-diagonal elements

1162 NEXT I

1164 NEXT J

1166 PRINT "LAMDA = ";S9

1168 PRINT #3,"LAMDA = ";S9

1170 LET I3=0: REM use non-computability flag for Choleski decomposition

1172 IF J0=1 THEN GOSUB 1510

1174 GOSUB 1324: REM Choleski decomposition

1176 IF I3=0 THEN 1186

1178 PRINT "SSCP MATRIX NOT COMPUTATIONALLY POSITIVE DEFINITE"

1180 PRINT #3,"SSCP MATRIX NOT COMPUTATIONALLY POSITIVE DEFINITE"

1181 IF S9<E9*E9 THEN LET S9=1: REM ensure large Levenberg parameter

1182 LET S9=A7*S9: REM increase damping parameter

1184 GOTO 1148: REM and try again

1186 GOSUB 1374: REM Choleski back-substitution

1188 IF J0=1 THEN GOSUB 1548: REM print solution

1190 LET G8=0: REM project solution (before step)

1192 FOR J=1 TO N

1194 IF O(J,3)=1 THEN 1198: REM free parameter

1196 LET T(J)=0: REM bound constraint or mask active

1198 LET G8=G8+G(J)*T(J): REM gradient times step

1200 NEXT J

1202 REM IF G8>0 THEN 1294: REM uphill direction ???

1204 LET S1=1: REM initial step size is always 1.0

1205 IF G8>0 THEN LET S1=-S1: REM try reverse direction just in case

1206 LET S8=S1: REM find max-step and check new constraint

1208 FOR J=1 TO N

1210 IF T(J)=0 THEN 1228: REM no sense in checking

1212 REM T(J)=0 when mask or bound is active

1214 IF T(J)>0 THEN 1222: REM check upper bound

1216 LET S7=(O(J,1)-X(J))/T(J): REM distance to lower bd.

1218 IF S7>S8 THEN 1228: REM smaller step in effect

1220 GOTO 1226

1222 LET S7=(O(J,2)-X(J))/T(J): REM distance to upper bd.

1224 IF S8<S7 THEN 1228: REM step smaller than limit (J7 may = 0 if <=)

1226 LET S8=S7

1228 NEXT J

1230 IF S8<S1 THEN PRINT "stepsize reduced to ";S8;" by bounds"

1232 IF S8<S1 THEN PRINT #3,"stepsize reduced to ";S8;" by bounds"

1234 LET I6=0: REM step along search direction

1236 FOR J=1 TO N: REM loop over parameters

1238 IF O(J,3)=0 THEN 1248: REM masked parameter?

1240 LET B(J)=X(J)+S8*T(J): REM use restricted stepsize

1242 IF B(J)+E5<>X(J)+E5 THEN 1248: REM test of difference

1244 LET B(J)=X(J): REM reset to avoid "drift"

1246 LET I6=I6+1

1248 NEXT J

1250 IF I6=N-I5 THEN 1302: REM convergence test -- note masks

1252 GOSUB 2000: REM compute function value

1254 LET I9=I9+1

1256 IF I3=0 THEN 1264

1258 PRINT "SUM OF SQUARES NOT COMPUTABLE"

1260 PRINT #3,"SUM OF SQUARES NOT COMPUTABLE"

1262 GOTO 1290: REM so decrease stepsize

1264 IF F>=F0+S2*S8*G8 THEN 1290: REM sufficient decrease criterion

1266 FOR J=1 TO N: REM check bounds on new parameters

1268 IF O(J,3)<=0 THEN 1286: REM masked or constrained

1270 IF B(J)-O(J,1)>E9*(ABS(O(J,1))+E9) THEN 1278

1272 PRINT "lower bound on parameter ";J;" active"

1274 PRINT #3,"lower bound on parameter ";J;" active"

1276 LET O(J,3)=-2

1278 IF O(J,2)-B(J)>E9*(ABS(O(J,2))+E9) THEN 1286

1280 PRINT "upper bound on parameter ";J;" active"

1282 PRINT #3,"upper bound on parameter ";J;" active"

1284 LET O(J,3)=-1

1286 NEXT J

1288 GOTO 1092: REM try another cycle

1290 LET S1=S2*S8: REM reduce stepsize

1291 PRINT "*";

1292 PRINT #3,"*";

1293 GOTO 1206: REM and try another evaluation

1294 LET S9=S9*A7: REM increase lambda

1296 IF S9>0 THEN 1148: REM safety check to ensure positive lambda

1298 LET S9=E9: REM set lambda to machine precision (> 0)

1300 GOTO 1148: REM augment sscp matrix and repeat solution

1302 IF S9>0 THEN RETURN: REM converged -- finish of NTN

1304 IF SQR(G2)/G0<E9 THEN 1308

1306 GOTO 1294: REM else try with increased Marquardt parameter

1308 PRINT "GRADIENT NORMS: INITIAL=";G0;"  CURRENT=";SQR(G2)

1310 PRINT "   SEARCH DIRECTION OVERLAP =";G8

1312 PRINT #3, "GRADIENT NORMS: INITIAL=";G0;"   CURRENT=";SQR(G2)

1314 PRINT #3, "   SEARCH DIRECTION OVERLAP =";G8

1316 INPUT "CONTINUE ([cr]=N) ";Z$

1318 PRINT #3,"CONTINUE ([cr]=N) ";Z$

1320 IF Z$="y" OR Z$="Y" THEN 1294

1322 RETURN: REM DONE

1324 FOR J=1 TO N: REM Choleski decomposition (Alg. 7 Nash, 1979)

1326 LET K2=J*(J+1)/2

1328 IF J=1 THEN 1346

1330 FOR I=J TO N

1332 LET K1=I*(I-1)/2+J

1334 LET S=A(K1)

1336 FOR K=1 TO J-1

1338 LET S=S-A(K1-K)*A(K2-K)

1340 NEXT K

1342 LET A(K1)=S

1344 NEXT I

1346 IF O(J,3)<=0 THEN 1354: REM mask or active bound

1348 IF A(K2)>0 THEN 1360

1350 LET I3=1: REM not computationally positive definite

1352 GOTO 1372: REM return with flag set

1354 LET S=0: REM constraint active -- null out row

1356 LET A(K2)=0

1358 GOTO 1362

1360 LET S=1/SQR(A(K2))

1362 FOR I=J TO N

1364 LET K1=I*(I-1)/2+J

1366 LET A(K1)=A(K1)*S

1368 NEXT I

1370 NEXT J

1372 RETURN: REM end of Choleski decomposition

1374 IF O(1,3)<=0 THEN 1380: REM mask or active bound

1376 LET S=1/A(1)

1378 GOTO 1382

1380 LET S=0

1382 LET T(1)=T(1)*S: REM Cholback   (Nash, 1979, Alg. 8)

1384 REM Choleski back-substitution -- L * G = X

1386 IF N=1 THEN 1414: REM 1 by 1 matrix

1388 LET K2=1

1390 FOR I=2 TO N

1392 FOR J=1 TO I-1

1394 LET K2=K2+1

1396 LET T(I)=T(I)-A(K2)*T(J)

1398 NEXT J

1400 LET K2=K2+1

1402 IF O(I,3)<=0 THEN 1408: REM mask or active bound

1404 LET S=1/A(K2)

1406 GOTO 1410

1408 LET S=0

1410 LET T(I)=T(I)*S

1412 NEXT I

1414 IF O(N,3)<=0 THEN 1420: REM mask or active bound

1416 LET S=1/A(N2)

1418 GOTO 1422

1420 LET S=0: REM active constraint

1422 LET T(N)=T(N)*S: REM begin LT * X = G solution

1424 IF N=1 THEN 1448

1426 FOR I=N TO 2 STEP -1

1428 LET K2=I*(I-1)/2

1430 FOR J=1 TO I-1

1432 LET T(J)=T(J)-T(I)*A(K2+J)

1434 NEXT J

1436 IF O(I-1,3)<=0 THEN 1442

1438 LET S=1/A(K2)

1440 GOTO 1444

1442 LET S=0

1444 LET T(I-1)=T(I-1)*S

1446 NEXT I

1448 RETURN: REM end Choleski back-substitution

1450 LET F=0: REM sum of squares calculation

1452 LET I3=0

1454 LET I9=I9+1

1456 FOR I=1 TO M

1458 GOSUB 3500

1460 IF I3=1 THEN 1466: REM is function computable?

1462 LET F=F+R1*R1

1464 NEXT I: REM PRINT "after sumsquares calcn f=";F;" i3=";I3

1466 RETURN

1468 IF J8=0 THEN RETURN: REM no parameter display

1470 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1472 LET J7=INT(I9/J8)+1: REM increment parameter display control

1474 PRINT "parameters";

1476 PRINT #3,"parameters";

1478 FOR J=1 TO N

1480 LET Q$=""

1482 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1484 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1486 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1488 PRINT "  ";B(J);Q$;

1490 PRINT #3,"  ";B(J);Q$;

1492 IF 5*INT(J/5)<>J THEN 1502

1494 PRINT

1496 PRINT "          ";

1498 PRINT #3,

1500 PRINT #3,"          ";

1502 NEXT J

1504 PRINT

1506 PRINT #3,

1508 RETURN

1510 PRINT "Newton equations:"

1512 PRINT #3,"Newton equations:"

1514 FOR L1=1 TO N

1516 LET L3=L1*(L1-1)/2

1518 FOR L2=1 TO L1

1520 PRINT A(L3+L2);

1522 PRINT #3,A(L3+L2);

1524 NEXT L2

1526 IF L1=N THEN 1536

1528 FOR L2=L1+1 TO N

1530 PRINT A(L2*(L2-1)/2+L1);

1532 PRINT #3,A(L2*(L2-1)/2+L1);

1534 NEXT L2

1536 PRINT "|";

1538 PRINT #3,"|";

1540 PRINT  T(L1)

1542 PRINT #3,T(L1)

1544 NEXT L1

1546 RETURN

1548 PRINT "solution:";

1549 PRINT #3,"solution:";

1550 FOR L1=1 TO N

1552 PRINT T(L1);

1554 PRINT #3,T(L1);

1556 NEXT L1

1558 PRINT

1560 PRINT #3,

1562 RETURN






JNMWSD95/POSTNTN.BAS
6000 PRINT "POST-SOLUTION ANALYSIS FOR SAFEGUARDED NEWTON"

6005 PRINT #3,"POST-SOLUTION ANALYSIS FOR SAFEGUARDED NEWTON"

6010 REM POSTNTN.BAS 871118

6015 REM CALLS

6020 REM     FUNCTION F  -- line 2000

6025 REM     RESIDUAL R1 -- line 3500 (only if J6=1)

6030 REM     CHOLESKI DECOMPOSITION OF A -- line 1504 of NTN.BAS

6035 REM     CHOLESKI BACKSUBSTITUTION   -- line 1579 of NTN.BAS

6040 REM

6045 REM INPUTS TO THE ROUTINE

6050 REM    X() -- the vector of final parameter estimates

6055 REM    N   -- the number of parameters in the function F(B)

6060 REM    M   -- the number of data points (0 for a .FN)

6065 REM    O( , ) -- masks and bounds

6070 REM    Y( , ) -- the data array for the problem

6075 REM    C( ) -- the Hessian 

6080 REM    G() -- the gradient at X() 

6085 REM    I5  -- the number of masked (fixed) parameters

6090 REM    J6  -- flag which is 1 if residuals can be computed

6095 REM    F0  -- value of the function at the supposed minimum

6100 REM

6105 REM    B9, E5, E9 -- constants provided by ENVRON

6110 REM

6115 REM OUTPUT FROM THE ROUTINE

6120 REM    F1 -- lower function value than F0 (if found, else a 

6125 REM          higher value to prevent a restart in the DRIVER)

6130 REM    X() -- new parameter values if a lower point is found

6135 REM    

6140 REM need array T(N) to store tilt angles

6145 IF M>N-I5 THEN 6160

6150 LET F9=-1

6155 GOTO 6165

6160 LET F9=F0/(M-N+I5)

6165 PRINT "LOSS FUNCTION PER DATA POINT (SIGMA^2) =";F9

6170 PRINT #3,"LOSS FUNCTION PER DATA POINT (SIGMA^2) =";F9

6175 PRINT

6180 PRINT #3,

6185 PRINT "SOLUTION, DISPERSION MEASURES & GRADIENT OF LOSS FUNCTION"

6190 PRINT #3,"SOLUTION, DISPERSION MEASURES & GRADIENT OF LOSS FUNCTION"

6195 LET I3=0: REM set failure flag to OK

6200 FOR J=1 TO N2: REM loop over elements of Hessian

6205 LET A(J)=C(J): REM copy Hessian elements -- no damping factor

6210 NEXT J

6215 GOSUB 1504: REM Choleski decomposition in NTN.BAS

6220 IF I3=0 THEN 6245

6225 FOR J=1 TO N

6230 LET C(J)=-9999: REM overwrite the Hessian (not needed now)

6235 NEXT J

6240 GOTO 6330

6245 PRINT

6250 PRINT #3,

6255 FOR L1=1 TO N: REM includes masked parameters

6260 FOR L2=1 TO N

6265 LET T(L2)=0

6270 NEXT L2

6275 LET T(L1)=1: REM now a unit vector in t

6280 GOSUB 1382: REM solve ??? are bounds properly handled

6285 PRINT "Column ";L1;" of Hessian inverse"

6290 PRINT #3,"Column ";L1;" of Hessian inverse"

6295 FOR L2=1 TO N

6300 PRINT T(L2);: 

6305 PRINT #3,T(L2);: 

6310 NEXT L2

6314 PRINT

6316 PRINT #3,

6320 LET C(L1)=SQR(ABS(T(L1))): REM compromise 

6325 NEXT L1

6330 FOR J=1 TO N: REM display loop

6335 PRINT "B(";J;") = ";B(J);" DISPERSION = ";C(J);

6336 PRINT "  GRAD(";J;") = ";G(J)

6340 PRINT #3,"B(";J;") = ";B(J);" DISPERSION = ";C(J);

6341 PRINT #3,"  GRAD(";J;") = ";G(J)

6345 NEXT J

6350 PRINT

6355 PRINT #3,

6360 LET T5=1/E9: REM used for active bounds ('large' F(B))

6365 LET I6=0: REM flag for active bounds (-2=l.b.,-1=u.b.,0=inactive)

6370 FOR J=1 TO N

6375 LET E8=E5*SQR(E9): REM now compute points left and right

6380 LET E8=E8*(ABS(X(J))+E8): REM stepsize

6385 PRINT "B(";J;")=";

6390 PRINT #3,"B(";J;")=";

6395 IF O(J,3)=0 THEN 6610: REM masked

6400 LET B(J)=X(J)-E8

6405 IF B(J)<O(J,1) THEN 6435

6410 LET I3=0

6415 GOSUB 2000: REM function value

6420 IF I3=1 THEN 6440

6425 IF F<F0 THEN 6780: REM lower function value

6430 GOTO 6445

6435 LET I6=-2: REM active lower bound

6440 LET F=T5: REM failure

6445 LET F3=F

6450 LET B(J)=X(J)+E8

6455 IF B(J)>O(J,2) THEN 6485

6460 LET I3=0

6465 GOSUB 2000: REM function value

6470 IF I3=1 THEN 6490

6475 IF F<F0 THEN 6780: REM lower function value

6480 GOTO 6495

6485 LET I6=-1: REM active upper bound

6490 LET F=T5: REM failure 

6495 LET F4=F

6500 LET B(J)=X(J): REM reset parameter value

6505 LET C1=.5*(F4-F3)/E8: REM linear term -- should be zero

6510 LET C2=(F4+F3-2*F0)/(2*E8*E8): REM quadratic term

6515 IF I6=-2 THEN LET C2=(F4-F0)/(E8*E8): REM symmetrized curvature

6520 IF I6=-1 THEN LET C2=(F3-F0)/(E8*E8): REM when bounds active

6525 LET C0=1+C1*C1: REM denominator for curvature

6530 LET C2=C2/(C0*SQR(C0))

6535 LET C0=B9: REM set large in case of singularity

6540 IF C2<>0 THEN LET C0=1/C2: REM radius of curvature for problem

6545 LET T(J)=-45*ATN(C1)/ATN(1): REM tilt -- DIMension T in HJ, NM

6550 PRINT USING "##.######^^^^";B(J);: REM !!

6555 PRINT #3,USING "##.######^^^^";B(J);: REM !!

6560 PRINT "  step=";

6565 PRINT #3,"  step=";

6570 PRINT USING "##.##^^^^";E8;: REM !!

6575 PRINT #3,USING "##.##^^^^";E8;: REM !!

6580 PRINT "  f-, f+";

6585 PRINT #3,"  f-, f+";

6590 PRINT USING " ##.####^^^^";F3;F4: REM !!

6595 PRINT #3,USING " ##.####^^^^";F3;F4: REM !!

6600 LET X(J)=C0: REM save radius of curvature in x()

6605 GOTO 6630

6610 PRINT USING "##.######^^^^";B(J);: REM !!

6615 PRINT " MASKED"

6620 PRINT #3,USING "##.######^^^^";B(J);: REM !!

6625 PRINT #3," MASKED"

6630 NEXT J

6635 PRINT "        best function value found is            ";

6640 PRINT #3,"        best function value found is            ";

6645 PRINT USING " ##.####^^^^";F0: REM !!

6650 PRINT #3,USING " ##.####^^^^";F0: REM !!

6655 PRINT

6660 PRINT #3,

6665 PRINT "radii of curvature for surface along axial directions"

6670 PRINT #3,"radii of curvature for surface along axial directions"

6675 PRINT "  & tilt angle in degrees"

6680 PRINT #3,"  & tilt angle in degrees"

6685 PRINT

6690 PRINT #3,

6695 FOR J=1 TO N

6700 IF O(J,3)=0 THEN 6745

6705 PRINT "for B(";J;")  R. OF CURV. = ";

6710 PRINT #3,"for B(";J;")  R. OF CURV. = ";

6715 PRINT USING "##.###^^^^";X(J);: REM !!

6720 PRINT #3,USING "##.###^^^^";X(J);: REM !!

6725 PRINT "   tilt = ";

6730 PRINT #3,"   tilt = ";

6735 PRINT USING "####.#####";T(J): REM !!

6740 PRINT #3,USING "####.#####";T(J): REM !!

6745 NEXT J

6750 IF J6=1 THEN GOSUB 6900: REM print residuals

6755 FOR J=1 TO N

6760 LET X(J)=B(J): REM reset parameter for restart

6765 NEXT J

6770 LET F1=F0+ABS(F0)+1: REM to ensure no restart

6775 RETURN: REM to DRIVER

6780 PRINT 

6785 PRINT #3 ,

6790 PRINT "lower function value found"

6795 PRINT #3,"lower function value found"

6800 IF J6=1 THEN GOSUB 6900: REM print residuals

6805 FOR K=1 TO J

6810 LET X(K)=B(K): REM reset parameter values -- note, j included

6815 NEXT K

6820 LET F1=F: REM to indicate lower function value

6825 RETURN






JNMWSD95/RANMIN.BAS
10 PRINT "RANMIN.BAS -- J C NASH 1987-05-12"

20 PRINT "SEARCH FOR POTENTIAL MINIMA BY RANDOM POINT GENERATION"

25 INPUT "FILE FOR CONSOLE IMAGE ([CR] = nul) ";F$

26 IF LEN(F$)=0 THEN F$="NUL"

27 OPEN F$ FOR OUTPUT AS 3

30 PRINT #3,"RANMIN.BAS -- J C NASH 1987-05-12"

40 PRINT #3,"SEARCH FOR POTENTIAL MINIMA BY RANDOM POINT GENERATION"

50 GOSUB 3000: REM SETUP FOR FUNCTION

60 INPUT "NUMBER OF POINTS TO TEST =";K9

70 DIM AA(K9,N+1): REM TO STORE TEST POINTS

80 REM USE LIMITS DEFINED BY FUNCTION AS A WAY TO DEFINE THE RANDOM #S

82 LET F0=1E+35: REM FUNCTION DEFINITION, COULD READ FROM FILE

84 GOSUB 8900: REM SEED RNG

90 FOR K8=1 TO K9

98 FOR I=1 TO N

100 GOSUB 9000: REM GET AN ELEMENT OF RANDOM NUMBER SEQUENCE IN R

102 LET B(I)=O(I,1)+RR*(O(I,2)-O(I,1)): REM AND ASSIGN IT TO A PARAMETER

104 NEXT I

110 GOSUB 2000: REM EVALUATE FUNCTION

120 REM DO WE WANT TO GET GRADIENT TOO?

130 IF F>=F0 THEN 200

140 FOR J=1 TO N

145 LET X(J)=B(J): REM SAVE THE BEST PARAMETERS

150 NEXT J

155 LET F0=F: REM SAVE THE BEST FUNCTION VALUE

160 PRINT "Evaluation ";K8;"  Best fn value yet =";F0

165 PRINT #3,"Evaluation ";K8;"  Best fn value yet =";F0

200 FOR J=1 TO N: REM SAVE THE POINT AS FOUND 

210 LET AA(K8,J)=B(J)

220 NEXT J

225 LET AA(K8,N+1)=F

230 NEXT K8

235 PRINT "Best point:"

240 PRINT #3,"Best point:"

245 FOR J=1 TO N

250 PRINT "B(";J;")=";X(J)

255 PRINT #3,"B(";J;")=";X(J)

260 NEXT J

270 CLOSE #3

280 STOP: REM NOTE THAT WE DO NOT USE THE INFORMATION SAVED






JNMWSD95/RDELETE.BAS
10 PRINT "RDELETE - remove results analysis lines in problem  code - 860808"

12 let l1=4500

14 let l2=4999: rem values set for robust estimation

20 print "delete lines with numbers >= ";L1

30 print "   up to and including line number = ";L2

40 OPEN "t&&&1" FOR INPUT AS 1

50 OPEN "t&&&2" FOR OUTPUT AS 2

60 IF EOF(1) THEN 170: REM check for end of file

70 LINE INPUT #1,C$: REM read line

80 GOSUB 190: REM deblank

90 IF C9=0 THEN 60: REM ignore null line

100 LET K=INSTR(1,C$," "): REM get line no

110 LET V=VAL(LEFT$(C$,K))

120 IF V>=L1 AND V<=L2 THEN 150: REM check if part of gradient  code

130 PRINT #2,C$

140 GOTO 60

150 PRINT "deleting :";C$

160 GOTO 60

170 CLOSE

180 SYSTEM

190 LET C9=LEN(C$): REM deblanking routine

200 IF C9=0 THEN RETURN: REM check if null line

210 IF LEFT$(C$,1)<>" " THEN RETURN: REM check if leading blank

220 LET C$=RIGHT$(C$,C9-1): REM remove leading blank

230 LET C9=C9-1

240 GOTO 200






JNMWSD95/RNG.BAS
8900 PRINT "BASIC version of Wichmann & Hill generator"

8901 PRINT #3,"BASIC version of Wichmann & Hill generator"

8902 REM J C Nash

8904 REM RX, RY and RZ must be seeded as per article

8906 PRINT "provide 3 integers as seeds to the generator"

8908 PRINT "seed RX=";

8910 INPUT RX

8911 PRINT #3,"seed RX=";RX

8912 REM adjust to be in range [0,30269]

8914 IF RX>=0 THEN 8920

8916 LET RX=RX+30269

8918 GOTO 8914

8920 IF RX<=30269 THEN 8928

8922 LET RX=INT(RX-30269)

8924 GOTO 8920

8926 REM note use of int to ensure integer seed

8928 PRINT "seed RY=";

8930 INPUT RY

8931 PRINT #3,"seed RY=";RY

8932 REM adjust to be in range [0,30307]

8934 IF RY>=0 THEN 8940

8936 LET RY=RY+30307

8938 GOTO 8934

8940 IF RY<=30307 THEN 8948

8942 LET RY=INT(RY-30307)

8944 GOTO 8940

8946 REM note use of int to ensure integer seed

8948 PRINT "seed RZ=";

8950 INPUT RZ

8951 PRINT #3,"seed RZ=";RZ

8952 REM ADJUST TO BE IN RANGE [0,30323]

8954 IF RZ>=0 THEN 8960

8956 LET RZ=RZ+30323

8958 GOTO 8954

8960 IF RZ<=30323 THEN 8968

8962 LET RZ=INT(RZ-30323)

8964 GOTO 8960

8966 REM note use of int to ensure integer seed

8968 RETURN

9000 REM compute next member of pseudo-random sequence

9100 LET RX1=INT(RX/177)

9110 LET RX2=RX-177*RX1

9120 LET RX=171*RX2-2*RX1

9130 IF RX<0 THEN LET RX=RX+30269

9140 LET RY1=INT(RY/176)

9150 LET RY2=RY-176*RY1

9160 LET RY=172*RY2-35*RY1

9170 IF RY<0 THEN LET RY=RY+30307

9180 LET RZ1=INT(RZ/178)

9190 LET RZ2=RZ-178*RZ1

9200 LET RZ=170*RZ2-63*RZ1

9210 IF RZ<0 THEN LET RZ=RZ+30323

9220 REM combine generators to give function

9230 LET RT=RX/30269+RY/30307+RZ/30323

9240 LET RR=RT-INT(RT)

9250 REM get fractional part of t only

9260 RETURN

�




JNMWSD95/SORTER.BAS
10 PRINT "SORTER -- to sort lines in BASIC source code --  851116,860828"

15 REM Note change t1, t2 to t&&&1, t&&&2  890128

20 DIM L%(1000),L$(1000),P%(1000)

30 LET L0=1000: REM limit on number of lines

40 LET L6=4500: REM flag set to line no. of results analysis if not present

50 LET L7=6900: REM flag set to line no. of ressave if not  present

60 LET L9=0: REM line count

70 LET V9=0: REM max line no.

80 OPEN "t&&&1" FOR INPUT AS 1

90 OPEN "t&&&2" FOR OUTPUT AS 2

100 IF EOF(1) THEN 410: REM check for end of file

110 LINE INPUT #1,C$: REM read line

120 GOSUB 670: REM deblank

130 IF C9=0 THEN 100: REM ignore null line

140 LET K=INSTR(1,C$," "): REM get line no.

150 LET V=VAL(LEFT$(C$,K))

160 IF V>V9 THEN LET V9=V: REM update max line no.

170 LET L9=L9+1: REM count of no. of lines

180 IF L9<=L0 THEN 240: REM check if too many lines

190 PRINT "limit of ";L0;" on number of lines exceeded"

200 PRINT "shorten the code, or use BASIC interpreter, then"

210 PRINT "SAVE the program in ASCII form for compilation"

220 INPUT "hit [cr] to continue ";X$

230 SYSTEM

240 LET L%(L9)=V: REM save line no.

250 LET P%(L9)=L9: REM initial setting for its position in file

260 LET L$(L9)=C$: REM text in the line (incl. line no.)

270 IF V>L%(P%(L9-1)) THEN 100: REM in order

280 PRINT "********* out of order  *************"

290 PRINT "   ";C$

300 REM out of order -- find and insert

310 FOR J=1 TO L9-1: REM forward search since expect DIMs out  of order

320 IF V=L%(P%(J)) THEN 630: REM duplicate line no.

330 IF V<L%(P%(J)) THEN 360: REM new line precedes this one

340 NEXT J

350 GOTO 100

360 FOR K=L9 TO J+1 STEP -1

370 LET P%(K)=P%(K-1): REM update

380 NEXT K

390 LET P%(J)=L9: REM insert line

400 GOTO 100

410 PRINT "Entry completed. If necessary, insert dummy routines  for"

420 PRINT "   results analysis analysis and for residual save"

430 FOR J=1 TO L9

440 LET I=L%(P%(J)): REM line no.

450 IF L6=0 THEN 520: REM flag that results analysis in file

460 IF I<L6 THEN 590: REM line number below results analysis

470 IF I=L6 THEN 510: REM results analysis present

480 LET C$=RIGHT$(STR$(L6),4)+" RETURN": REM add dummy routine

490 PRINT #2,C$

500 PRINT "adding statement:";C$

510 LET L6=0: REM results analysis analysis in file or dummy will be  added

520 IF L7=0 THEN 590: REM flag that ressave in file

530 IF I<L7 THEN 590: REM line no below ressave

540 IF I=L7 THEN 580: REM ressave present

550 LET C$=RIGHT$(STR$(L7),4)+" RETURN": REM add dummy routine

560 PRINT #2,C$

570 PRINT "adding statement:";C$

580 LET L7=0: REM ressave now in file

590 PRINT #2,L$(P%(J))

600 NEXT J

610 CLOSE

620 SYSTEM

630 LET L$(P%(J))=C$: REM replace line

640 LET L9=L9-1: REM decrement count as line replaced

650 PRINT "********* line ";V;" replaced **********"

660 GOTO 100

670 LET C9=LEN(C$): REM deblanking routine

680 IF C9=0 THEN RETURN: REM check if null line

690 IF LEFT$(C$,1)<>" " THEN RETURN: REM check if leading blank

700 LET C$=RIGHT$(C$,C9-1): REM remove leading blank

710 LET C9=C9-1

720 GOTO 680






JNMWSD95/TNG.BAS
40 DIM H(25),G(25),T(25),E(25),W(25),A(25),R(25)

1000 PRINT "TN - TRUNCATED NEWTON WITH BOUNDS CONSTRAINTS -- 860101"

1002 LET M$="TNG"

1004 PRINT #3,"TN - TRUNCATED NEWTON WITH BOUNDS CONSTRAINTS -- 860101"

1008 REM CALLS:  

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     GRADIENT G(B)  -- line 2500

1020 REM     ENVRON (COMPUTING ENVIRONMENT) -- line 7120

1024 REM

1028 REM INPUTS TO THE ROUTINE:  

1032 REM    B() -- a vector of initial parameter estimates

1036 REM    N   -- the number of parameters in the function F(B)

1040 REM    M9  -- iteration limit (set to 6*N if M9<=0 on entry)

1044 REM    I5  -- the number of masked parameters. Must be zero if

1048 REM           masks are not used.

1052 REM    O() -- bounds and masks array, assumed already set

1053 REM    MI9 -- maximum function evaluations allowed

1056 REM OUTPUT FROM THE ROUTINE:

1060 REM    X() -- a vector of final parameter estimates for the

1064 REM           values of the parameters which minimize the function.

1068 REM    F0  -- value of the function at the minimum

1072 REM    G() -- value of the gradient at the minimum

1076 REM    I8  -- the number of gradient evaluations

1080 REM    I9  -- the number of function evaluations

1084 REM    G9  -- the final gradient norm 

1088 REM

1092 REM uses 9 N-vectors apart from bounds O() ( = 3*N )

1096 REM DIM B(N),G(N),X(N),H(N),E(N),T(N),W(N),R(N),A(N)

1100 IF M9>0 THEN 1108: REM M9 is maximum number of iterations

1104 LET M9=6*N: REM choose a reasonable number if not pre-defined

1108 REM GOSUB 7120: REM computing environment

1112 LET E7=SQR(E9): REM epsilon for tests

1116 LET E8=.0001: REM acceptable point test tolerance

1120 LET J8=1: REM no of fn eval before display

1124 LET J7=1: REM counter for parameter display

1128 LET T9=N*E5*E9: REM gradient norm tolerance

1132 LET I4=INT(N/2)+1: REM number of cg iterations in inner loop

1136 PRINT "strategy - m9,e7,e8,t9,i4 ";M9;E7;E8;T9;I4

1140 PRINT #3,"strategy - m9,e7,e8,t9,i4 ";M9;E7;E8;T9;I4

1144 LET I9=I9+1

1148 GOSUB 2000: REM evaluate function

1152 IF I3=0 THEN 1168

1156 PRINT "FUNCTION CANNOT BE COMPUTED"

1160 PRINT #3,"FUNCTION CANNOT BE COMPUTED"

1164 STOP

1168 LET F0=F: REM function value

1172 PRINT "INITIAL OR RESTART FUNCTION VALUE = ";F0

1176 PRINT #3,"INITIAL OR RESTART FUNCTION VALUE = ";F0

1180 LET T9=T9*(1+ABS(F0)): REM use the initial function value for scaling

1184 FOR J=1 TO N

1188 LET H(J)=1: REM initialize preconditioning

1192 LET E(J)=1

1196 LET X(J)=B(J): REM and save "best" parameters

1200 NEXT J

1204 FOR I1=1 TO M9: REM  main loop

1208 GOSUB 1772: REM compute gradient and check constraints

1212 PRINT " CYCLE";I1;" GRADIENTS ";I8;" FNS ";I9;" FN = ";F0;

1216 PRINT #3," CYCLE";I1;" GRADIENTS ";I8;" FNS ";I9;" FN = ";F0;

1220 PRINT " G-NORM = ";G9

1224 PRINT #3," G-NORM = ";G9

1228 GOSUB 1840: REM display parameters

1230 IF I9>=MI9 THEN RETURN: REM exit check

1232 FOR J=1 TO N: REM initialize vectors

1236 LET T(J)=0

1240 LET X(J)=B(J): REM save best parameters

1244 LET W(J)=0

1248 LET R(J)=-G(J)

1252 NEXT J

1256 IF G9>T9 THEN 1268: REM done if small gradient norm

1260 IF I1>1 THEN 1172: REM restart to save best parameters in X()

1264 GOTO 1760: REM end

1268 LET  E3=1/I1: REM linear cg convergence tolerance

1272 IF E3>G9 THEN E3=G9: REM use gradient norm if smaller

1276 FOR I7=1 TO I4: REM conjugate gradients loop

1280 LET R2=0: REM RT * Z

1284 FOR J=1 TO N

1288 LET R2=R2+R(J)*R(J)/H(J)

1292 NEXT J

1296 LET B2=0

1300 IF I7>1 THEN LET B2=R2/R1: REM cg update parameter

1304 FOR J=1 TO N

1308 LET W(J)=R(J)/H(J)+B2*W(J)

1312 NEXT J

1316 REM A * U

1320 LET D8=E7*E5: REM changed from S.G.Nash code

1324 FOR J=1 TO N: REM check stepsize for bounds violations

1328 IF O(J,3)=0 THEN 1348

1332 IF W(J)=0 THEN 1348

1336 LET K2=2: REM pointer to upper bound

1340 IF W(J)<0 THEN LET K2=1: REM or to lower bound

1344 IF (O(J,K2)-B(J))/W(J)<D8 THEN LET D8=(O(J,K2)-B(J))/W(J)

1348 NEXT J

1352 IF D8<E7 THEN 1496: REM stepsize too small

1356 FOR J=1 TO N

1360 LET A(J)=0: REM initialize

1364 IF O(J,3)<=0 THEN 1380: REM mask and active bound check

1368 IF W(J)=0 THEN 1380: REM no sense in trying

1372 LET B(J)=X(J)+D8*W(J)

1376 LET A(J)=G(J): REM not as in SGN code

1380 NEXT J

1384 GOSUB 2500: REM compute gradient in G()

1388 LET I8=I8+1

1392 LET D1=0

1396 LET D2=0

1400 FOR J=1 TO N

1404 IF O(J,3)<=0 THEN 1432: REM mask & bound check

1408 LET T8=A(J)

1412 LET A(J)=(G(J)-A(J))/D8: REM derivative (Hessian) approximation

1416 LET G(J)=T8: REM save gradient at best point

1420 LET B(J)=X(J): REM and reset parameter

1424 LET D1=D1+W(J)*R(J)

1428 LET D2=D2+W(J)*A(J)

1432 NEXT J: REM end A * U

1436 IF D2<=0 THEN 1496: REM UT* A * U

1440 LET A2=R2/D2

1444 LET R9=0: REM norm of update

1448 FOR J=1 TO N

1452 IF O(J,3)=0 THEN 1476: REM mask

1456 LET E(J)=E(J)-R(J)*R(J)/D1+A(J)*A(J)/D2: REM UPDATE

1460 IF E(J)<=0 THEN E(J)=1: REM ensure positive definite

1464 LET T(J)=T(J)+A2*W(J): REM cg step

1468 LET R(J)=R(J)-A2*A(J): REM residual update

1472 LET R9=R9+R(J)*R(J): REM residual norm

1476 NEXT J

1480 LET R9=SQR(R9)/G9

1484 IF R9<E3 THEN 1496: REM test if satisfactory cg soln

1488 LET R1=R2

1492 NEXT I7: REM end linear cg loop

1496 PRINT I7;" CONJUGATE GRADIENT STEPS"

1500 PRINT #3,I7;" CONJUGATE GRADIENT STEPS"

1504 IF I7>I4 THEN PRINT "^";:  REM warning cg limit reached

1508 IF I7>I4 THEN PRINT #3,"^";:  REM warning cg limit reached

1512 IF D2<>0 THEN 1532: REM update norm UT * A * U

1516 PRINT " UT A U = 0 ";

1520 PRINT #3," UT A U = 0 ";

1524 IF I1=1 THEN 1760: REM at solution? Check if steepest descent

1528 GOTO 1172

1532 LET T2=0: REM projection of gradient on search dirn

1536 FOR J=1 TO N

1540 IF O(J,3)<1 THEN LET T(J)=0

1544 LET T2=T2+G(J)*T(J)

1548 NEXT J

1552 IF -T2<E9*E9 THEN 1524: REM any sense in trying this direction?

1556 LET S1=1: REM step reduction line search

1560 LET S8=S1: REM find max-step and check new constraint

1564 FOR J=1 TO N

1568 IF O(J,3)<=0 THEN 1604: REM masked

1572 IF T(J)=0 THEN 1604: REM  no sense in checking

1576 IF T(J)>0 THEN 1592: REM  check upper bound

1580 LET S7=(O(J,1)-X(J))/T(J): REM distance to lower bd.

1584 IF S7>S8 THEN 1604: REM smaller step in effect

1588 GOTO 1600

1592 LET S7=(O(J,2)-X(J))/T(J): REM distance to upper bd.

1596 IF S8<S7 THEN 1604: REM already smaller step in effect

1600 LET S8=S7

1604 NEXT J

1608 LET I6=0: REM counter for parameters unchanged in step

1612 FOR J=1 TO N

1616 IF O(J,3)=0 THEN 1636: REM mask check 

1620 LET B(J)=X(J)+S8*T(J)

1624 IF E5+X(J)<>E5+B(J) THEN 1636

1628 LET B(J)=X(J): REM to avoid drift

1632 LET I6=I6+1

1636 NEXT J: REM end of step

1640 IF I6=N-I5 THEN 1728: REM check if no unchanged parameters

1644 LET I9=I9+1

1648 GOSUB 2000: REM evaluate function

1652 IF I3=1 THEN 1660: REM check if function computable

1656 IF F<F0+T2*S8*E8 THEN 1676: REM acceptable point

1660 LET S1=.2*S8: REM reduce stepsize

1662 IF S1<1/B9 THEN 1728: REM safety check for Turbo BASIC

1664 PRINT "*";: REM symbol * means stepsize is being reduced

1668 PRINT #3,"*";: REM symbol * means stepsize is being reduced

1672 GOTO 1560

1676 LET F0=F: REM save new lowest value -- end line search

1680 FOR J=1 TO N: REM impose bounds if necessary

1684 IF O(J,3)<=0 THEN 1720: REM masked or already constrained

1688 IF (B(J)-O(J,1))<=E9*(ABS(O(J,1))+1) THEN LET O(J,3)=-2

1692 IF (B(J)-O(J,2))>=E9*(ABS(O(J,2))+1) THEN LET O(J,3)=-1

1696 REM the tolerance in this test may be too small

1700 IF O(J,3)=1 THEN 1720: REM still free

1704 IF O(J,3)=-1 THEN PRINT "upper "; ELSE PRINT "lower ";: REM !!

1708 IF O(J,3)=-1 THEN PRINT #3,"upper "; ELSE PRINT #3,"lower ";: REM !!

1712 PRINT "bound activated on parameter ";J

1716 PRINT #3,"bound activated on parameter ";J

1720 NEXT J

1724 GOTO 1736: REM end l.m. test

1728 IF I1>1 THEN 1180: REM try again with steepest descent

1732 GOTO 1760: REM done

1736 FOR J=1 TO N

1740 LET H(J)=E(J)

1744 NEXT J

1748 NEXT I1: REM end main loop

1752 PRINT "ABNORMAL END -- too many major cycles"

1756 PRINT #3,"ABNORMAL END -- too many major cycles"

1760 PRINT "EXITING WITH FUNCTION VALUE = ";F0;"  GRADIENT NORM = ";G9

1764 PRINT #3,"EXITING WITH FUNCTION VALUE = ";F0;"  GRADIENT NORM = ";G9

1768 RETURN: REM end tn proper

1772 LET I8=I8+1: REM gradient and its norm

1776 GOSUB 2500: REM gradient

1780 LET G9=0

1784 FOR J=1 TO N: REM adjust gradient for bounds constraints

1788 IF O(J,3)=0 THEN 1816: REM masked

1792 IF O(J,3)>0 THEN 1824: REM free

1796 IF (O(J,3)+1.5)*G(J)<0 THEN 1816: REM L.M. non-negative

1800 LET O(J,3)=1

1804 PRINT "freeing parameter ";J

1808 PRINT #3,"freeing parameter ";J

1812 GOTO 1824

1816 LET G(J)=0

1820 REM PRINT "constraint on parameter ";J;" active"

1824 LET G9=G9+G(J)*G(J)

1828 NEXT J: REM bounds constraints on G imposed

1832 LET G9=SQR(G9)

1836 RETURN

1840 IF J8=0 THEN RETURN: REM no parameter display

1844 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1848 LET J7=INT(I9/J8)+1: REM increment parameter display control

1852 PRINT "parameters";

1856 PRINT #3,"parameters";

1860 FOR J=1 TO N

1864 LET Q$=""

1868 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1872 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1876 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1880 PRINT "  ";B(J);Q$;

1884 PRINT #3,"  ";B(J);Q$;

1888 IF 5*INT(J/5)<>J THEN 1908

1892 PRINT

1896 PRINT "          ";

1900 PRINT #3,

1904 PRINT #3,"          ";

1908 NEXT J

1912 PRINT

1916 PRINT #3,

1920 RETURN

�




JNMWSD95/TNS.BAS
40 DIM H(25),G(25),T(25),E(25),W(25),A(25),R(25)

1000 PRINT "TNS.BAS - Shortened truncated Newton method -- 860101"

1100 IF M9>0 THEN 1108

1104 LET M9=6*N

1108 GOSUB 7120

1112 LET E7=SQR(E9)

1116 LET E8=.0001

1128 LET T9=N*E5*E9

1132 LET I4=INT(N/2)+1

1136 PRINT "strategy - m9,e7,e8,t9,i4 ";M9;E7;E8;T9;I4

1144 LET I9=I9+1

1148 GOSUB 2000

1152 IF I3=0 THEN 1168

1156 PRINT "FUNCTION CANNOT BE COMPUTED"

1164 STOP

1168 LET F0=F

1172 PRINT "INITIAL OR RESTART FUNCTION VALUE = ";F0

1180 LET T9=T9*(1+ABS(F0))

1184 FOR J=1 TO N

1188 LET H(J)=1

1192 LET E(J)=1

1196 LET X(J)=B(J)

1200 NEXT J

1204 FOR I1=1 TO M9

1208 GOSUB 1772

1212 PRINT " CYCLE";I1;" GRADIENTS ";I8;" FNS ";I9;" FN = ";F0;

1220 PRINT " G-NORM = ";G9

1232 FOR J=1 TO N

1236 LET T(J)=0

1240 LET X(J)=B(J)

1244 LET W(J)=0

1248 LET R(J)=-G(J)

1252 NEXT J

1256 IF G9>T9 THEN 1268

1260 IF I1>1 THEN 1172

1264 GOTO 1760

1268 LET  E3=1/I1

1272 IF E3>G9 THEN E3=G9

1276 FOR I7=1 TO I4

1280 LET R2=0

1284 FOR J=1 TO N

1288 LET R2=R2+R(J)*R(J)/H(J)

1292 NEXT J

1296 LET B2=0

1300 IF I7>1 THEN LET B2=R2/R1

1304 FOR J=1 TO N

1308 LET W(J)=R(J)/H(J)+B2*W(J)

1312 NEXT J

1320 LET D8=E7*E5

1324 FOR J=1 TO N

1332 IF W(J)=0 THEN 1348

1336 LET K2=2

1340 IF W(J)<0 THEN LET K2=1

1348 NEXT J

1352 IF D8<E7 THEN 1496

1356 FOR J=1 TO N

1360 LET A(J)=0

1368 IF W(J)=0 THEN 1380

1372 LET B(J)=X(J)+D8*W(J)

1376 LET A(J)=G(J)

1380 NEXT J

1384 GOSUB 2500

1388 LET I8=I8+1

1392 LET D1=0

1396 LET D2=0

1400 FOR J=1 TO N

1408 LET T8=A(J)

1412 LET A(J)=(G(J)-A(J))/D8

1416 LET G(J)=T8

1420 LET B(J)=X(J)

1424 LET D1=D1+W(J)*R(J)

1428 LET D2=D2+W(J)*A(J)

1432 NEXT J

1436 IF D2<=0 THEN 1496

1440 LET A2=R2/D2

1444 LET R9=0

1448 FOR J=1 TO N

1456 LET E(J)=E(J)-R(J)*R(J)/D1+A(J)*A(J)/D2

1460 IF E(J)<=0 THEN E(J)=1

1464 LET T(J)=T(J)+A2*W(J)

1468 LET R(J)=R(J)-A2*A(J)

1472 LET R9=R9+R(J)*R(J)

1476 NEXT J

1480 LET R9=SQR(R9)/G9

1484 IF R9<E3 THEN 1496

1488 LET R1=R2

1492 NEXT I7

1496 PRINT I7;" CONJUGATE GRADIENT STEPS"

1504 IF I7>I4 THEN PRINT "^";: REM warning cg limit reached

1512 IF D2<>0 THEN 1532

1516 PRINT " UT A U = 0 ";

1524 IF I1=1 THEN 1760

1528 GOTO 1172

1532 LET T2=0

1536 FOR J=1 TO N

1544 LET T2=T2+G(J)*T(J)

1548 NEXT J

1552 IF -T2<E9*E9 THEN 1524

1556 LET S1=1

1560 LET S8=S1

1608 LET I6=0

1612 FOR J=1 TO N

1620 LET B(J)=X(J)+S8*T(J)

1624 IF E5+X(J)<>E5+B(J) THEN 1636

1628 LET B(J)=X(J)

1632 LET I6=I6+1

1636 NEXT J

1640 IF I6=N THEN 1728

1644 LET I9=I9+1

1648 GOSUB 2000

1652 IF I3=1 THEN 1660

1656 IF F<F0+T2*S8*E8 THEN 1676

1660 LET S1=.2*S8

1664 PRINT "*";

1672 GOTO 1560

1676 LET F0=F

1724 GOTO 1736

1728 IF I1>1 THEN 1180

1732 GOTO 1760

1736 FOR J=1 TO N

1740 LET H(J)=E(J)

1744 NEXT J

1748 NEXT I1

1752 PRINT "ABNORMAL END -- too many major cycles"

1760 PRINT "EXITING WITH FUNCTION VALUE = ";F0;"  GRADIENT NORM = ";G9

1768 RETURN

1772 LET I8=I8+1

1776 GOSUB 2500

1780 LET G9=0

1784 FOR J=1 TO N

1824 LET G9=G9+G(J)*G(J)

1828 NEXT J

1832 LET G9=SQR(G9)

1836 RETURN






JNMWSD95/TSORTER.BAS
10 PRINT "TSORTER -- to sort lines in BASIC source code --  851116,860828"

15 print "     Adds dimension change for robust estimation."

20 DIM L%(1000),L$(1000),P%(1000)

30 LET L0=1000: REM limit on number of lines

40 LET L6=4500: REM flag set to line no. of results analysis if not present

50 LET L7=6900: REM flag set to line no. of ressave if not  present 

60 LET L9=0: REM line count

70 LET V9=0: REM max line no.

80 OPEN "t&&&1" FOR INPUT AS 1

90 OPEN "t&&&2" FOR OUTPUT AS 2

100 IF EOF(1) THEN 420: REM check for end of file

110 LINE INPUT #1,C$: REM read line

120 GOSUB 680: REM deblank

130 IF C9=0 THEN 100: REM ignore null line

140 LET K=INSTR(1,C$," "): REM get line no.

150 LET V=VAL(LEFT$(C$,K))

160 IF V>V9 THEN LET V9=V: REM update max line no.

170 LET L9=L9+1: REM count of no. of lines

180 IF L9<=L0 THEN 240: REM check if too many lines

190 PRINT "limit of ";L0;" on number of lines exceeded"

200 PRINT "shorten the code, or use BASIC interpreter, then"

210 PRINT "SAVE the program in ASCII form for compilation"

220 INPUT "hit [cr] to continue ";X$

230 SYSTEM

240 IF V=30 THEN GOSUB 740: REM parameter dimensions at line 30 ALWAYS!

250 LET L%(L9)=V: REM save line no.

260 LET P%(L9)=L9: REM initial setting for its position in file

270 LET L$(L9)=C$: REM text in the line (incl. line no.)

280 IF V>L%(P%(L9-1)) THEN 100: REM in order

290 PRINT "********* out of order  *************"

300 PRINT "   ";C$

310 REM out of order -- find and insert

320 FOR J=1 TO L9-1: REM forward search since expect DIMs out  of order

330 IF V=L%(P%(J)) THEN 640: REM duplicate line no.

340 IF V<L%(P%(J)) THEN 370: REM new line precedes this one

350 NEXT J

360 GOTO 100

370 FOR K=L9 TO J+1 STEP -1

380 LET P%(K)=P%(K-1): REM update

390 NEXT K

400 LET P%(J)=L9: REM insert line

410 GOTO 100

420 PRINT "Entry completed. If necessary, insert dummy routine for"

430 PRINT "   residual save"

440 FOR J=1 TO L9

450 LET I=L%(P%(J)): REM line no.

460 IF L6=0 THEN 530: REM flag that results analysis in file

470 IF I<L6 THEN 600: REM line number below results analysis

490 IF I=L6 THEN 525: REM results analysis present

500 print "**** No results analysis present for robust estimation ****"

505 print "     Check your procedures and programs. "

510 INPUT "hit [cr] to continue ";X$

525 LET L6=0: REM results analysis present (real or dummy)

530 IF L7=0 THEN 600: REM flag that ressave in file

540 IF I<L7 THEN 600: REM line no below ressave

550 IF I=L7 THEN 590: REM ressave present

560 LET C$=RIGHT$(STR$(L7),4)+" RETURN": REM add dummy routine

570 PRINT #2,C$

580 PRINT "adding statement:";C$

590 LET L7=0: REM ressave now in file

600 PRINT #2,L$(P%(J))

610 NEXT J

620 CLOSE

630 SYSTEM

640 LET L$(P%(J))=C$: REM replace line

650 LET L9=L9-1: REM decrement count as line replaced

660 PRINT "********* line ";V;" replaced **********"

670 GOTO 100

680 LET C9=LEN(C$): REM deblanking routine

690 IF C9=0 THEN RETURN: REM check if null line

700 IF LEFT$(C$,1)<>" " THEN RETURN: REM check if leading blank

710 LET C$=RIGHT$(C$,C9-1): REM remove leading blank

720 LET C9=C9-1

730 GOTO 690

740 LET Q1=INSTR(1,C$,"B("): REM fix dimensions for  James' problem

750 LET Q2=INSTR(Q1,C$,")")

760 LET Q$=MID$(C$,Q1+2,Q2-Q1-2)

770 LET Q0=VAL(Q$)

780 PRINT "Increasing parameter dimensions from ";Q0;"  to ";Q0+1

785 PRINT CHR$(7);

790 LET Q0=Q0+1

800 LET Q$=STR$(Q0)

810 LET Q9=LEN(Q$)-1

820 LET Q$=RIGHT$(Q$,Q9): REM to remove preceding blank created by STR

830 LET C$=LEFT$(C$,Q1+1)+Q$+MID$(C$,Q2)

840 LET Q1=INSTR(1,C$,"X(")

850 LET Q2=INSTR(Q1,C$,")")

860 LET C$=LEFT$(C$,Q1+1)+Q$+MID$(C$,Q2)

870 LET Q1=INSTR(1,C$,"O(")

880 LET Q2=INSTR(Q1,C$,",")

890 LET C$=LEFT$(C$,Q1+1)+Q$+MID$(C$,Q2)

900 RETURN






JNMWSD95/VMG.BAS
40 DIM G(25),T(25),C(25),H(25,25): REM VM DIMs

44 DIM A(25,25): REM POSTVM DIM to save Hessian

1000 PRINT "VM -- VARIABLE METRIC WITH BOUNDS CONSTRAINTS -- 851118"

1002 LET M$="VMG"

1004 PRINT #3,"VM -- VARIABLE METRIC WITH BOUNDS CONSTRAINTS -- 851118"

1008 REM CALLS:  

1012 REM     FUNCTION F(B)  -- line 2000

1016 REM     GRADIENT G(B)  -- line 2500

1020 REM     ENVRON (computing environment) -- line 7120

1024 REM

1028 REM INPUTS TO THE ROUTINE:  

1032 REM    B() -- a vector of initial parameter estimates

1036 REM    N   -- the number of parameters in the function F(B)

1040 REM    O( , ) -- masks and bounds

1044 REM    I5  -- the number of masked parameters. Must be zero if

1048 REM           masks are not used.

1049 REM    MI9 -- maximum function evaluations allowed

1052 REM OUTPUT FROM THE ROUTINE:  

1056 REM    X() -- a vector of final parameter estimates for the

1060 REM           values of the parameters which minimize the function.

1064 REM    F0  -- value of the function at the minimum

1068 REM    G() -- value of the gradient at the minimum

1072 REM    A() -- value of the Hessian at the minimum

1076 REM    I8  -- the number of gradient evaluations

1080 REM    I9  -- the number of function evaluations

1084 REM

1088 REM GOSUB 7120: REM computing environment

1092 REM DIM B(N),X(N),G(N),T(N),H(N,N),C(N) needed, A(N,N) in POSTVM

1096 LET J8=1: REM no of fn eval before parameter display

1100 LET J7=1: REM counter for parameter display

1104 GOSUB 1648: REM function in F

1108 IF I3=0 THEN 1124

1112 PRINT "FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1116 PRINT #3,"FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1120 STOP

1124 LET I8=I8+1: REM count gradient evaluation

1128 LET I7=I8: REM records last gradient=steepest descent count

1132 GOSUB 2500: REM gradient in G( )

1136 LET F0=F: REM save lowest value so far

1140 FOR I=1 TO N

1144 FOR J=1 TO N

1148 IF I8>I7 THEN LET A(I,J)=H(I,J): REM save dispersion information

1152 LET H(I,J)=0

1156 NEXT J

1160 LET H(I,I)=1: REM initialize Hessian inverse to unit matrix

1164 NEXT I

1168 LET I7=I8: REM save itn count at last steepest desc. dirn.

1172 LET I3=0: REM ensure "non-computable function" flag not set

1176 PRINT I8;" GRADIENTS, ";I9;" FNS, LOSS FN=";F0

1180 PRINT #3,I8;" GRADIENTS, ";I9;" FNS, LOSS FN=";F0

1184 GOSUB 1664: REM display parameters

1185 IF I9>=MI9 THEN RETURN: REM exit check

1188 REM top of iteration

1192 FOR I=1 TO N

1196 LET X(I)=B(I): REM save "best" parameters

1200 LET C(I)=G(I): REM save last gradient

1204 NEXT I

1208 FOR J=1 TO N: REM adjust gradient for constraints

1212 IF O(J,3)=0 THEN 1240: REM masked

1216 IF O(J,3)=1 THEN 1244: REM free

1220 IF (O(J,3)+1.5)*G(J)<0 THEN 1240: REM L.M. non-negative

1224 LET O(J,3)=1: REM free parameter

1228 PRINT "freeing parameter ";J

1232 PRINT #3,"freeing parameter ";J

1236 GOTO 1244

1240 LET G(J)=0: REM active constraint

1244 NEXT J

1248 REM form  H * G, and GT * H * G

1252 LET G8=0: REM gradient times step

1256 FOR I=1 TO N

1260 LET S9=0: REM accumulator for H * G row I

1264 FOR J=1 TO N

1268 LET S9=S9-H(I,J)*G(J): REM note negative sign

1272 NEXT J

1276 LET T(I)=S9: REM so that T() solves Newton eqns.

1280 IF O(I,3)=1 THEN 1288

1284 LET T(I)=0: REM constraint forces search component to zero

1288 LET G8=G8+T(I)*G(I): REM gradient projection on search direction

1292 NEXT I

1293 IF I8=I7 THEN PRINT " GRADIENT PROJECTION NORM=";-G8

1294 IF I8=I7 THEN PRINT #3," GRADIENT PROJECTION NORM=";-G8

1296 IF G8<0 THEN 1316

1300 PRINT "UPHILL SEARCH DIRECTION"

1304 PRINT #3,"UPHILL SEARCH DIRECTION"

1308 IF I7=I8 THEN 1644: REM if dirn. is sd, can't continue

1312 GOTO 1140: REM otherwise reset to steepest descent (SD)

1316 LET D1=-G8

1320 LET S1=1: REM step reduction line search

1324 LET S8=S1: REM find max-step and check new constraint

1328 FOR J=1 TO N

1332 IF O(J,3)<=0 THEN 1368: REM masked or active constraint

1336 IF T(J)=0 THEN 1368: REM no sense in checking

1340 IF T(J)>0 THEN 1356: REM check upper bound

1344 LET S7=(O(J,1)-X(J))/T(J): REM distance to lower bd.

1348 IF S7>S8 THEN 1368: REM smaller step in effect

1352 GOTO 1364

1356 LET S7=(O(J,2)-X(J))/T(J): REM distance to upper bd.

1360 IF S8<=S7 THEN 1368: REM already smaller step in effect (<= not <)

1364 LET S8=S7

1368 NEXT J

1372 LET I6=0: REM counter for parameters unchanged in step

1376 FOR J=1 TO N

1380 IF O(J,3)=0 THEN 1400: REM mask check (count as unchanged)

1384 LET B(J)=X(J)+S8*T(J)

1388 IF E5+X(J)<>E5+B(J) THEN 1400

1392 LET I6=I6+1

1396 LET B(J)=X(J): REM to avoid "drift"

1400 NEXT J: REM end of step

1404 IF I6<N-I5 THEN 1432: REM check if no unchanged parameters

1408 IF I8=I7 THEN 1644: REM done if already steepest descent

1412 PRINT "Steepest Descent ";

1416 PRINT #3,"Steepest Descent ";

1420 GOTO 1140

1424 REM note that this convergence test is sufficient if bounded 

1428 REM constraints are released at start of each iteration

1432 GOSUB 1648: REM evaluate function

1436 IF I3=1 THEN 1444: REM check if function computable

1440 IF F<F0-D1*S8*.0001 THEN 1460: REM acceptable point

1444 LET S1=.2*S8: REM reduce stepsize

1446 IF S1<1/B9 THEN 1408: REM safety check for Turbo BASIC

1448 PRINT "*";: REM symbol * means stepsize is being reduced

1452 PRINT #3,"*";

1456 GOTO 1324

1460 LET F0=F: REM save new lowest value

1464 FOR J=1 TO N: REM check bounds

1468 IF O(J,3)<=0 THEN 1520: REM masked or constrained parameter

1472 IF (B(J)-O(J,1))>E9*(ABS(O(J,1))+1) THEN 1492: REM check lower bound

1476 PRINT "lower ";

1480 PRINT #3,"lower ";

1484 LET O(J,3)=-2: REM lower bound active

1488 GOTO 1512

1492 IF (O(J,2)-B(J))<=E9*(ABS(O(J,2))+1) THEN 1500: REM check upper bound

1496 GOTO 1520: REM no constraint

1500 LET O(J,3)=-1: REM upper bound active

1504 PRINT "upper ";

1508 PRINT #3,"upper ";

1512 PRINT "bound activated on parameter ";J

1516 PRINT #3,"bound activated on parameter ";J

1520 NEXT J

1524 LET I8=I8+1: REM prepare update -- get new gradient

1528 GOSUB 2500

1532 LET I3=0: REM & reset flag to indicate update failure

1536 LET D1=0: REM BFGS update of inverse Hessian approximation

1540 LET D2=0

1544 FOR I=1 TO N

1548 LET T(I)=T(I)*S8

1552 LET C(I)=G(I)-C(I): REM change in gradient

1553 IF O(I,3)=0 THEN LET C(I)=0: REM FOR MASK

1556 LET D1=D1+T(I)*C(I)

1560 NEXT I

1564 FOR I=1 TO N

1568 LET S9=0

1572 FOR J=1 TO N

1576 LET S9=S9+H(I,J)*C(J)

1580 NEXT J

1584 LET X(I)=S9

1588 LET D2=D2+S9*C(I)

1592 NEXT I

1596 IF D1<=0 THEN 1628: REM test of positive definite-ness of H

1600 LET D2=1+D2/D1

1604 FOR I=1 TO N

1608 FOR J=1 TO N

1612 LET H(I,J)=H(I,J)-(T(I)*X(J)+X(I)*T(J)-D2*T(I)*T(J))/D1

1616 NEXT J: REM above is main update equation

1620 NEXT I

1624 GOTO 1176

1628 PRINT "UPDATE NOT POSSIBLE"

1632 PRINT #3,"UPDATE NOT POSSIBLE"

1636 LET I3=1: REM &

1640 GOTO 1140: REM return to try steepest descent

1644 RETURN: REM end of routine

1648 LET I3=0: REM loss function evaluation -- reset flag

1652 GOSUB 2000: REM user function subroutine

1656 LET I9=I9+1

1660 RETURN

1664 IF J8=0 THEN RETURN: REM no parameter display

1668 IF I9<J7*J8 THEN RETURN: REM check if to be printed

1672 LET J7=INT(I9/J8)+1: REM increment parameter display control

1676 PRINT "parameters";

1680 PRINT #3,"parameters";

1684 FOR J=1 TO N

1688 LET Q$=""

1692 IF B(J)-O(J,1)<=E9*(ABS(O(J,1))+E9) THEN LET Q$="L": REM lower bd

1696 IF O(J,2)-B(J)<=E9*(ABS(O(J,2))+E9) THEN LET Q$="U": REM upper bd

1700 IF O(J,3)=0 THEN LET Q$="M": REM masked 

1704 PRINT "  ";B(J);Q$;

1708 PRINT #3,"  ";B(J);Q$;

1712 IF 5*INT(J/5)<>J THEN 1732

1716 PRINT

1720 PRINT "          ";

1724 PRINT #3,

1728 PRINT #3,"          ";

1732 NEXT J

1736 PRINT

1740 PRINT #3,

1744 RETURN

�




JNMWSD95/VMS.BAS
40 DIM G(25),T(25),C(25),H(25,25)

44 DIM A(25,25)

1000 PRINT "VMS.BAS -- Shortened variable metric method -- 851118"

1088 GOSUB 7120

1104 GOSUB 1648

1108 IF I3=0 THEN 1124

1112 PRINT "FUNCTION NOT COMPUTABLE AT INITIAL POINT"

1120 STOP

1124 LET I8=I8+1

1128 LET I7=I8

1132 GOSUB 2500

1136 LET F0=F

1140 FOR I=1 TO N

1144 FOR J=1 TO N

1148 IF I8>I7 THEN LET A(I,J)=H(I,J)

1152 LET H(I,J)=0

1156 NEXT J

1160 LET H(I,I)=1

1164 NEXT I

1168 LET I7=I8

1172 LET I3=0

1176 PRINT I8;" GRADIENTS, ";I9;" FNS, LOSS FN=";F0

1192 FOR I=1 TO N

1196 LET X(I)=B(I)

1200 LET C(I)=G(I)

1204 NEXT I

1252 LET G8=0

1256 FOR I=1 TO N

1260 LET S9=0

1264 FOR J=1 TO N

1268 LET S9=S9-H(I,J)*G(J)

1272 NEXT J

1276 LET T(I)=S9

1288 LET G8=G8+T(I)*G(I)

1292 NEXT I

1293 IF I8=I7 THEN PRINT " GRADIENT PROJECTION NORM=";-G8

1296 IF G8<0 THEN 1316

1300 PRINT "UPHILL SEARCH DIRECTION"

1308 IF I7=I8 THEN 1644

1312 GOTO 1140

1316 LET D1=-G8

1320 LET S1=1

1324 LET S8=S1

1372 LET I6=0

1376 FOR J=1 TO N

1384 LET B(J)=X(J)+S8*T(J)

1388 IF E5+X(J)<>E5+B(J) THEN 1400

1392 LET I6=I6+1

1396 LET B(J)=X(J)

1400 NEXT J

1404 IF I6<N THEN 1432

1408 IF I8=I7 THEN 1644

1412 PRINT "Steepest Descent ";

1420 GOTO 1140

1432 GOSUB 1648

1436 IF I3=1 THEN 1444

1440 IF F<F0-D1*S8*.0001 THEN 1460

1444 LET S1=.2*S8

1448 PRINT "*";

1456 GOTO 1324

1460 LET F0=F

1524 LET I8=I8+1

1528 GOSUB 2500

1532 LET I3=0

1536 LET D1=0

1540 LET D2=0

1544 FOR I=1 TO N

1548 LET T(I)=T(I)*S8

1552 LET C(I)=G(I)-C(I)

1556 LET D1=D1+T(I)*C(I)

1560 NEXT I

1564 FOR I=1 TO N

1568 LET S9=0

1572 FOR J=1 TO N

1576 LET S9=S9+H(I,J)*C(J)

1580 NEXT J

1584 LET X(I)=S9

1588 LET D2=D2+S9*C(I)

1592 NEXT I

1596 IF D1<=0 THEN 1628

1600 LET D2=1+D2/D1

1604 FOR I=1 TO N

1608 FOR J=1 TO N

1612 LET H(I,J)=H(I,J)-(T(I)*X(J)+X(I)*T(J)-D2*T(I)*T(J))/D1

1616 NEXT J

1620 NEXT I

1624 GOTO 1176

1628 PRINT "UPDATE NOT POSSIBLE"

1636 LET I3=1

1640 GOTO 1140

1644 RETURN

1648 LET I3=0

1652 GOSUB 2000

1656 LET I9=I9+1

1660 RETURN






JNMWSD95/XF.BAS
10 PRINT

20 PRINT "XF - A BASIC CROSS REFERENCE PROGRAM"

30 PRINT "VERSION -- J.C.Nash, loosely adapted from a program"

40 PRINT "           initially published in Interface Age"

50 PRINT "           1988-02-03"

60 REM

70 DEFINT I-J: REM integer to save space

80 ON ERROR GOTO 3030

90 DIM RW$(126),PT%(25)

100 REM RW$ stores the reserved word list

110 REM PT() is a pointer table to the letters of the alphabet

120 LET NRW=126: REM number of reserved words to store in RW$()

130 LET PW=74: REM page width

140 LET PL=58: REM page height before throw

150 LET PS=66: REM page length physically

160 LET FFS=1: REM default to page throw by FormFeed

170 REM FFS=0 for page throw by line feeds

180 LET I=400: REM allow for 400 symbols in program

190 REM 2000 references in total allowed.

200 DIM SNXT%(490),FRST%(400),LST%(400),RFL%(2000),NXT%(2000),SYM$(490)

210 REM dims  i+90, i, i, 5*i, 5*i, i+90

220 REM Ascii value dec 90 is Z. Note no lower case allowed.

230 REM Programs must be saved first in SAVE "filename",A to ensure

240 REM line numbers separated and symbols all upper case.

250 REM SNXT stores the location of next symbol in array SYM$().

260 REM     The first 90 positions are a hash table for the ordering

270 REM     of the first character of the symbol.

280 REM     The first character of a symbol is used as a hash pointer to

290 REM     the start of the string of symbols which start with that

300 REM     character. If I is the value of the hash pointer, then

310 REM     SNXT(I) is the pointer to the next member of the sequence.

320 REM FRST stores the location of the first reference to the symbol.

330 REM     FRST(SNXT(I) - 91) == findex gives the pointer to the first

340 REM     line number in which the symbol appears and RFL(findex) is

350 REM     this line number.

360 REM LST stores the pointer to the last line number referenced

370 REM     for the current symbol.

380 REM RFL stores the reference line numbers as above.

390 REM NXT stores the position of the next reference line no.

400 REM         NXT(findex) is the pointer to the next position in RFL.

410 REM SYM$ stores the list of symbols.

420 REM RESERVED WORDS -- Microsoft dialect of BASIC

430 REM    note these are in alphabetic order

440 DATA ABS,AND,ASC,AS,ATN,AUTO,CDBL,CHR$,CINT,CLEAR,CLOSE,CONSOLE

450 DATA CONT,COS,CSNG,CVD,CVI,CVS,DATA,DEFDBL,DEFINT

460 DATA DEFSNG,DEFSTR,DEFUSR,DEF,DELETE,DIM,DSKI$,DSKO$,DSKF

470 DATA EDIT,ELSE,END,EOF,EQV,ERASE,ERL,ERR,EXP,FIELD,FILES,FIX,FOR

480 DATA FRE,GET,GOSUB,GOTO,HEX$

490 DATA IF,IMP,INPUT,INP,INSTR,INT,KILL,LEFT$,LEN,LET,LINE

500 DATA LIST,LLIST,LOAD,LOC,LOF,LOG,LPRINT,LSET,MERGE,MID$,MKD$,MKI$

510 DATA MKS$,MOD,MOUNT,NAME,NEW,NEXT,NOT,NULL,OCT$,ON,OPEN,OR,OUT

520 DATA PEEK,POKE,POS,PRINT,PUT,READ

530 DATA "REM",RENUM,RESET,RESTORE,RESUME,RETURN,RIGHT$,RND,RSET,RUN

540 DATA SAVE,SGN,SIN,SPACE$,SPC(,SQR,STEP,STOP,STR$,STRING$,SWAP

550 DATA TAB(,TAN,THEN,TO,TROFF,TRON,UNLOAD

560 DATA USING,USR,VAL,VARPTR,WAIT,WIDTH,XOR,"\"

570 REM use backslash "\" to indicate end of list

580 REM note that we need to put quotes round REM for Turbo BASIC

590 REM FILL ARRAY WITH RESERVED WORDS

600 REM

610 FOR I=0 TO 25

620 LET PT%(I)=0: REM initialize pointer table to zeros

630 NEXT I

640 LET IRW=0

650 READ TRW$: REM get one of the reserved words

660 LET IRW=IRW+1: REM count it

670 LET RW$(IRW)=TRW$: REM place in array

680 IF TRW$="\" THEN 720: REM check if end of list

690 LET I=ASC(TRW$)-ASC("A"): REM this is a hash address

700 IF PT%(I)=0 THEN PT%(I)=IRW: REM if empty, add pointer to hash

710 GOTO 650: REM and read another reserved word

720 FOR I=0 TO 25

730 IF PT%(I)=0 THEN PT%(I)=IRW: REM set uninitialized values to last

740 NEXT I: REM do we need this loop

750 REM GET FILE NAME

760 PRINT

770 PRINT "(DISK:)PROGRAM FILENAME <ASCII FORM> ";

780 REM LINE INPUT F$

790 INPUT F$

800 IF INSTR(F$,".")=0 THEN LET F$=F$+".BAS": REM check if suffix needed

810 REM assume suffix to be added is .BAS

820 INPUT "file for output=",G$

830 LET D$=G$: REM safety assignment

840 IF LEN(G$)>2 THEN LET D$=RIGHT$(G$,3): REM get rhs 3 characters

850 IF D$="PRN" OR D$="prn" THEN LET PRNT=1 ELSE LET PRNT=0

860 IF PRNT=1 THEN LET PG=0: REM set page counter

870 IF PRNT=0 THEN 900

880 INPUT "How many lines printed per page ([cr]=58) ?";TRW$

890 IF LEN(TRW$)=0 THEN LET PL=58 ELSE LET PL=VAL(TRW$)

900 OPEN G$ FOR OUTPUT AS #2

910 LET TITL$=F$+"     "+TIME$+"     "+DATE$

920 IF PRNT=1 THEN GOSUB 3260 ELSE PRINT #2,TITL$: REM page top

930 PRINT

940 LET T=0: REM tab position for print

950 LET LW=PW-T : REM set line width

960 LET T=T+1 :REM set tab for next print

970 PRINT

980 REM  here we fix on both

990 OPEN F$ FOR INPUT AS 1

1000 REM let PRG$=F$+ " - "+D$: rem D$ not defined here

1010 REM INITIALIZE FOR CROSS REFERENCE

1020 LET LC=0: REM line count

1030 LET BC=0: REM byte count

1040 LET PZ=0: REM count of pages printed

1050 LET TSM$="": REM TSM$ is used to hold variable name

1060 LET C$="": REM current character

1070 LET SMC=91: REM SMC is a count of number of items in symbol list

1080 LET RC=-1: REM count total number of references made

1090 FOR I=0 TO 91: REM loop over 90 ascii chars + 1 actual reference

1100 SNXT%(I)=-1: REM -1 indicates not yet used

1110 NEXT I

1120 REM input line and extract line number

1130 IF EOF(1) THEN 2490

1140 LINE INPUT #1,L$

1150 GOSUB 2890: REM print the line

1160 LET LLN=LEN(L$): REM line length

1170 LET BRNCH=0: REM BRNCH signals branching instrn when 1

1180 LET ER$="": REM for ERASE command

1190 LET LC=LC+1: REM LC is line counter

1200 LET BC=BC+LLN: REM BC is byte counter

1210 LET LP=INSTR(L$," "): REM find first space -- set line pointer

1220 LET LN=VAL(LEFT$(L$,LP)): REM extract the line number

1230 PRINT LN,: REM print line number, so we know what is happening

1240 REM note that line number must be followed by a space or this

1250 REM   program does not work properly

1260 IF LN>32767 THEN LN=LN-65536!: REM for MS BASIC

1270 REM do we need the above line number check in general?

1280 REM parse rest of line

1290 LP=LP+1: REM move line pointer off the space

1300 IF LP<=LLN THEN 1340: REM continue processing if not at end line

1310 GOSUB 1940: REM stuff table (symbol at end of line)

1320 GOTO 1130: REM and get another line

1330 REM should have an error check here

1340 LET C$=MID$(L$,LP,1): REM put current char in C$

1350 IF C$>="A" AND C$<="Z" THEN 1650 ELSE IF C$>="0"AND C$<="9" THEN 2420

1360 REM above IF selects variable or line number processing

1370 REM note that it may fail with exponential form numbers??

1380 REM process content when not numerical or alpha

1390 IF C$=" " THEN 1290 ELSE IF C$<>"," THEN BRNCH=0

1400 REM above line ignores spaces,

1410 REM   but does note commas for PRINT, ON ..GOTO

1420 IF C$<>CHR$(34) THEN 1460: REM check if we have a quoted string

1430 GOSUB 1940: REM stuff table with current symbol if any

1440 LET LP=INSTR(LP+1,L$,C$): REM and find and of quoted string

1450 IF LP>0 THEN 1290 ELSE 1130: REM get next char or next line 

1460 IF C$<>"'" THEN 1490: REM single quote (tail comment)

1470 GOSUB 1940: REM stuff table with current symbol (if any)

1480 GOTO 1130: REM get another line

1490 IF C$<>"&" THEN 1540

1500 REM prefix & or &O (letter O) for Octal, &H for hexadecimal

1510 GOSUB 1940: REM stuff symbol table 

1520 LET TSM$=C$: REM and reset symbol

1530 GOTO 1290: REM try next character

1540 IF C$<>"$" AND C$<>"!" AND C$<>"%" AND C$<>"#" THEN 1580

1550 REM above is MS BASIC variable typing

1560 GOSUB 2390: REM add character to symbol

1570 GOTO 1290: REM try next character

1580 IF C$="("THEN GOSUB 2390: REM add char to symbol

1590 GOSUB 1940: REM stuff symbol table

1600 IF C$<>"," THEN ER$=""

1610 GOTO 1290: REM look at next character

1620 REM  ******* end not alphabetic or numeric character

1630 REM routine for alphabetic character

1640 REM test for reserved word

1650 IF C$<>"E" AND C$<>"e" AND C$<>"D" AND C$<>"d" THEN 1700

1660 REM check for possible exponential number

1670 LET D$=MID$(L$,LP-1,1): REM previous character

1680 IF D$>="0" AND D$<="9" THEN 1290

1690 REM we wand to ignore exponential numbers

1700 LET C=ASC(C$): REM get ordinal value

1710 LET P=PT%(C-ASC("A")): REM get hash position

1720 LET BRNCH=0: REM currently not a branching command

1730 IF C<ASC(RW$(P)) THEN 2460: REM not a command so expand symbol

1740 IF INSTR(LP,L$,RW$(P))=LP THEN 1770: REM checking for res. word

1750 LET P=P+1: REM increment counter to hash+1 position

1760 GOTO 1730: REM and look again

1770 GOSUB 1940: REM stuff symbol in table

1780 LET TRW$=RW$(P): REM save temp reserved word

1790 IF TRW$<>"DATA" THEN 1820

1800 LET LP=INSTR(LP,L$,":")

1810 IF LP>0 THEN 1290 ELSE 1130: REM new char or new line

1820 IF TRW$="REM" THEN 1130: REM ignore rest of line for REMs

1830 IF TRW$="GOTO" THEN BRNCH=1

1840 IF TRW$="GOSUB" THEN BRNCH=1

1850 IF TRW$="THEN" THEN BRNCH=1

1860 IF TRW$="ELSE" THEN BRNCH=1

1870 IF TRW$="RESUME" THEN BRNCH=1

1880 REM above lines set the branching flag true

1890 IF TRW$="ERASE" THEN ER$="(" ELSE ER$="": REM deal with erase keyword

1900 REM should we bother with this ??

1910 LET LP=LP+LEN(TRW$)-1: REM reposition line pointer

1920 GOTO 1290: REM and get another character

1930 REM END VARIABLE (symbol)

1940 IF TSM$="" THEN RETURN: REM table stuffing routine ****

1950 REM cannot proceed if no variable name

1960 IF TSM$<"A" THEN 2000: REM not alphabetic symbol

1970 LET TSM$=TSM$+ER$: REM adjust name by extending with "(" for ERASE

1980 LET C=ASC(TSM$)+1: REM use ordinal posn + 1 for indexing

1990 GOTO 2050

2000 IF TSM$<"0" THEN 2350: REM numeric ±��ÜÚy���ÇF�´QÇF�´QÇUÇýj�d�eÄ�d�eÄ�d�ë�b­F�´QÚ´¸gÚ�wÚò;Úýþ�|���E°�Fµ�Ç��ÉÇýþ�|���E°�Fµ�éÚýþ�F�´QÇF�´QÇU�rÚýþ�F�´QÇF�´QÇUÇýZrkiÉUUdÚÊ)|���E°�F�´Q;ÉrÚýþ�F�´QÇF�´QÇUÇýPUdQPò�Ue½Z�Ú�éôe2ù�0r��F�´QÇF�´QÇýj�d�eÄ�ÆÿQ�C;Ú�°�FµM½üÜÆ´±;���gÉy�¸)ÇÉýÕ;É�rÚýþ�F�´QÇé´ÚVØ�eÄ�Æ´�C�´ý�rt;Ú�4´��0r��F�´QÇF�´QÇýj�d�eÄ�dPUV��ÎV2ù�0r��F�´QÇF�´QÇU´Q�ÚÚi;ÉU�ÇéÇU´Q�ÚÚi;ÉU�Çv¬ÆÿQ�C;Ú�°�FµgyZiÉÝY���¸g±�­b;ÉÆ´géÆ��d�eÄ�d�ë�b­F�´QÚ´¸gÚ��´Qùùùy�ÚCí�dQµ#ÚCí�dÚ�F�´Q�´ÚF�´Q�´ÚF�´Ú�j´�é	�ý�O±ü��F�´±�rk.��é`*gôeÚ�éÉÇ�éY½4ýUd��´Úýþ�F�mÜ°�F�´Q�´±)mÜ°�F�´Q�´±)mÜ*��FÚúJ4�ÜdýÇýj�dQ�Å�^�½4ýUd�ë���´Q�´�É4�C;Ú�éÇÚÚýj�d�eÄ�d�d¤ÚýgéQ´#ÚF�´�úJ4�ÜdýÇýj�dQ�ÅÚÚùÇv­y�QdPU�`�éÚýþ�F�´QÇýj�d�eÄ��éÇýÇU´´dPU´#�0�V�ÇÉ³#ý��é`F�´Q�§��´´j�dÚZýj�d�ÊÚýj�d�eÄò*�ÇvÉMÉZ�Q�Ê)|���E°��d�é�é�ÎÚÀr�ùÇv­y�Qd�ÇÉÇvvU�gVéeæ#�0þ�F�´QÇýj�d�eÄ�mÜdýj�d�0rk�Çýj�dQÆ´¸gé��Z¸gé��^��Oé��Ééé�;É�éeÉ�dÚýj�d�eÉZéFé���)Ç`#ùùÇU´´dPU´#`ù*�ñÇYC5ù&ÆÇ�F�mÜ°��`�2ù�0r��F�´QÇF���������Fb�ùy��rÚýþ�F�´QÇþ�|ÇF�´dÚ�d�eÄý¤?ÇýgéÆ��d�eÉZéFé���)|���´QÚ´¸gÚ��´ÚÉ�d�é�é�ÎÚÀr�ùy����´Úýþ�F�mÜ°�F�´Q�´±)mÜ}éÇ�Ð¿dQ�Å�0d�ë�F�mC;Ú�Å�0d�ë�F�mC;É;É�rÚýþ�F�´QÇw�ÇwÚÚÉ·�ºgé³Y½4ýUd��´Úýþ�F�m´#ùy�O±ýÉ�C���i�����Ê)|���E°�*òg°�½4ýUd��´Úý´±Y;É4Ã�Öë�b­F�m´�éÇF#ÚF�´Q���´�mÜ+��dÚýÃ�Öëºy�éû�é´Ú*�ÉeÉÞrÚ�0P�´ÚV�þ�b­F�m´î´��Úýþ�|���Ê)|���E°�ùY�OÚýÇþ�|ÇF�´dÚ�d�eÄý¤Ú´Q°�F�´QÖëºF�´QÇ�ÚÊ)|Öëºy�g#Ú�d�Å´Ày�½4ýUd�ë���´Q�´�É�d�rk�Y½4ýUd�d¤?'�é�F�´¢�½4ýUd�ë���´QF�´�m�Ç±éñ��b°�ÉØöºgéê��é`�0eÚýÃ�Öëºy�éû�é´#ÚÚÉ·�ºgé³Y½4ýUd�°��eÉ�dÚýj�d�eÄ�dQmÜÚ�0ÉÚCeÉ°tÄ�Y½4ýÃ��Æ´¸g���;É�Z*´�Y��i�����Ê)|���EY´eºFb;ÉÆ´¸g±y���#Öë��é�é�ÎÚÀr�Ú�4ÇýP°±Çþ�|Ç��ÉÇ0Ä��éÇýÉ�C���i��ÊgéÆ�0ôeÅÇU´´µ´?Q�Ä�eÉ°��ù�´�é`Äb´ÚÃ³�é�dQ�gF�´î1À�2���Ê)| ´ÚCt;P;É�C���Ê/��F�´�ÉÃr±Fg�;m´�C¦�Q¡3´#�´#ÚùÇv­y�U´´¸g±´Ú�Ê)|���E°�F�´QÕÚý�d��mmÜ�dÚÉ�d�é��´QÇ���2ù�0r��F�´QÇFPU�dÚFbr�ýj�d��´ÚñÚ{Fb��é`g�éÖë�b­F��OéÇýÉ�C���i��2eæ#üÜ�UVÚ�F�´Q�´#òÚÚmÅÚ�4ýUd�eÉZéF�´Q�]�F�´Q�é�géÚýþ�b�dPU���ë�F�mCeÉ°tÄ�Y½4ýÃ��F�´QÇ�ÅÚÉY�½4ýUd�ë���´Q;^rýÉ�C��é�´¸gé��0±bV«Ã���ùb;ÉÆ´géÆ��d�eÉZ�{´´�úJ4��U�|���´QÚ´¸g�Î$�F�´�O#�0mgeT�;Ú�°�FµÇ���2ù�0r��FBt;ÉT��rk�U´mÜ��éÇF#ÚF�´Q�é�géÚýþ�b�dPU���ë�ZÇwÚÚÚÉ�C��F���������¸g±�	ýþ�|gm�ëºy�#ùùùy���°�F�´QÇÉÇþ�\�$�ëÚýj�d�eÄ�F�´QÉmeÉ°�ÉÇýj�d�e½2��éÖë�b­F��OéÇ��´Qùùùy�ÚCít;PU���ë�F�mCeýj�d�eÄ�d�dýþ�b´¸g±y���#Úýþ��³g��U�Ú#;b­F�Ý´ÚrdQ2�Ê)|���E°�*òg°�;É�°��éÇÉ�°�ý¤éò2ù�0r��F�2ù�0r��F�´QÇF�´QÇýj�d�eÄ�dÚ���Ê)|���EF�´ÚVÚÚm�OÚýÇ±�dÉù�^rÚýj�d�B^�é�F�´¢�½4ýj�d�eÄ\�éÚýþ�b�dPU���ë�F�mCeý\³#ý��é`F�´Q�§���mmÜ�;;^�O±F�>½4ýjÚ#ÇÅ½4ýÃ��Æ´¸gÅ°dë�F�m�gÃÚy�ýþ�|�ùy�ÚCíÉZö^�é´hÉ±Ü��¸���é`mÜ:¡ëºF�´QÇ�ÚÊ)|Öëºy�g#Ú�d�Å´ÀtÅÚ�Q&Ê)|���EY½üÉ�½üÜ��0dQ�Å�^�½4ýUd�ë���´ÚVÚÚm�OÚýÇ±�dÉù�^rÚýj�d�B^�é�F�´¢�½A°ö�V�Å°mÉ�dÚýj�d�eùùùy���°É��{\F3°�/;ÉÇéÖë��é�é�ÎÚÀr�ùùùy���°´�ú{ºF�������¸g±�	ºgéh�UºyÝ�Ñ4Ã�±ÇU´´µ´?g;müÜ�Ê)|Ã�Öë�AÜ���F�Å4ýUd�eÉZéF�´Q�]�F�´Qùùùy�ÚCí�dQµ#ÚCí�dÚýj�d���g4ÇýP;É�4ë�þ�m�eÉ�;É�æ#ù�\�É>;ÉÃÚÇý�4���Çýj�d�eÉZéFé���)|rÚýþ�F�´QÇ�;�C;Ú�éÇýÇUV^U��½üÜ�2mÜdQ�Ç�CeÉ�dÚ#Öë��é6�O�ÉùTº°�U¡±ÇÉÚ>¡ý�4ëºy´Q#�#ÚÉ�C��F��������¸g�0rk�½üÜ��0dQ�Å�^�½4ýUd�ë´¸gé��0±e³Y^rÚýj�d�B^�é�F�´¢�½4ýj�dÚ´¸Öë��é�F�´¢�½4ýUd�ë��éh�dÚ��ZýÃÚÚmÉÇýþ�|������¸;Ée�éh��F�Ê)|���E°ý�O6gíÇ�F�mÜ°�eÉ�dÚÊ)|���EF�´QÇ±é�´¸gé��0±^�é´#ëºy�gÚýU�Çýj�d�eÉZéFé���)|���´QÚ´¸g±y�½4ýUd�ë���é�é�ÎÚÀr�ÕÚU�º³#ý�;Ú�eÄ�´÷�j��¡ºy$j�dô�Å½4ýj�d�eÄÚ�dµo#ùTº°�U¡Î�é´hC;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;ÉÚÉ·�ºgm�ëºy�#ùTÃ�Ö°�FgéÆ�Q�°Äm´dºgéÚë³eùy�É>;ÉÃÚÇýÇUe��éÊÉïy�¡¡ÚÚîYC�O±g2ù�0r�Çvýþ�|g±ÇýÎùùùy�ÚCíüÜÆ´±;���gÉy�½4ýÃ��F�´QÇ�ÅÚÉY�½4ýUd�ë��½4ýUd�ë���´Q�´�É�Z*´�Y��i�2ù��)�Q�}é´#�0±d�m��é`É>;ÉÃÚÇýPUdQ�gF�´îY±��¸}é�QF�´Q�é�gééÆ�ë³Oë�Fé�T�Q�Ê)|���EYC�´ÚV�øé�ÚF�´Q�§���dýþ�b´¸g±y��j�r�#ÄmÜ¡ý�ÕÚÚùÇv­F�wÖë��é�é�ÎÚÀr�ºy�¦�Q¡ýj�dÚýþ�|�Å�Z*´�Y�é`'�é�F�´¢F�´Ú´Q?µ³g��gé	ZBH>�ëºF�´QÇ�ÚÊ)ë�b­F�m´´QP�U¡±FµgyZiÉÝY���¸g±ÀFgm´�éÇF#ÚF�´Q�½4ýUd�ë���´QUºy¡´Úýþ���2ù�0r��F�Ê�ÎQ;:#üÜÆ´#Ú�4ë�AÉZë�Ú�4ýUd�eÉZéF�´Q�]�F���Ñ4Ã�±YC;É�rÚ�mTÝ�eÉZ�Q�Ê)|���EFC;PUVÚÉ·�ºy´Q#�ÚÉ�d^rÚýj�d�B^�é�F�´¢�½O6�°�F����mÜdQ�Ç���Ñ4Ã�±Ç���2ù�0r��F�´QÇF�´QÇU;É°ÚÀÊö³g±�	ýÉ�d�é�é�ÎÚÀr�ÕÚU³#ý�;Ú�eÄÚýÎ4ýj�dÚ´¸Öë��é�é�Î4ýj�d�eÄÚÉ° �`g�Îù°�F�´Q�´±)mÜdÎÚÚüOýÇwÚé½ü¡P




JNMWSD95/BASS2.DTA
L Bass Hepatitis data  -- original name preisig.A

0, 32, 60, 24, 16, 30.8, 11, 1.5, 1, 1, 1, 1 

0, 32, 60, 60, 9, 30.8, 33, 3.8, 1, 1, 1, 1 

0, 32, 60, 300, 7, 30.8, 105, 6.6, 1, 1, 1, 1 

0, 83, 42, 14, 29, 27.2,  8, 1.8, 1, 1, 0, 0 

0, 21, 63, 19, 19, 20.8,  9, 1.5, 1, 1, 1, 1 

0, 21, 63, 33, 13, 20.8, 33, 2.1, 1, 1, 1, 1 

0, 21, 63, 450, 7, 20.8, 89, 11.8, 1, 1, 1, 1 

0, 24, 68, 16, 23, 19.3, 10, 1.4, 1, 1, 1, 1 

0, 24, 68, 56, 9, 19.3, 39, 5.6, 1, 1, 1, 0 

0, 24, 68, 131, 6, 19.3, 49, 6.9, 1, 1, 1, 1 

0, 24, 68, 300, 8, 19.3, 98, 10.6, 1, 1, 1, 1 

0, 23, 73, 12, 23, 18.5, 18, 2.5, 1, 1, 1, 0 

0, 23, 73, 55, 12, 18.5, 78, 7.1, 1, 1, 1, 0 

0, 32, 68, 20, 25, 13.2, 21, 1.9, 1, 1, 1, 1 

0, 32, 68, 36, 13, 13.2, 79, 4.7, 1, 1, 1, 0 

0, 32, 68, 105, 5, 13.2, 73, 11.2, 1, 1, 1, 1 

0, 32, 68, 345, 6, 13.2, 91, 10.5, 1, 1, 1, 1 

0, 18, 58, 10, 31, 12.2, 12, 1.0, 1, 1, 1, 0 

0, 18, 58, 29, 16, 12.2, 55, 5.7, 1, 1, 1, 0 

0, 36, 73, 23, 28, 12.0, 38, 2.5, 1, 1, 1, 1 

0, 36, 73, 77, 7, 12.0, 66, 7.8, 1, 1, 1, 1 

0, 36, 73, 170, 6, 12.0, 56, 8.2, 1, 1, 1, 1 

0, 28, 73, 10, 23, 11.6, 24, 1.8, 1, 1, 1, 0 

0, 28, 73, 25, 12, 11.6, 99, 6.1, 1, 1, 1, 0 

0, 28, 67, 10, 38, 7.8, 16, 2.5, 1, 1, 1, 1 

0, 28, 67, 21, 28, 7.8, 41, 3.0, 1, 1, 1, 1 

0, 28, 67, 560, 9, 7.8, 98, 9.5, 1, 1, 1, 1 

0, 24, 68, 25, 26, 6.4, 31, 2.8, 1, 1, 1, 1 

0, 24, 68, 46, 10, 6.4, 46, 6.5, 1, 1, 1, 1 

0, 24, 68, 200, 9, 6.4, 60, 6.0, 1, 1, 1, 1 

0, 16, 57,  6, 22, 6.0, 38, 2.5, 1, 1, 1, 1 

0, 16, 57, 17, 15, 6.0, 69, 1.4, 1, 1, 1, 1 

0, 16, 57, 290, 13, 6.0, 44, 6.3, 1, 1, 1, 1 

0, 16, 57, 24, 21, 3.8,  8, 3.9, 1, 0, 0, 0 

0, 16, 57, 79, 8, 3.8, 94, 3.3, 1, 0, 0, 0 

0, 16, 57, 444, 9, 3.8, 52, 14.0, 1, 0, 0, 0 

0, 35, 85, 34, 15, 5.4, 37, 1.9, 1, 1, 1, 1 

0, 35, 85, 77, 8, 5.4, 36, 4.6, 1, 1, 1, 1 

0, 35, 85, 135, 7, 5.4, 63, 9.6, 1, 1, 1, 1 

0, 18, 66, 19, 12, 4.8, 28, 2.6, 1, 1, 1, 0 

0, 18, 66, 60, 8, 4.8, 71, 9.2, 1, 1, 1, 0 

0, 64, 69, 25, 38, 3.7, 45, 1.7, 1, 1, 0, 0 

0, 64, 69, 45, 22, 3.7, 85, 2.5, 1, 1, 0, 0 

0, 64, 69, 250, 10, 3.7, 47, 8.8, 1, 1, 0, 0 

0, 21, 62, 33, 22, 3.6, 36, 3.0, 1, 1, 1, 0 

0, 21, 62, 47, 14, 3.6, 47, 2.9, 1, 1, 1, 0 

0, 18, 64, 19, 11, 2.9, 34, 3.5, 1, 1, 1, 0 

0, 18, 64, 49, 10, 2.9, 70, 4.5, 1, 1, 1, 0 

0, 25, 67,  9, 20, 2.8, 33, 5.3, 1, 1, 1, 1 

0, 25, 67, 18, 15, 2.8, 65, 7.3, 1, 1, 1, 1 

0, 25, 67, 175, 8, 2.8, 87, 11.8, 1, 1, 1, 1 

0, 24, 79, 18, 30, 2.4, 54, 2.5, 1, 1, 1, 1 

0, 24, 79, 39, 23, 2.4, 33, 4.9, 1, 1, 1, 1 

0, 24, 79, 280, 15, 2.4, 31, 9.5, 1, 1, 1, 1 

1, 20, 39, 14, 22, 15.4, 26, 2.0, 1, 1, 0, 0 

1, 20, 39, 31, 13, 15.4, 31, 5.5, 1, 1, 0, 0 

1, 52, 62, 20, 8, 4.0, 20, 2.8, 1, 1, 0, 0 

1, 52, 62, 60, 6, 4.0, 59, 5.8, 1, 1, 0, 0 

1, 36, 46, 18, 17, 2.3,  9, 3.0, 1, 1, 0, 0 

1, 36, 46, 31, 12, 2.3, 34, 7.5, 1, 1, 0, 0 

-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0






JNMWSD95/ENZYME.DTA
		1		type 1 calculation

		4

		UUC - 871031 FOR ENZYM.RES

		 PUT SOME DESCRIPTION OF DATA ELEMENTS HERE

		 3 		 2.7 		 0 		 .325 		 0 

		 6 		 2.7 		 0 		 .635 		 1 

		 9 		 2.7 		 0 		 .978 		 2 

		 12 		 2.7 		 0 		 1.272 		 3 

		 15 		 2.7 		 0 		 1.535 		 4 

		 18 		 2.7 		 0 		 1.764 		 5 

		 21 		 2.7 		 0 		 2 		 6 

		 24 		 2.7 		 0 		 2.195 		 7 

		 27 		 2.7 		 0 		 2.351 		 8 

		 2 		 .9 		 0 		 .162 		 0 

		 4 		 .9 		 0 		 .313 		 10 

		 6 		 .9 		 0 		 .442 		 11 

		 8 		 .9 		 0 		 .558 		 12 

		 10 		 .9 		 0 		 .647 		 13 

		 12 		 .9 		 0 		 .713 		 14 

		 14 		 .9 		 0 		 .776 		 15 

		 16 		 .9 		 0 		 .811 		 16 

		 18 		 .9 		 0 		 .84 		 17 

		 1.5 		 .45 		 0 		 .093 		 0 

		 3 		 .45 		 0 		 .176 		 19 

		 4.5 		 .45 		 0 		 .243 		 20 

		 6 		 .45 		 0 		 .299 		 21 

		 7.5 		 .45 		 0 		 .34 		 22 

		 9 		 .45 		 0 		 .368 		 23 

		 10.5 		 .45 		 0 		 .394 		 24 

		 12 		 .45 		 0 		 .409 		 25 

		 13.5 		 .45 		 0 		 .421 		 26 

		 1 		 .3 		 0 		 .05 		 0 

		 2 		 .3 		 0 		 .097 		 28 

		 3 		 .3 		 0 		 .134 		 29 

		 4 		 .3 		 0 		 .165 		 30 

		 5 		 .3 		 0 		 .19 		 31 

		 6 		 .3 		 0 		 .213 		 32 

		 7 		 .3 		 0 		 .231 		 33 

		 8 		 .3 		 0 		 .245 		 34 

		 9 		 .3 		 0 		 .256 		 35 

		 1 		 .225 		 0 		 .04 		 0 

		 2 		 .225 		 0 		 .076 		 37 

		 3 		 .225 		 0 		 .106 		 38 

		 4 		 .225 		 0 		 .129 		 39 

		 5 		 .225 		 0 		 .148 		 40 

		 6 		 .225 		 0 		 .164 		 41 

		 7 		 .225 		 0 		 .176 		 42 

		 8 		 .225 		 0 		 .188 		 43 

		 9 		 .225 		 0 		 .195 		 44 

		-1 		 0 		 0 		 0 		 0 

		.133 1

		.472 1

		4.59 1

		0 1






JNMWSD95/GMMIXD.DTA
G MCLACHLAN HAEMOPHILIA DATA EXTENDED 870810

75

-0.005595, -0.165712, 1

-0.169805, -0.158521, 1

-0.346895, -0.187911, 1

-0.089440,  0.006418, 1

-0.167915,  0.071288, 1

-0.083618,  0.010594, 1

-0.197887, -0.000543, 1

-0.076214,  0.039192, 1

-0.191290, -0.212291, 1

-0.109195, -0.119036, 1

-0.526774, -0.477339, 1

-0.084193,  0.024822, 1

-0.022521, -0.058049, 1

 0.008412,  0.078214, 1

-0.182661, -0.113839, 1

 0.123656,  0.213971, 1

-0.470218, -0.309895, 1

-0.151910, -0.068636, 1

 0.000607, -0.115311, 1

-0.201536, -0.049762, 1

-0.193185, -0.229335, 1

 0.150689,  0.093308, 1

-0.125906, -0.066856, 1

-0.155080, -0.123209, 1

-0.195150, -0.100675, 1

 0.029080,  0.044192, 1

-0.222816, -0.170995, 1

-0.099710, -0.073333, 1

-0.197240, -0.060739, 1

-0.086703, -0.055967, 1

-0.347756,  0.115063, 2

-0.361805, -0.200819, 2

-0.498586, -0.086023, 2

-0.501453, -0.298445, 2

-0.132587,  0.009699, 2

-0.691119, -0.338988, 2

-0.360834,  0.123720, 2

-0.453484, -0.168175, 2

-0.347866, -0.172088, 2

-0.353883,  0.072189, 2

-0.471857, -0.107857, 2

-0.360968, -0.039937, 2

-0.322607,  0.166966, 2

-0.431932, -0.068694, 2

-0.273424, -0.002030, 2

-0.557283,  0.054804, 2

-0.375534, -0.186525, 2

-0.495029, -0.015288, 2

-0.510665, -0.248251, 2

-0.165165,  0.213208, 2

-0.244658, -0.040670, 2

-0.423181, -0.099815, 2

-0.237464,  0.287635, 2

-0.220472,  0.004551, 2

-0.215392, -0.021915, 2

-0.344699,  0.009689, 2

-0.254040, -0.057286, 2

-0.377799, -0.268164, 2

-0.404647, -0.116177, 2

-0.063907,  0.156940, 2

-0.335105, -0.136759, 2

-0.014932,  0.153919, 2

-0.031241,  0.140007, 2

-0.174022, -0.077640, 2

-0.141579,  0.164165, 2

-0.150825,  0.113720, 2

-0.096364,  0.053066, 2

-0.264213,  0.086690, 2

-0.023442,  0.080382, 2

-0.335249,  0.087530, 2

-0.187819,  0.250964, 2

-0.174434,  0.189243, 2

-0.405457, -0.241843, 2

-0.244433,  0.161368, 2

-0.478366,  0.028215, 2






JNMWSD95/TSORTER.EXE



JNMWSD95/BASS1.FN



JNMWSD95/GMMIX.FN



JNMWSD95/GOLDPR.FN



JNMWSD95/HARTMAN.FN



JNMWSD95/HJFAIL.FN



JNMWSD95/L1LINF.FN



JNMWSD95/MAXLIK.FN



JNMWSD95/MLADINEO.FN
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JNMWSD95/RCOS.FN



JNMWSD95/ROBUST.FN



JNMWSD95/ROSEN.FN



JNMWSD95/SHEKEL.FN



JNMWSD95/ZIDEK.FN



JNMWSD95/FOURTH.HSN



JNMWSD95/GENROSEH.HSN



JNMWSD95/MOTHJM.HSN



JNMWSD95/TABITOH.HSN



JNMWSD95/HOBBSJ.JSD



JNMWSD95/CAL4H.MRG



JNMWSD95/CGG.MRG



JNMWSD95/HJG.MRG



JNMWSD95/MRTG.MRG



JNMWSD95/NMG.MRG



JNMWSD95/QUADSNH.MRG



JNMWSD95/RESAVE.MRG



JNMWSD95/ROBUSTE.MRG



JNMWSD95/ROBUSTT.MRG



JNMWSD95/SD.MRG



JNMWSD95/STRLIN.MRG



JNMWSD95/STRPOL.MRG



JNMWSD95/TNG.MRG



JNMWSD95/VMG.MRG



JNMWSD95/WOODH.MRG



JNMWSD95/NLRRG.NEW



JNMWSD95/README96.NM



JNMWSD95/BASS2.RES



JNMWSD95/CYQ.RES



JNMWSD95/ENZYMX.RES



JNMWSD95/ESHL.RES



JNMWSD95/FUNGI.RES



JNMWSD95/GERALD.RES



JNMWSD95/GFIRE.RES



JNMWSD95/HIEBERT.RES



JNMWSD95/KANNAN.RES



JNMWSD95/LOCN.RES





JNMWSD95/MLADINE2.RES



JNMWSD95/RCOS2.RES





JNMWSD95/ROSEN.RES





JNMWSD95/STRETCH.RES



JNMWSD95/EROBUST.SRC



JNMWSD95/NLGRID.SRC



JNMWSD95/NLRAN.SRC



JNMWSD95/NLRRG.SRC



JNMWSD95/NLX.SRC



JNMWSD95/TESTX.SRC



JNMWSD95/TROBUST.SRC



JNMWSD95/RESAVE.XTR
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